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We consider Poisson’s equation in an n-dimensional exterior domain G (n > 2) with a suf-
ficiently smooth boundary. We prove that for external forces and boundary values given
in certain L4 (G)-spaces there exists a solution in the homogeneous Sobolev space S 24(G),
containing functions being local in L4(G) and having second-order derivatives in L4(G).
Concerning the uniqueness of this solution we prove that the corresponding nullspace has
the dimension n + 1, independent of g.
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1. Introduction. Let G C R" (n > 2) be an exterior domain with a smooth boundary
0G of class C%. We consider Poisson’s equation concerning some scalar function u:

-Au=f inG, U = @. (1.1)

Here f is given in G and & is the boundary value prescribed on dG. As usual, A denotes
the Laplacian in R™.

It is well known that in unbounded domains the treatment of differential equations
causes special difficulties, and that the usual Sobolev spaces W4 (G) are not adequate
in this case: even for the Laplacian in R™ we find [4] that the operator A: W4 (R") —
Wm-24(R") is not a Fredholm operator in general, as it is in the case of bounded
domains. Thus in exterior domains, (1.1) have mostly been studied in connection with
weight functions. Either (1.1) has been solved in weighted Sobolev spaces directly [8,
13, 15], or it has first been multiplied by some weights and then solved in standard
Sobolev spaces [20].

It is the aim of the present paper to prove the solvability of (1.1) in the homogeneous
Sobolev spaces $24(G) (1 < q < «) of the following type [5, 12]. Let L9(G) be the space
of functions defined almost everywhere in G such that the norm

1fllg = (JG | £ (x) |qu)l/q (1.2)

is finite. Then $24(G) is the space of all functions being local in L9(G) and having
all second-order distributional derivatives in L7(G). We show that for f € L1(G) and
some boundary value ® € W2-1/44(9G) (see the notations below) there exists always
a solution u € $24(G). Concerning the uniqueness of this solution, we prove that the
space of all u € $24(G) satisfying (1.1) with f = 0 and ® = 0 has the dimension n + 1,
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independent of g. This also holds for the case n = 2. Similar results in slightly different
spaces have been investigated by completely different methods in [17].

Throughout this paper, G C R™ (n > 2) is an exterior domain, that is, a domain whose
complement is compact. Let G denote its closure in R” and 0G its boundary, which we
assume to be of class C? [1, page 67].

In the following, all function spaces contain real-valued functions. Let D C R" be any
domain with a compact boundary D of class C?, or let D = R™. Besides the spaces
L1(D), we need the well-known functions spaces C* (D), Cy’ (D), and the space Cg’ (D),
containing the restrictions fi5 of functions f € Cg (R™).

We call a function u local in L4(D) (1 < g < ) and write u € L, .(D) if w € L1(D N B)
for every open ball B ¢ R"™. Note that this space does not coincide with the usual space
L (D) in general (except for D = R"). For D = R" we find L9(D) c L} (D) c L} (D)

loc loc loc
and, if D is bounded, L4(D) = L{..(D) and L4(D) C L]l .(D).
By Wm4(D) (m =0,1,2; W4 (D) = L1(D)) we mean the usual Sobolev space of func-
tions u such that D*u € L4(D) for all multi-indices & = (&,...,&,) € N§ = {0,1,...}"

with x| := &1 + -+ - + &, < m [1]. Here we used

0

D%u = DinDéXZ .. -D;‘{"u, D; = o,

(i=1,...,m; x = (x1,...,xn) €R™). (1.3)

The spaces Wyo.? (D) and Wype? (D) are defined analogously.
We need the fractional-order space W2~144(3D), which contains the trace u;p of
allu e Wlf)’f([R") [1, page 216]. The norm in W2-1/44(3D) is denoted by || - ll2-1/4.4.0D-

..........

the system of all second-order derivatives of u. For these terms we define the semi-
norms

n 1/a n 1/q
IVatllgp = ( > ||Dku||z_D) VRl = ( > ||DjDku||2,D) Lo
k=1 Jk=1
and introduce for m = 1,2 and 1 < g < o« the homogeneous Sobolev spaces

S™4(D) = {u € L, (D) |||V™ull, p < co}. (1.5)

Finally, concerning the norms and seminorms, we sometimes omit the domain of defi-
nition if it is obvious and use || - [l or || - [[2-1/4,4 instead of || - ll4,¢ or Il - ll2-1/4,4,0¢, for
example.

2. Potential theory. Besides the Poisson equation (1.1) we also consider the special
case of Laplace’s equation with Dirichlet boundary condition

-Au=0 inG, upc=92. (2.1)

These equations have mostly been studied with methods of potential theory (see, e.g.,
[9, 18]). We collect some well-known facts in this section.
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Let E, (n > 2) in the following denote the fundamental solution of the Laplacian
such that —AE, (x) = 6(x), where 6 is Dirac’s distribution in R". It is well known that
In|x]| [x |2~

Ex(x) = - wy En(X):m

(n=3), (2.2)

where w,, is the area of the (n —1)-dimensional unit sphere in R" (n > 2).

LEMMA 2.1. Let G C R™ (n = 2) be an exterior domain with boundary 0G of class C2,
and let a € R and ® € C(0G) be given. Then there is at most one u € C*(G) N C(G)
satisfying (2.1) in G, if we require in addition for |x| — oo:

ux)—aln|x|=0(1) n=2), u(x)=0(x>") (n=3), (2.3)
V™hu(x) =0(x|>™™) (n=2; m=1,2). (2.4)

PROOF. Let u = u' —u? be the difference of two solutions u! and u? with the re-
quired decay properties above. Define the bounded domain G, = G N B, (O), where
B, (O) C R™ denotes an open ball with center at zero and radius 7 such that 0G C B, (O).
Thus in G, we may apply Green’s first identity, obtaining

J IVuIde=J (oyu)udo, (2.5)
Gr 3B,

because the boundary integral over oG vanishes. Here N denotes the outward (with
respect to G, ) unit normal vector on the boundary 0B, = 0B, (O) and oy u is the normal
derivative of u. Now due to the decay properties of u, the right-hand side in (2.5) tends
to zero as ¥ — co. This is obvious if n > 3. For n = 2, using the expansion theorem
for harmonic functions at infinity [18, page 523], we find u(x) = O(1) and Vu(x) =
O(|x|72) as |x| — o, which implies the assertion above, too. It follows that Vu =
0 in G, hence u = 0 in G because u vanishes on the boundary 0G. This proves the
uniqueness. O

To show the existence of a solution with the required decay properties, we use the
boundary integral equations’ method. We define the single-layer potential

(E"0) (x) = LGEn(x—y)(E)(y)doy (x ¢ 0G), (2.6)
the double-layer potential
(D"O)(x) = — LG ONEn(x—3)0(y)do, (x ¢0G), (2.7)
and the normal derivative of the single-layer potential
(H"0)(x) =~ | dvimEn(x~)0(3)do, (x ¢ 36). (2.8)

Here and in the following, N = N(z) is the outward (with respect to the bounded domain
Gp = R™\G) unitnormal vectorin z € G, and ® € C(3G) is the unknown source density.
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Then we have the continuity relation
(E"®)° = (E"®)' = E"® on G (2.9)

and, due to the regularity of the boundary, the jump relations

D"®-(D"0)° = (D"®)' -D"0O = %@ on 0G, (2.10)

H"®— (H"0)° = (H"®)' -~ H"e = —%@ on 3G. (2.11)

Here the indices e and i stand for the limits from the exterior domain G and the interior
domain G, := R"\G, respectively.

Now we first assume n > 3. Following [3, 11] (here for the case of Helmholtz’s equa-
tion), for the solution of (2.1) we choose in G the mixed ansatz

u=D"0-«E"® (0<xeR) (2.12)

consisting of a double- and a single-layer potential. Then by means of (2.9) and (2.10),
we obtain the second-kind Fredholm boundary integral equation

¢:—%®+D"®—O<E"® on oG (2.13)

for the unknown source density ® € C(0G). To see that (2.13) is uniquely solvable for
all boundary values ® € C(0G), let 0 + ¥ be a solution of the homogeneous adjoint
integral equation

0:—%‘I’+H"‘I’—0(E”‘I’ on 0G. (2.14)

By (2.9) and (2.11), this implies &(E"¥)! = (H"Y¥)! = —(0yE™Y)?, and Green’s first iden-
tity yields

J |V (E"Y) |*dx = J (E"Y)' (OnE™Y)'do = —aJ |E"Y |*do, (2.15)
Gp 3G oG

hence E"Y = 0 in Gp,. This implies (E"¥)¢ = 0 using (2.9), and the uniqueness statement
above yields E"Y = 0 in G, too. Thus E"Y = 0 in the whole R", which implies H"Y = 0
in G and in Gp, and we obtain ¥ = 0 by (2.11), as asserted. This proves the existence in
the case n > 3 by the Fredholm alternative theorem.

Now let n = 2. As in [10] (for the case of Stokes’ equations) we use in G the ansatz

u:—a%Ezl + D0 - xE2MO— Oy (0<xER, 0+ BER). (2.16)
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Here a € R is the prescribed constant from (2.3), 0G| := [5; do is the surface area, E21
is the single-layer potential with constant density ¥ = 1, and the projector M is defined
by

0O —MO:=0-0y (2.17)
with the surface mean value
Oy = Rl J O(y)do, (2.18)
which implies
1
(M@)Mzij (@(y)—@M)d0:®M—®M:0. (219)
0G| Jac

This ansatz indeed satisfies the prescribed decay condition u(x) —aln|x| = O(1) as
|x| — oo, which can be seen as follows:

1
_g—c 2 — _
a|aG|E 1(x) = ISG\Lclmx yldo,

=aln|x| +¢1—1 Ix =y (2.20)

n
0G| [ x|
=aln|x|+o0(1l) as Ix\—»oo.

doy

For the other terms, we find

(x-y)-N(¥)
¢ walx-y|?

D?0(x) :L 0(y)do, =0(Ix|™),

2 _1 1 1 J
E°MO(x) = e aGln x| (M®)(y)do, + . In x| aG(M@)(y)aloyaloy (2.21)

L[,
- o Lcln x5 (MO )doy =o(D),

and finally ®); = O(1) as |x| — o, which implies the required decay condition (2.3).
Now using (2.9) and (2.10) again, we obtain the second-kind Fredholm boundary in-
tegral equation

aw2 p2y __LloLp2e - xE2MO-BOy on dG. (2.22)

e [0G] 2

To see that (2.22) has a unique solution ® € C(0G) for all boundary values ® € C(0G)
and all a € R, let 0 # ¥ solve the homogeneous adjoint integral equation

0= f%‘IerHZ‘I’f &XME®Y — B¥y on 0G. (2.23)
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Because for any constant ¢ € R we have —(1/2)c+D?c = 0[18, page 511] and E2Mc = 0,
we find

0= <c, Ly ey XME>Y —B‘I’M>

2
= <f%c+chf(xE2Mc,‘If>fB(c,‘I’M) (2.24)
= _B<C!‘YM>s
where here
.= | w)$()do (2.25)

denotes the corresponding duality. It follows that ¥); = 0 and MY = V¥, hence ¥ is a
solution of

0= —%‘Y+H2‘I’—0(ME2‘I’ on 9G, (2.26)
too. Using (2.11), this implies
N 1 2 2
(H*Y) = —5Y+H’Y = aME*Y on dG, (2.27)
and from Green’s first identity, we obtain

J | VE2Y | dx = J E?Y-3,E2Ydo = —J E2Y - (H2Y)'do
Gy oG %G

(2.28)
- —«| E*Y-ME*¥do - —af | ME2¥|*do.

G G

Since « > 0, it follows that ME2Y¥ = 0 on 0G, which means E2Y = (E2¥)) = const. on
0G. By Lemma 2.1, this implies E2¥ = const. in G, hence (H?¥)! = 0 on 0G and thus,
using (2.11) again, (H2¥)¢ = ¥ on 0G. On the other hand, ME?Y¥ is a solution of the
exterior problem (2.1) with ® = 0 on 0G satisfying the decay condition (2.3) (prescribe
a = 0) due to ¥y = 0. By Lemma 2.1 this implies E2¥ = (E2¥)y = const. in G, hence
(H2Y)¢ =¥ = 0 on 0G, as asserted. Thus the following theorem is proved.

THEOREM 2.2. Let G € R™ (n > 2) be an exterior domain with boundary 0G of class
C?, and let ® € C(0G) be given. In addition, if n = 2, let a € R be given. Then there is one
and only one function u € C*(G) N C(G) satisfying (2.1) in G and the decay conditions
(2.3). This solution admits in G the following representation: if n > 3, then for any «x with
0<xeR,

u=D"0-xE"0, (2.29)
where © € C(0G) is the uniquely determined solution of the boundary integral equation

1
d = —§®+D"®—0(E”® on 0G. (2.30)
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Ifn=2, then for any x, B with0 < x € R, 0+ B € R,

u-= _alg)_GZIE21 +D%0— /E2MO — fO). (2.31)
Here a € R is the above-given constant appearing in (2.3), E*1 is the single-layer potential
with constant density Y = 1, and the projector M is defined by © — M@ := © — Oy with
the surface mean value Oy = (1/|0G|) [;30(y)do, where ® € C(3G) is the uniquely
determined solution of the boundary integral equation

1
c1>+a|‘;—62|521 = —50+D?0 - aE’MO-BOy  0ndG. (2.32)

3. Extension to homogeneous Sobolev spaces. The first theorem ensures the solv-
ability of Laplace’s equation (2.1) in the homogeneous spaces $24(G), defined by (1.5),
in the case n = 2.

THEOREM 3.1. Let G < R? be an exterior domain with boundary 0G of class C2, and let
® c W2-1/44(pG), 1 < q < o, and a € R given. Then there is one and only one function
u € 5%49(G)NC>(G) satisfying (2.1) and the decay conditions (2.3) for n = 2.

PROOF. Because for n =2 we have (2—-1/q) q =2q—1>1=mn-1, and Sobolev’s
Lemma [1] implies ® € C(0G), we can apply Theorem 2.2, obtaining a uniquely deter-
mined function ©® € C(0G) satisfying the boundary integral equation (2.32). The func-
tionu € C*(G)NC(G) defined by (2.31) fulfills (2.1) as well as the decay condition (2.3)
for n = 2, as shown above. Because the uniqueness has been established in Lemma 2.1,
it remains to show u € §24(G).

To do so, let G, := G N B,(0) as in the proof of Lemma 2.1. We obtain u €
W2-144(3G,), because u € C*(G) implies u € W2-1/44(9B,.) (see [7, page 238]), and
because u = & € W2-1/44(3G) on 0G. Due to u € C*(G,) n C(G,) this implies u €
W24(G,) (see [7, page 232], which is based on [16, page 184]), and it remains to esti-
mate the second-order derivatives of u for |x| > 7.

Using (2.31), we see that |[DyDju(x)| < ¢rlx|7? for all x with |x| = v (k,j = 1,2),
which gives DyDju € L4(R?\B,) for all 1 < g < . Thus u € §>9(G) as asserted and
the theorem is proved. O

The preceding arguments could be used for the case n > 3 and g > n/2 as well,
because, due to (2—-1/q)q > n—1, Sobolev’s lemma [1] would imply ® € C(0G) as for
n = 2. The case n > 3 and g < n/2, however, would not be included. Therefore, to prove
the next theorem we use another approach which works for any g with 1 < g < o and
any n = 3.

THEOREM 3.2. Let G < R™ (n > 3) be an exterior domain with boundary oG of class
C2, and let ® € W2-1/44(9G), 1 < q < o, be given. Then there is one and only one
function u € §29(G) N C®(G) satisfying (2.1) and the decay conditions (2.3) for n > 3.

PROOF. To prove uniqueness, let u = u' —u? be the difference of two solutions u'
and u? with the required decay properties above. Define the bounded domain G, =
G N B, (0), where B, (0O) C R™ denotes an open ball with center at zero and radius r
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such that 0G C B, (0O). From the local regularity theory, we find u € Wﬁ,’f(@). Thus in
G, we may apply Green’s first identity, and the uniqueness follows as in the proof of
Lemma 2.1.

To prove existence, for ® € L7(0G), we set

T10:=D"®@-xE"® (0<xeR). (3.1

Then an easy calculation using Holder’s inequality shows that T9: L1(0G) — L9(0G) is
well defined and bounded. Now let ® € L2(0G) be a solution of

—%@+T“®=O. (3.2)

Then we find ® € L? (0G) for some p > n—1. To see this we use the Hardy-Littlewood-
Sobolev inequality [19, page 119] obtaining in case of 1 < g <n—1 that T20 € L*(0G)
with
1 1 1

||Tq®||s,acﬁcq”®“q,3G (;2 a_m) (3.3)
Here we find s > g, and repeating this procedure a finite number of times, we obtain
® € L?(0G) for some p > n— 1. Next we show that O is bounded on 9G. Since 0G € C?
we have

|@(x)| =2|T90(x)| < cLG Ix-yI*"[0(y)|doy

, 1/p’ 1/p
sc(J |x —y|@-mP doy) (J |®(y)\”d0y) :
G G

where the first integral on the right-hand side is finite due to (n—2)p’ < n—1 since
p>n-1{1/p+1/p’ =1). Now from the boundedness of ® we obtain that 770 is
continuous on 0G (cf. [9, page 42] for n = 3), and (3.2) implies the continuity of ®. Thus
Theorem 2.2 implies

(3.4)

{@ e L1(0G) | —%®+Tq® = 0} = {@ € C(0G) | —%@—kD"@—aE"@ = O} = {0}.
(3.5)

Moreover, using a suitable cutoff procedure we obtain that the operator T2 : L1(0G) —
L1(0G) is compact, and applying the Fredholm alternative and the open mapping the-
orem we find that for any ® € L1(0G) there is one and only one © € L1(0G) satisfying
®=-(1/2)0+T90 on 0G and the estimate

”@”q,aG =Cq :Cqu)Hq,aG- (3.6)

a,0G

1
R Tﬂ
2®+ (C]

Now we return to (2.1). Because of ® € W2-1/4:4(3G) there are functions &, € C2(0G),
k € N, such that

|®k = ||, 1,906 — 0 ask— co. (3.7)
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Let O be the solution of the boundary integral equation (2.30) with ® replaced by &y,
corresponding to Theorem 2.2. Then this implies

Py = —%®k+Tq®k. (3.8)
Moreover, let ©® € L1(0G) denote the unique solution of
1
P = —§®+T‘4®. (3.9)
Then, using (3.6),
|© —Okll;56 — 0 ask— 0. (3.10)

For x € G and k € N we define

Uk (x) =D"Ok(x) — xE" Ok (x),

3.11

u(x) =D"O(x) — xE"O(x). ( )

Then, as shown above, u; € C*(G) N C(G) satisfies (2.1) with ® = &, and, in particular,

ux € C2(0G,), where G, = Gn B, (0). Thus we conclude that u; € W24(G,) with the
following estimate:

I (wr —ur) ||2,q,cy =Cqr (Huk _ul”z—l/q,q,ac +Ju — ”le—l/q,q,aBy): (3.12)

(see [6, page 340], which is based on [16, page 184]). Because uy —u; = &y —®; on 0G,
the first term on the right-hand side of (3.12) tends to zero as k,l — . For the second
term we find

ke —willo-1/g,9,08 < Car <||®k - GlHq,BG) (3.13)

(cf. [7, page 238]). Thus, due to (3.10), u is a Cauchy sequence in W24(G, ). Moreover,
Holder’s inequality together with (3.10) shows that for any x € G we have ug(x) —
u(x) as k — oo, hence u € W24(G,) with lu —ukll2,g,6, — 0 as k — oo. This implies
lu —ukllo=1/9,4,06 — 0 as k — o, and because uy = ®; on 0G, (3.7) yields u = ¢ €
Ww?2-14.4(3G) on 0G. Because u € C*(G) with Au = 0 in G, and because u satisfies
the decay properties (2.3) for n > 3, the second-order derivatives DD u(x) (k,j =
1,...,n) for all x with |x| = r can be estimated as in the case n = 2 (see the proof of
Theorem 3.1). Thus u € $24(G) and the theorem is proved. O

The next theorem ensures the solvability of Poisson’s equation (1.1) in the spaces
§24(@G), defined by (1.5).

THEOREM 3.3. Let G C R™ (n > 2) be an exterior domain with boundary oG of class
C?,and let1 < q < o. Then for every f € L1(G) and ® € W2~1/24(3G) there exists some
u € §24(G) satisfying the Poisson equation (1.1) in G.

PROOF. Setting f = 0 in R™\G we obtain some function f € L1(R") with ﬁc = fin
G. Let f; € C7(R") denote a sequence such that f; — f in L1(R") as i — co. Consider
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now for fixed i the equation —Al; = fl in R™. We can solve it by convolution with E,
(see (2.2)), obtaining in x € R" the representation

00 = (En 4 J) () = | Ealx=i0dy. (3.14)

Moreover, by the theorem of Calderén and Zygmund [4], for the second-order deriva-
tives we obtain the estimate \|v2ﬁi||q < c\lfillq with some constant ¢ independent of
i € N, which implies || V2 (2i; —ix)|l; — 0 as i,k — .

Next consider a sequence of open balls (B;); with B; C B;.; and Uj_; Bj = R™. We
define the space

P={P:x —P(x)=a+b-x|b,x eR", acR} (3.15)

of linear functions P : R™ — R. Then by the generalized Poincaré inequality (cf. [12, page
22] or [14, page 112]) we obtain for every v € $24(R") the estimate

. 2
HUHL"I(BJ)/[P’ :Iljl’elgpuv +P||Lq(3j) < Cij UHH(BJ_)nz (316)

with some constants ¢; > 0. Because 1i; € S24(R™), we conclude that (ii;); is a Cauchy
sequence with respect to the norm || - [|za(g,),p on the left-hand side of (3.16) for fixed
j = 1. This implies the existence of linear functions P; € P such that (i; + P;); is Cauchy
sequence in L1(By). Repeating this argument now for j = 2, there exist linear functions
Q; € P such that 7i; + Q; is a Cauchy sequence in L4(B,), hence in L4(B;), and using the
representation

Pi(x) = ot + Bi - X, Qi(x)=yi+6;-x, (3.17)

we obtain that (&; —y;); and (8; —9;); are Cauchy sequences in R and in R™, respectively.
From this we find that (P; — Q;); is a Cauchy sequence in L4(B;), and thus also (1i; +
P)); = (U; + Qi) + (P; — Q;);. Repeating this procedure it follows that (7i; + P;); is a
Cauchy sequence in L4(B;) forall j = 1,2,.... Thus we can find some i € S§24(R™") such
that

(% +P;) — & inLL (R"), IV2 (1 — 1) || jgn — O as i — oo. (3.18)
Moreover, Ul satisfies —All = f in R™ and the estimate ||V?2ii|l,; < cllfllq. Since U €
Wli‘f([R") we conclude from the usual trace theorem [1, page 217] that ;¢ €

W2-144(3G). Following Lemma 2.1 there is a function w € §24(G) satisfying the equa-
tions

-Aw =0 inG, W)ac = Ujag — P, (3.19)

where ® € W2-1/44(3G) is the prescribed boundary value. Now setting u = i ;g — w, we
obtain the desired solution and the theorem is proved. |
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Because functions u € $24(G) have no suitable decay properties at infinity, in general
we cannot expect uniqueness for the solution of (1.1) constructed in Theorem 3.1. Thus
we consider in G the homogeneous equations and define the nullspace of (1.1) by

Ny (G) ={uesS*(G) | -Au=01in G, ujc = 0}. (3.20)
THEOREM 3.4. Let G C R™ (n = 2) be an exterior domain with boundary oG of class

C?, and let 1 < q < o. Then for the dimension dimN,(G) of the nullspace defined in
(3.20), dim N, (G) = n+1 independent of q.

PROOF. Consider the space P of linear functions defined in (3.15). Because for every
P € P we have P(x) = a+ b - x with some a € R and some vector b € R", we find
dimP = n+ 1. Let u” denote the uniquely determined solution of the equation
—Au=0, ujpe=-Pac (3.21)
with P € P, according to Lemma 2.1. Here in the case n = 2 we require
u(x)—aln|x|=0(1) as|x| — oo, (3.22)
where the constant a is chosen from P(x) = a+ b - x. Setting
My (G) = {uf +P | P e P}, (3.23)
we obtain M, (G) C N4 (G), obviously. Furthermore, we have dimM,;(G) = dimP =n+1,
which can be shown as follows. Let P(x) = a+b - x and let u” + Pz = 0in G. Then from
the decay properties of u? and Vu? established in Lemma 2.1 we find a = 0 and b = 0,
hence P = 0. Here in the case n = 2 we obtain a = 0 due to the special choice of the
number a in (3.22). Together with the uniqueness statement in Lemma 2.1, this means
that, if B is a basis of P, then
B4(G) ={u’ +Pg; | P B} (3.24)
is a basis of M;(G). Thus it remains to show that
Ng(G) C My(G). (3.25)
To do so, we first determine the nullspace

Ny (R™) = {u | u e §21(R") with —Au =0 in R"}. (3.26)

From Au = 0, hence AV?u = 0 with D3 u € LY(R") (j,k = 1,...,n) we obtain V?u =0
in R", which implies u = P for some P € P. Thus we have shown that

Ny (R™) = P. (3.27)
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Now let u € N, (G). We extend u on the whole space obtaining a function % € 9 (R")
with iz = u [1, page 83]. Moreover, this function satisfies in R" the identity —Atl = fv S
La(R"™), where the function fN has a compact support in the bounded domain R"\ G.
Consider the equation

~Aw=f inR". (3.28)

Again, it can be solved by convolution with the fundamental solution E, of the Lapla-
cian: we obtain w = E, * f in R"™ and the Calder6n-Zygmund theorem implies D;rkw S

L"(R™) foralll <r <q (j,k = 1,...,n).HereweusedfeLV([R”)" forall1 <v < qdue

to its compact support. Now using a well-known estimate of Hardy-Littlewood-Sobolev-
s

type [2, page 242] we find w € L*(R") for some s > g, hence w € Lj,.(R") C quoc(IR").
Thus we have constructed some solution w of (3.28) such that w € $249(R"). Setting
W =i —w, we obtain W € Nz (R"), and (3.27) leads to i = w + P for some P € P. Be-
cause 3¢ = 0 and since ﬁ@ =u, we find u € M, (G), which proves (3.25) and thus the
theorem. |
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