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1. Introduction. Let T be a Calderon-Zygmund singular integral operator; a well-

known result of Coifman et al. (see [6]) states that the commutator [b,T]= T(bf)−bTf
(where b ∈ BMO) is bounded on Lp(Rn) for 1<p <∞; Chanillo (see [1]) proves a similar

result when T is replaced by the fractional integral operator; in [10, 11], these results

on the Triebel-Lizorkin spaces and the case b ∈ Lipβ (where Lipβ is the homogeneous

Lipschitz space) are obtained. The main purpose of this paper is to discuss the con-

tinuity for some multilinear operators related to certain fractional singular integral

operators on the Triebel-Lizorkin spaces. In fact, we will establish the continuity on

the Triebel-Lizorkin spaces for the multilinear operators only under certain conditions

on the size of the operators. As to the applications, the continuity for the multilinear

operators related to the Calderon-Zygmund singular integral operator and fractional

integral operator on the Triebel-Lizorkin spaces is obtained.

2. Notations and results. Throughout this paper, Q will denote a cube of Rn with

side parallel to the axes, and for a cube Q, let fQ = |Q|−1
∫
Qf(x)dx and f #(x) =

supx∈Q |Q|−1
∫
Q |f(y)−fQ|dy . For 1≤ r <∞ and 0≤ δ <n, let

Mδ,r (f )(x)= sup
x∈Q

(
1

|Q|1−rδ/n
∫
Q

∣∣f(y)∣∣rdy
)1/r

; (2.1)

we denote Mδ,r (f ) =Mr(f) if δ = 0, which is the Hardy-Littlewood maximal function

when r = 1. For β > 0 and p > 1, let Ḟβ,∞p be the homogeneous Triebel-Lizorkin space;

the Lipschitz space ∧̇β is the space of functions f such that

‖f‖∧̇β = sup
x,h∈Rn
h�=0

∣∣∣∆[β]+1
h f(x)

∣∣∣
|h|β <∞, (2.2)

where ∆kh denotes the kth difference operator (see [11]).
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We are going to consider the fractional singular integral operator as follows.

Definition 2.1. Let T : S → S′ be a linear operator. T is called a fractional singular

integral operator if there exists a locally integrable function K(x,y) on Rn×Rn such

that

T(f)(x)=
∫
K(x,y)f(y)dy (2.3)

for every bounded and compactly supported function f . Let m be a positive integer

and A a function on Rn. Denote that

Rm+1(A;x,y)=A(x)−
∑

|α|≤m

1
α!
DαA(y)(x−y)α. (2.4)

The multilinear operator related to fractional singular integral operator T is defined by

TA(f)(x)=
∫
Rm+1(A;x,y)
|x−y|m K(x,y)f(y)dy. (2.5)

Note that when m = 0, TA is just the commutator of T and A while when m > 0,

it is nontrivial generalizations of the commutators. It is well known that multilinear

operators are of great interest in harmonic analysis and have been widely studied by

many authors (see [2, 3, 4, 5, 7, 8, 14]). The main purpose of this paper is to study the

continuity for the multilinear operator on Triebel-Lizorkin spaces. We will prove the

following theorem in Section 3.

Theorem 2.2. Let 0 < β < 1 and DαA ∈ ∧̇β for |α| =m. Suppose T is the fractional

singular integral operator such that T is bounded from Lp(Rn) to Lq(Rn) for 0≤ δ <n,

1<p <n/δ, and 1/p−1/q = δ/n. If T satisfies the size condition

∣∣TA(f)(x)−TA(f)(x0
)∣∣≤ C ∑

|α|=m

∥∥DαA∥∥∧̇β |Q|β/nMδ,1(f )(x) (2.6)

for any cube Q=Q(x0, l) with suppf ⊂ (2Q)c , x ∈Q, and some 0≤ δ <n, then

(a) TA maps Lp(Rn) continuously into Ḟβ,∞q (Rn) for 0 ≤ δ < n, 1 < p < n/δ, and

1/p−1/q = δ/n;

(b) TA maps Lp(Rn) continuously into Lq(Rn) for 0 ≤ δ < n−β, 1 < p < n/(δ+β),
and 1/p−1/q = (δ+β)/n.

From the theorem, we get the following corollary.

Corollary 2.3. Fix ε > 0, 0 < β <min(1,ε), δ ≥ 0, and DαA ∈ ∧̇β for |α| =m. Let

K be a locally integrable function on Rn×Rn satisfying

∣∣K(x,y)∣∣≤ C|x−y|−n+δ,∣∣K(y,x)−K(z,x)∣∣≤ C|y−z|ε|x−z|−n−ε+δ (2.7)
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if 2|y−z| ≤ |x−z|. Denote that (2.3) holds and denote the multilinear operator of T by

(2.5) for every bounded and compactly supported function f and x ∈ (suppf)c . Suppose

T is bounded from Lp(Rn) to Lq(Rn) for 0 ≤ δ < n, 1 < p < n/δ, and 1/q = 1/p−δ/n.

Then

(a) TA maps Lp(Rn) continuously into Ḟβ,∞q (Rn) for 0 ≤ δ < n, 1 < p < n/δ, and

1/p−1/q = δ/n;

(b) TA maps Lp(Rn) continuously into Lq(Rn) for 0 ≤ δ < n−β, 1 < p < n/(δ+β),
and 1/p−1/q = (δ+β)/n.

3. Proof of Theorem 2.2. To prove the theorem, we need the following lemmas.

Lemma 3.1 [11]. For 0< β< 1 and 1<p <∞,

‖f‖Ḟβ,∞p ≈
∥∥∥∥sup

Q

1
|Q|1+β/n

∫
Q

∣∣f(x)−fQ∣∣dx
∥∥∥∥
Lp

≈
∥∥∥∥sup
·∈Q

inf
c

1
|Q|1+β/n

∫
Q

∣∣f(x)−c∣∣dx
∥∥∥∥
Lp
.

(3.1)

Lemma 3.2 [11]. For 0< β< 1 and 1≤ p ≤∞,

‖f‖∧̇β ≈ sup
Q

1
|Q|1+β/n

∫
Q

∣∣f(x)−fQ∣∣dx

≈ sup
Q

1
|Q|β/n

(
1
|Q|

∫
Q

∣∣f(x)−fQ∣∣pdx
)1/p

.
(3.2)

Lemma 3.3 [1]. Suppose that 1≤r <p <n/δ and 1/q=1/p−δ/n. Then ‖Mδ,r (f )‖Lq ≤
C‖f‖Lp .

Lemma 3.4 [5]. Let A be a function on Rn and DαA ∈ Lq(Rn) for |α| =m and some

q >n. Then

∣∣Rm(A;x,y)
∣∣≤ C|x−y|m ∑

|α|=m

(
1∣∣Q̃(x,y)∣∣

∫
Q̃(x,y)

∣∣DαA(z)∣∣qdz
)1/q

, (3.3)

where Q̃(x,y) is the cube centered at x and having side length 5
√
n|x−y|.

Proof of Theorem 2.2. Fix a cube Q = Q(x0, l) and x̃ ∈ Q. Let Q̃ = 5
√
nQ and

Ã(x) = A(x)−∑|α|=m(1/α!)(DαA)Q̃xα. Then Rm(A;x,y) = Rm(Ã;x,y) and DαÃ =
DαA−(DαA)Q̃ for |α| =m. We write, for f1 = fχQ̃ and f2 = fχRn\Q̃,

TA(f)(x)=
∫
Rn

Rm+1(A;x,y)
|x−y|m K(x,y)f(y)dy

=
∫
Rn

Rm+1(A;x,y)
|x−y|m K(x,y)f2(y)dy

+
∫
Rn

Rm
(
Ã;x,y

)
|x−y|m K(x,y)f1(y)dy

−
∑

|α|=m

1
α!

∫
Rn

K(x,y)(x−y)α
|x−y|m DαÃ(y)f1(y)dy,

(3.4)
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then

∣∣TA(f)(x)−TA(f2
)(
x0
)∣∣

≤
∣∣∣∣∣T
(
Rm

(
Ã;x,·)

|x−·|m f1

)
(x)

∣∣∣∣∣+
∑

|α|=m

1
α!

∣∣∣∣∣T
(
(x−·)α
|x−·|mD

αÃf1

)
(x)

∣∣∣∣∣
+∣∣TA(f2

)
(x)−TA

(
f2
)(
x0
)∣∣ := I(x)+II(x)+III(x).

(3.5)

Thus,

1
|Q|1+β/n

∫
Q

∣∣TA(f)(x)−TA(f2
)(
x0
)∣∣dx

≤ 1
|Q|1+β/n

∫
Q
I(x)dx+ 1

|Q|1+β/n
∫
Q
II(x)dx+ 1

|Q|1+β/n
∫
Q
III(x)dx

:= I+II+III.

(3.6)

Now, we estimate I, II, and III, respectively. First, for x ∈Q and y ∈ Q̃, using Lemmas

3.4 and 3.2, we get

Rm
(
Ã;x,y

)≤ C|x−y|m ∑
|α|=m

sup
x∈Q̃

∣∣DαA(x)−(DαA)Q̃∣∣
≤ C|x−y|m|Q|β/n

∑
|α|=m

∥∥DαA∥∥∧̇β .
(3.7)

Thus, taking r , s such that 1≤ r < p and 1/s = 1/r −δ/n, by (Lr ,Ls) boundedness of

T and Hölder’s inequality, we obtain

I ≤ C
∑

|α|=m

∥∥DαA∥∥∧̇β 1
|Q|

∫
Q

∣∣T(f1
)
(x)

∣∣dx
≤ C

∑
|α|=m

∥∥DαA∥∥∧̇β∥∥T(f1
)∥∥
Ls |Q|−1/s

≤ C
∑

|α|=m

∥∥DαA∥∥∧̇β∥∥f1

∥∥
Lr |Q|−1/s

≤ C
∑

|α|=m

∥∥DαA∥∥∧̇β

 1∣∣Q̃∣∣1−rδ/n

∫
Q̃

∣∣f(y)∣∣rdy



1/r

≤ C
∑

|α|=m

∥∥DαA∥∥∧̇βMδ,r (f )
(
x̃
)
.

(3.8)

Second, using the inequality (see [11])

∥∥(DαA−(DαA)Q̃)fχQ̃∥∥Lr ≤ C|Q|1/s+β/n∥∥DαA∥∥∧̇βMδ,r (f )(x), (3.9)
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we gain

II ≤ C
|Q|1+β/n

∑
|α|=m

∥∥∥T((DαA−(DαA)Q̃)fχ2Q

)∥∥∥
Ls
|Q|1−1/s

≤ C|Q|−β/n−1/s
∑

|α|=m

∥∥(DαA−(DαA)Q̃)fχ2Q
∥∥
Lr

≤ C
∑

|α|=m

∥∥DαA∥∥∧̇βMδ,r (f )
(
x̃
)
.

(3.10)

For III, using the size condition of T , we have

III ≤ C
∑

|α|=m

∥∥DαA∥∥∧̇βMδ,1(f )
(
x̃
)
. (3.11)

We now put these estimates together, and taking the supremum over all Q such that

x̃ ∈Q, and using Lemmas 3.1 and 3.3, we obtain

∥∥TA(f)∥∥Ḟβ,∞q ≤ C
∑

|α|=m

∥∥DαA∥∥∧̇β‖f‖Lp . (3.12)

This completes the proof of (a).

For (b), by the same argument as in the proof of (a), we have

1
|Q|

∫
Q

∣∣TA(f)(y)−TA(f2
)(
x0
)∣∣dy ≤ C ∑

|α|=m

∥∥DαA∥∥∧̇β(Mδ+β,r (f )+Mδ+β,1(f )
)
.

(3.13)

Thus, we get the sharp estimate of TA as follows:

(
TA(f)

)# ≤ C
∑

|α|=m

∥∥DαA∥∥∧̇β(Mδ+β,r (f )+Mδ+β,1(f )
)
. (3.14)

Now, using Lemma 3.3, we gain

∥∥TA(f)∥∥Lq ≤ C∥∥(TA(f))#∥∥
Lq

≤ C
∑

|α|=m

∥∥DαA∥∥∧̇β(∥∥Mδ+β,r (f )
∥∥
Lq +

∥∥Mδ+β,1(f )
∥∥
Lq
)≤ C‖f‖Lp . (3.15)

This completes the proof of (b) and the theorem.

Proof of Corollary 2.3. It suffices to verify that T satisfies the size condition in

Theorem 2.2.
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Suppose suppf ⊂ Q̃c and x ∈Q=Q(x0, l). We write

TA(f)(x)−TA(f)
(
x0
)

=
∫
Rn

[
K(x,y)
|x−y|m −

K
(
x0,y

)
∣∣x0−y

∣∣m
]
Rm

(
Ã;x,y

)
f(y)dy

+
∫
Rn

K
(
x0,y

)
f(y)∣∣x0−y
∣∣m [

Rm
(
Ã;x,y

)−Rm(Ã;x0,y
)]
dy

−
∑

|α|=m

1
α!

∫
Rn

(
K(x,y)(x−y)α

|x−y|m − K
(
x0,y

)(
x0−y

)α∣∣x0−y
∣∣m

)
DαÃ(y)f(y)dy

:= I1+I2+I3.

(3.16)

By Lemma 3.4 and the following inequality, for b ∈ ∧̇β:

∣∣b(x)−bQ∣∣≤ 1
|Q|

∫
Q
‖b‖∧̇β |x−y|βdy ≤ ‖b‖∧̇β

(∣∣x−x0

∣∣+l)β, (3.17)

we get

∣∣Rm(Ã;x,y
)∣∣≤ ∑

|α|=m

∥∥DαA∥∥∧̇β(|x−y|+l)m+β. (3.18)

Note that by |x−y| ∼ |x0−y| for x ∈Q and y ∈ Rn \ Q̃, we obtain, by the condition

of K,

∣∣I1∣∣≤ C
∫
Rn\Q̃


 ∣∣x−x0

∣∣∣∣x0−y
∣∣m+n+1−δ +

∣∣x−x0

∣∣ε∣∣x0−y
∣∣m+n+ε−δ


∣∣Rm(Ã;x,y

)∣∣∣∣f(y)∣∣dy

≤ C
∑

|α|=m

∥∥DαA∥∥∧̇β
∞∑
k=0

∫
2k+1Q̃\2kQ̃


 ∣∣x−x0

∣∣∣∣x0−y
∣∣n+1−δ−β +

∣∣x−x0

∣∣ε∣∣x0−y
∣∣n+ε−δ−β


∣∣f(y)∣∣dy

≤ C
∑

|α|=m

∥∥DαA∥∥∧̇β |Q|β/n
∞∑
k=1

(
2k(β−1)+2k(β−ε)

) 1∣∣2kQ̃
∣∣1−δ/n

∫
2kQ̃

∣∣f(y)∣∣dy
≤ C

∑
|α|=m

∥∥DαA∥∥∧̇β |Q|β/nMδ,1(f )(x).

(3.19)

For I2, by the formula (see [3])

Rm
(
Ã;x,y

)−Rm(Ã;x0,y
)= ∑

|η|<m

1
η!
Rm−|η|

(
DηÃ;x,x0

)
(x−y)η (3.20)
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and Lemma 3.4, we get

∣∣I2∣∣≤ C
∫
Rn\Q̃

∣∣Rm(Ã;x,y
)−Rm(Ã;x0,y

)∣∣∣∣x0−y
∣∣m+n−δ

∣∣f(y)∣∣dy

≤ C
∑

|α|=m

∥∥DαA∥∥∧̇β
∞∑
k=0

∫
2k+1Q̃\2kQ̃

∣∣x−x0

∣∣β+1

∣∣x0−y
∣∣n+1−δ

∣∣f(y)∣∣dy

≤ C
∑

|α|=m

∥∥DαA∥∥∧̇β |Q|β/n
∞∑
k=1

2−k
1∣∣2kQ̃
∣∣1−δ/n

∫
2kQ̃

∣∣f(y)∣∣dy

≤ C
∑

|α|=m

∥∥DαA∥∥∧̇β |Q|β/nMδ,1(f )(x).

(3.21)

For I3, similar to the estimates of I1, we obtain

∣∣I3∣∣≤ C
∫
Rn\Q̃


 ∣∣x−x0

∣∣∣∣x0−y
∣∣n+1−δ +

∣∣x−x0

∣∣ε∣∣x0−y
∣∣n+ε−δ


∣∣DαA(y)−(DαA)Q̃∣∣∣∣f(y)∣∣dy

≤ C
∑

|α|=m

∥∥DαA∥∥∧̇β |Q|β/n
∞∑
k=1

(
2k(β−1)+2k(β−ε)

) 1∣∣2kQ̃
∣∣1−δ/n

∫
2kQ̃

∣∣f(y)∣∣dy
≤ C

∑
|α|=m

∥∥DαA∥∥∧̇β |Q|β/nMδ,1(f )(x).

(3.22)

Thus (2.6) holds. This completes the proof of the corollary.

4. Applications. In this section, we will apply Theorem 2.2 and Corollary 2.3 to some

particular operators such as the Calderon-Zygmund singular integral operator and frac-

tional integral operator.

Application 1 (Calderon-Zygmund singular integral operator). Let T be the

Calderon-Zygmund operator defined by (2.3) (see [9, 12, 13]); the multilinear operator

related to T is defined by

TAf(x)=
∫
Rm+1(A;x,y)
|x−y|m K(x,y)f(y)dy. (4.1)

Then it is easy to see that T satisfies the conditions in Corollary 2.3 with δ = 0; thus

TA is bounded from Lp(Rn) to Ḟβ,∞p (Rn) for DαA ∈ ∧̇β, |α| =m, 0 < β < 1, 1 < p <∞
and from Lp(Rn) to Lq(Rn) for DαA ∈ ∧̇β, |α| = m, 0 < β < 1, 1 < p < n/β, and

1/p−1/q = β/n.

Application 2 (fractional integral operator with rough kernel). For 0 ≤ δ < n, let

Tδ be the fractional integral operator with rough kernel defined by (see [7, 8, 14])

Tδf(x)=
∫
Rn

Ω(x−y)
|x−y|n−δ f (y)dy ; (4.2)
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the multilinear operator related to Tδ is defined by

TAδ f(x)=
∫
Rn

Rm+1(A;x,y)
|x−y|m+n−δ Ω(x−y)f(y)dy, (4.3)

where Ω is homogeneous of degree zero on Rn,
∫
Sn−1Ω(x′)dσ(x′) = 0, and Ω ∈

Lipγ(Sn−1) for 0< γ ≤ 1, that is, there exists a constant M > 0 such that for any x,y ∈
Sn−1, |Ω(x)−Ω(y)| ≤M|x−y|γ . Then Tδ satisfies the conditions in Corollary 2.3. In

fact, for suppf ⊂ (2Q)c and x ∈Q=Q(x0, l), by the condition of Ω, we have (see [14])

∣∣∣∣∣∣
Ω(x−y)
|x−y|n−δ −

Ω
(
x0−y

)
∣∣x0−y

∣∣n−δ
∣∣∣∣∣∣≤ C


 ∣∣x−x0

∣∣∣∣x0−y
∣∣n+1−δ +

∣∣x−x0

∣∣γ∣∣x0−y
∣∣n+γ−δ


; (4.4)

thus, similar to the proof of Corollary 2.3, we get

∣∣TAδ (f)(x)−TAδ (f)(x0
)∣∣

≤ C
∑

|α|=m

∥∥DαA∥∥∧̇β
∞∑
k=0

∫
2k+1Q̃\2kQ̃


 ∣∣x−x0

∣∣∣∣x0−y
∣∣n+1−δ−β +

∣∣x−x0

∣∣γ∣∣x0−y
∣∣n+γ−δ−β


∣∣f(y)∣∣dy

≤ C
∑

|α|=m

∥∥DαA∥∥∧̇β |Q|β/n
∞∑
k=1

(
2k(β−1)+2k(β−γ)

) 1∣∣2kQ̃
∣∣1−δ/n

∫
2kQ̃

∣∣f(y)∣∣dy
≤ C

∑
|α|=m

∥∥DαA∥∥∧̇β |Q|β/nMδ,1(f )(x).

(4.5)

Therefore, TAδ is bounded from Lp(Rn) to Ḟβ,∞q (Rn) for DαA∈ ∧̇β, |α| =m, 0< β < γ,

1 < p < n/β and from Lp(Rn) to Lq(Rn) for DαA ∈ ∧̇β, |α| =m, 0 < β < 1, 1 < p <
n/(δ+β), and 1/p−1/q = (δ+β)/n.

References

[1] S. Chanillo, A note on commutators, Indiana Univ. Math. J. 31 (1982), no. 1, 7–16.
[2] W. Chen, A Besov estimate for multilinear singular integrals, Acta Math. Sin. (Engl. Ser.) 16

(2000), no. 4, 613–626.
[3] J. Cohen, A sharp estimate for a multilinear singular integral in Rn, Indiana Univ. Math. J.

30 (1981), no. 5, 693–702.
[4] J. Cohen and J. Gosselin, On multilinear singular integrals on Rn, Studia Math. 72 (1982),

no. 3, 199–223.
[5] , A BMO estimate for multilinear singular integrals, Illinois J. Math. 30 (1986), no. 3,

445–464.
[6] R. Coifman, R. Rochberg, and G. Weiss, Factorization theorems for Hardy spaces in several

variables, Ann. of Math. (2) 103 (1976), no. 3, 611–635.
[7] Y. Ding, A note on multilinear fractional integrals with rough kernel, Adv. Math. (China) 30

(2001), no. 3, 238–246.
[8] Y. Ding and S. Z. Lu, Weighted boundedness for a class of rough multilinear operators, Acta

Math. Sin. (Engl. Ser.) 17 (2001), no. 3, 517–526.
[9] J. García-Cuerva and J. L. Rubio de Francia, Weighted Norm Inequalities and Related Top-

ics, North-Holland Mathematics Studies, vol. 116, North-Holland Publishing, Ams-
terdam, 1985.



CONTINUITY FOR SOME MULTILINEAR OPERATORS . . . 2047

[10] S. Janson, Mean oscillation and commutators of singular integral operators, Ark. Mat. 16
(1978), no. 2, 263–270.
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