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WEIGHTED KNEADING THEORY OF ONE-DIMENSIONAL
MAPS WITH A HOLE
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The purpose of this paper is to present a weighted kneading theory for one-dimensional
maps with a hole. We consider extensions of the kneading theory of Milnor and Thurston
to expanding discontinuous maps with a hole and introduce weights in the formal power
series. This method allows us to derive techniques to compute explicitly the topological
entropy, the Hausdorff dimension, and the escape rate.
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1. Introduction. Let I C R be a compact interval and F a linear expanding map on I.
We study the dynamical system given by iterating points by F. Of particular interest
is the set defined by the points that remain in the domain of F under iteration. An
equivalent way of viewing this situation is as the inverse of an iterated function system
(IES) (see [4]). Let f = {fi}]~, be an IFS, a collection of self-maps on I, defined by

fi(x):=pix+oi, i=1,...,n, (1.1)

where for all i, 0 < [p;| < 1 and p; € R. Let E be the corresponding self-similar set, the
attractor. If f; is monotone, then it is usual to see E as the repeller of a linear expanding
map F: U, fi(I) — I, which will be denoted by F = (Fy,...,Fy,), where

Fi(x):= fil(x) if x € fi(D). (1.2)

We consider the piecewise linear map F with a single hole, that is, there is an open
subinterval I, C I with I, # @ such that I is the disjoint union of I, and U, Im(f;)
(see [8, 10]). The points x € I, will be mapped out of I and the same will happen to all
the points x € F¥(I) for k > 1. The set |, F*(I) is open and dense in I and has full
Lebesgue measure (see [14]).

The hole and the set of n laps of F determines a partition %; := {I1,...,Ip,...,I}
of the interval I. Considering the orbits of the lateral limit points of the discontinuity
points and turning points, we define a Markov partition ?; of I.

The outline of the paper is as follows. In Section 2, we develop a weighted kneading
theory to expanding discontinuous maps with a hole. In this section, we give a brief
presentation of the kneading theory associated to F. For more details, see [6], and for
maps of the interval with holes, see [9]. The new kneading approach using weights is
inspired on [8], where we compute explicitly the escape rate that is characterized by
a conditional invariant measure. The weights introduced in the kneading theory are
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defined by the inverses of the derivatives of the iterates of the discontinuity points
and turning points of F, associated to a real parameter . We consider the transfer or
Perron-Frobenius operator Ly associated to the map F and to the Markov partition %;.
The transfer operator has a matrix representation, which we will denote by Qg. This
matrix can be viewed as the matrix of Ly acting on a finite-dimensional vector space of
functions.

It is known that the spectrum of the transfer operator determines the ergodicity of
the dynamical system. In Section 3, we will give an algorithm to compute this spectrum
and to relate the transfer operator with the weighted kneading determinant D(t, )
(see Theorem 3.6). To establish this relation, we introduce a weighted matrix Vg and
we use complexes and homology with weights (see Theorem 3.5). These results allow
us to prove the main result.

THEOREM 1.1. Suppose that the kneading data associated to an expanding discon-
tinuous map with a hole F correspond to periodic, eventually periodic orbits or to orbits
that lie in the hole. Let D (t, 8) be the weighted kneading determinant.

(i) If B is the unique solution of D (1, ) = 0, then B is the Hausdor({f dimension of the
attractor E.
(ii) Ifty is the least real positive solution of D(t,1) = 0, thenlog(t,) is the escape rate
of the pair (E,F).
(iii) Ifto is the least real positive solution of D(t,0) = 0, thenlog(ty 1Y is the topological
entropy of the map F.

We remark that we can obtain the same results for a finite union of disjoint holes
Ihj cl.

2. Weighted kneading theory and subshifts of finite type. Leta;,withi=1,...,n+1,
be the endpoints of the intervals in the partition ?;. These points correspond to the
discontinuity points and the turning points of the map F. We denote the hole by I, =
(an,an+1). Set

(@515 oo\ @1 1 @ s

(2.1)
= {x D, x@ x® | x@h=2) 3 @h-1) yQ(h+D=2) y@A+D-D @r)}

The orbit of each point x), with j = 1,2,...,2h-2,2(h+1) —1,...,2n, is defined by
o(x):= {x,ﬁj):x;{j) = Fk(x), keNo}. (2.2)
Concerning the itinerary of each point x), we will have
F¥(xD) =x” or F¥(x) eint(I). (2.3)
In the first case, we have periodic, eventually periodic, or aperiodic orbits. While in the
second, after a finite number of iterates, the itinerary of the points lies in the hole.

To simplify the presentation, we consider the points x!) and x?" as fixed points.
To the orbit of each point x), with j = 2,...,2h—2,2(h+1)—1,...,2n—1, we associate
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a sequence of symbols S/ given by

SW = gPsI s (2.4)
where
L if FK(xW) er,
M, if F¥(xY) € 15,41, s1 € {1,...,h =2},
SO =1H it FR(xW) eIy, (2.5)
M,, if FK(xW) €lgu1, s2€{h—1,...,n—-2},
R if FK(xW) e1,.

We denote by « the ordered set of n+ 1 symbols, corresponding to the laps and the
hole of F, that is,

A = {L!Mli"'th—Z!HiMh.—ll"'!Mn—Z!R} (2-6)
and according to the real-line order,
L<My<:-++<Mpp<H<Mp_1<--+<My_><R. (2.7)

We designate by «N the space of all sequences of symbols on the alphabet .
DEFINITION 2.1. The kneading data for the map F is the (2n —4)-tuple of symbolic
sequences

(§@,...,8Ch=2 gR+H=D " ¢n=D) c N N x ... x N, (2.8)

The kneading increments introduced in [6] are defined by formal power series with
coefficients in Z[[t]], the subring of the ring Q[[t]]. For maps of the interval with a hole
and more than one discontinuity point and turning points, we have several kneading
increments, whose number depends on the number of discontinuity points and turning
points of the map F (see [9]). The kneading increments are defined by

Va, (t) := Ga; (t)— Qa; (t). (2.9)
In the case where a; is an endpoint of the hole Ij, the increments are defined by
Va, (1) := Gaﬁ (1), Vay,., () 1= Qa;H(t), (2.10)

where 0, (t) is the invariant coordinate of each symbolic sequence associated to the
itinerary of each point a;, with 1 < i < n + 1. Each lateral invariant coordinate is
defined by

0a: (1) := lim Oy (1) = > Tet*sy”, (2.11)
k=0

X—a;
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where T¢:=1, Ty := H;‘;ols(Sl(j)), k > 0, with
1 if F/(Fi(a})) >0,

e(s”):=40 i F(F'(a})) €ln, (2.12)
-1 if F'(Fi(a7)) <0,

and S,ij ) is the sequence of symbols corresponding to the orbits of a; .
The increments v, (t), with 1 <i <n+1, can also be written in the following way:

Va; (t) = Nig ()L + N2 (£)My + - - - + Nin-1) (£ ) My 2 + Nin (1) R, (2.13)

where the coefficients N;;(t) € Z[[t]] are the entries of an n X7 matrix N = [N;;(t)].
This matrix is called the kneading matrix associated to the map F. The kneading deter-
minant is denoted by D(t).

Now we are going to present the main definition of this paper, that is, the character-
ization of the weighted invariant coordinates. This definition allows us to construct a
weighted kneading theory similar to the previous one.

DEFINITION 2.2. For the kneading data of the map F, the weighted invariant coor-
dinate of each point a;, with 1 <i <n+1 and B € R, is defined by

04+ (t,B) = lim 0x(t,B) = > Tr(ai)trs,”, (2.14)
i Xaa% o
where T¢(a;) :=1 and for k > 0,
e -8
Ti(af) = [1e(s”) 1 F (Fi(af)) | 7" (2.15)
=0

Note that the derivative of the map F satisfies the condition inf |F} (x)| > 1 on each in-
terval f;(I).For each point a;, withi=1,...,h—1,h+2,...,n+1, the weighted kneading
increment is defined by

Va, (£,B) 1= Qar(t,ﬁ)—eai—(t,ﬁ). (2.16)
For the endpoints of the hole I}, the weighted increments are defined by

Va, (1, B) 1= Gaﬁ(t,B), Va,., (t,B):=0 (t,B). (2.17)

+
Aps1

Separating the terms associated to the symbols on the alphabet #«, the weighted incre-
ments vy, (t, f) are written in the following way:

Va; (t,B) = Nit(t,B)L+ N2 (t, )My + - - - + Nin-1) (£, B)My—2 + Nin (£, B)R. (2.18)
The coefficients N;;(t,8) € R[[t,B]] are the entries of an 1 X n matrix

N(t,B) = [Nij(t,ﬁ)], (2.19)
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which we will call the weighted kneading matrix associated to F. The determinant of
this matrix will be called the weighted kneading determinant and will be denoted by

D(t,B).

REMARK 2.3. To an eventually periodic orbit of a point x/) represented by

() ) (j) ) 0
SOJ Ce SDJ—I (SPJ - Spj+q—1> (220)

corresponds the weighted cyclotomic polynomial

q-1 ) )
L= [Te(syh) IF (B (x D)) | Pee, (2.21)
1=0

where g is the period of the orbit. If the orbit is periodic, then the weighted cyclotomic
polynomial is

1-74(xW)ta. (2.22)
Now, let
{b1,....bmir}i={o(xV):j=1,....,2h-2,2(h+1) - 1,...,2n} (2.23)

be the set of the points correspondent to the orbits of the lateral limit points of the
discontinuity points and turning points ordered on the interval I. This set allows us to
define a subpartition #; of #; = {I1,...,Ip,...,I}. The subpartition

Pri={J1,-- s Im}, (2.24)

with m > n, determines a Markov partition of the interval I. Note that the hole is
an element of the Markov partition. Note also that F determines %; uniquely, but the
converse is not true.
The IFS f induces a subshift of finite type whose m x m transition matrix A = [a;;]
is defined by
a e 11 if F(lnt.Jj) >intJ;, 2.25)
0 otherwise.

We remark that if there exist k points b; such that b; € intl,, with 1 <i < m+ 1, then
the matrix A has k + 1 columns with all elements equal to zero, correspondent to the
hole.

We denote this subshift by (Z4,0), where o is the shift map on =), defined by
o(x1x2--+) = x2x3---, with X;,, := {1,...,m} correspondent to the m states of the
subshift. Concerning this subshift (£4,0) and the associated Markov partition %}, we
consider a Lipschitz function ¢ : I — R defined by

bi={pi:Ji — R, 1<i<m}, (2.26)
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where
bi(x) = -Bei(x), @i(x):=log|F/(x)|, withBeR. (2.27)

This function is a weight for the dynamical system associated to the subshift, depending
on the real parameter S (compare with [11]).

Let £ (1) be the set of all Lebesgue integrable functions on I. The transfer operator
Ly : LY — L), associated with F and @y, is defined by

(Lypg) (x) = Xexpcﬁ 1)) g (F 1 () XEGner )
J=1 (2.28)
= > expp(»gy),

y:Fy=x

where Xi; is the characteristic function of I;. Note that by definition of F, F j‘l (x) =
[fj(x), with x € F(I;). Note also that, for any Borel subset J C I, we have

F ()= Ufj (I;)nJ), (2.29)

where the sets {f;(F(I;) N J)}}Ll are mutually disjoint. Depending on J, the set
fi(F(Ij)nJ) can be empty.

Now, we will restrict our attention to the transfer operator associated with F and to
the Markov partition ;. Given J; € %7, let Yy,,..., Y; be the preimages of J; under F,
that is,

Fj(il’lthi) =intJ;, withl=<j<k, k<m. (2.30)
Then, we can define continuous maps f|j, := ¥;; : J; — Yj; that correspond to the IFS

f restricted to the interval J; such that y; = ¥;;(x) are the preimages of x € J;. Thus,
for each x € J;, we have

(Lg;9)(x) = ZequbJ ()i (x)) g (¥ji(x)) 8 (¥ji(x)), (2.31)
Jj=1
where
1 if ¥ji(x) =y,

5(¥i(x)):= It : 2.32
( i ) {0 otherwise. ( )

Nevertheless, for each interval J; € %}, we consider
fi(x):=F';,(x) forxeF(intJ;)= |J intJ;, (2.33)

aij¢0
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where a;; are the entries of the transition matrix A, with 1 < i, j < m. By formula (2.31),
we can write

(Lp,9) () = > expp; (f(x)) g (£ (X)) Xrants,)- (2.34)

Jj=1

In this paper, we consider a class of one-dimensional transformations that are piece-
wise linear Markov transformations. Consequently, the transfer operator has the fol-
lowing matrix representation. Let 6 be the class of all functions that are piecewise
constant on the partition %;. Thus,

m
gee iffg=ZTrJ-ij (2.35)
j=1

for some constants 1ty,..., T,. We remark that g will also be represented by the column
vector 1y = (1T1,..., 1) T. Using formula (2.34) and considering g € ¢ with g = Xy, for
some 1 < k < m, the transfer operator Ly has the following matrix characterization:

Leg =Qpmy (2.36)

for the weighted dynamical system associated to (24, 0). If Dy is the diagonal matrix
defined by

Dg = (equ)[ﬁ,...,expcpgf) (2.37)

and A is the transition matrix, then the matrix Qg is the m x m weighted transition
matrix defined by

Qp:=ADg = [a;]. (2.38)

The entries of this matrix are
ai Jj

7B’
| Fjl

qij = (239)

where the derivative FJ’. is evaluated on the interval J; of the partition ?;. We refer to
[3, 13] and the references therein to other important spectral properties of the transfer
operator, and [4] for this operator with respect to the cookie-cutter system. In [8], we
use the matrix Qg with =1 to compute the escape rate and the conditional invariant
measure which generates the unique invariant probability measure.

There is an isomorphism between (24,0) and (P}, F) (see [15]). If w = (ipi; - - -) and
w' = (igi} - - -) are two points of X4, then we consider the Markov partition defined by
Py =34/ ~, where w ~ w’ if and only if iy = i;. Using this isomorphism, we consider
the trace of the transfer operator defined by

Trly:= > expgp(x), (2.40)

x €Fix(F)
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where Fix(F) denotes the set of fixed points of F. We consider the pressure function of
¢(x) =log|F' (x)| P as B varies, P(B), defined by

P(B:=limlog 3 |(F ()|

x eFix(Fk)
1 K (2.41)
= l{l}g Elog (TrQﬁ)
=log (Ag),

where Fix(F¥) denotes the set of fixed points of F¥ (see [4, 12, 15]). Thus, expP(B) is
the largest eigenvalue Ag of the transfer operator Ly, which is equal to the spectral
radius of the matrix Qg (see [13]). Nevertheless, it is known that the pressure can be
characterized by the variational principle

P(B) = hyy (F) — BXus (F) (2.42)

as the supremum over all invariant probability measures on E. In this case, the supre-
mum is attained by the weighted Markov measure pg, that is, the measure pg is the
unique measure that maximizes this expression. See [8] for the definition of pug, the
weighted metric entropy hyﬁ (F), and the weighted Lyapunov exponent Xug (F ) with re-
spect to this measure.

We remark that the weighted zeta function for a weighted subshift of finite type is
given by

1

SR Ger-rap)

(2.43)

For more discussions about the zeta function for a subshift of finite type without
weights, see [2], and for another approach with weights, see [1, 7].

3. Complexes and homology with weights. As above described, on the set {by,...,
b1}, there exist 2n — 2 points

{X(l),...,X(Zhiz),X(ZI’Hl),...,X(Zn)}. (31)

Concerning the set of points {ai,...,an+1}, we consider the respective 2n — 2 lateral
points as in Section 2. Let p be the number of points b; outside of (3.1). We denote this
setby 4. Set 2n+p -2 =g and
lai,az,a3,....a,, a5, a1, a4, An 1 } UG
={o(xW):j=1,...,2h—=2,2(h+1) —1,...,2n} U {x "D D=2}
- {x“),x{”,...,x,ill),...,x(2”>,xi2”),...,x,g:)} U {x@h=D) xRhtD)=2)} (3.2)

= (20, 2@ @) y@ho) @hiD-2))

={zW,z2@ . z@}
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We denote by {y),y@ . @} the above set of points now ordered on the interval I.
On the set {yD,y@ 1@} there exist pairs of consecutive points y® y&+1 with
2 <k < q -2, correspondent to some a; with i = 2,...,n. According to the above
conditions, we define a permutation p by

(20,22 2@y L (zpD) Zp@) L op@) = (5D @) @), (3.3)

Let Co be the vector space of 0-chains spanned by the points yV,...,y@ and C; the
vector space of 1-chains spanned by the intervals of the partition %;. The border map
0:C1 — Cy is defined by

o(J;) =y —y @ (3.4)

withl <j<mand 1 <i=<gq-1.We designate by B = [b;;] the g X m incidence matrix
of the graph defined by (Cy,C,9), that is, if ¥ is the lower endpoint and y*V is
the upper endpoint of the interval Jj, then b;j:= -1 and b;,,,; := 1, and the remaining
entries are zero.

Let n: Cy — Cp be the map that describes the transition between the points y,
y@ ..., 7@ and checks the existence of turning points and discontinuity points be-
tween Y and F(y), with 1 < j < q. This map is represented by the following
weighted matrix V.

DEFINITION 3.1. The (g xgq)-weighted matrix Vg = [v;;], associated to the map F, is
defined by
viji=e(y ) [F ()| F it F(yW) =y, where e(y')) = sign (F (y1)),
Vkji=Vij, VUksarji=-vi; iEyP >0 j<k<i, (3.5)
Vik-1,j := —Vij, Vk,j:=Vij if y(i) < _’)/(j), i<k< j,
where the pairs of consecutive points y®, y*+1 with j < k < i (resp., y k=1, y®,
with i < k < j), are associated to the turning points and discontinuity points of F with

Yy <y &+l < 4,0 (pegp,, 1 < k=1 4K < () All the remaining entries in
Vg are zero.

We consider that the points y¥, with 1 <i < g, are represented by vy = (0,...,0,1,
0,...,0)T, where 1 is in the ith-position. The above weighted matrices are related by the
next result.

LEMMA 3.2. The next diagram is commutative

o —2—=0

Qg Vg (3.6)

G ——5— o
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PROOF. Let the intervals Jj, with 1 < j < m, be represented by the column vector
Ji= (0,...,0,x]l.,0,...,0)T, where XJ; is in the jth-position, that is, as a function in €.
Then, one has

(BQg) (Jj) = (BADg) (J;)
= @) (%' 1))
=B( > F'(J)) |ﬁ.]k)

a;j#0

(3.7)
S F U TPBU)

akj¢0

> Pt =y D),

uj+0

where u;; are the nonzero elements of the jth column of the matrix BA. The above
equalities make a description of the transition of the interval J; by the border of the
intervals Ji such that F(intJ;) 2 int Ji, weighted by |F’ (J;)|75.

On the other hand, we have

VBB(J;) = Ve(y ™ —y @) = Vg (p D) = Vg (»D). (3.8)

Consider that v¥ is a point associated to a turning point or to a discontinuity point of
Fand F(y®) = vy with s < i. Consequently,

v = () [ F ()| 7P, viii=—va, vii = vsi. (3.9)

If there exist z; turning points or discontinuity points between ) and y =1 then we
have pairs of consecutive points y*i—1 &) with s <k;j—1,k;<i—land 1 <l<z
such that

Vk,-1,i = —Vsi, Vkji = Usi. (3.10)

Suppose that ¥+ € intI,, with 1 < p < n, that is, ¥V € ¢ and F(y D) = y),
with v > i+ 1. In this case, we have

Viinin =0, Ui = ()| F(yD) | F (3.11)

Similarly, if there exist z, turning points or discontinuity points between y*1 and
v then we have pairs of points y*w) ypkw+D with i+ 1 < ky, kyw +1 < ¥ and
1 < w < z, such that

Vkyi = Ur,it1, Vi +1,i = —Vr,itl- (3.12)

As the weight is constant on each interval J;, we get

r—1

Ve(y D) =V (y @) = [F/(J;) | 7F S (D -y 0y, (3.13)

l=s
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where the pairs of points y¥, y*1 Jie in the set

(kwtD) | 3y=1) 5]

(3.14)

@,y Ly ey @y y

and describe the border of the intervals Ji such that F(intJ;) 2 intJ. From this, it
follows that

r—1

FU) S -0y = ST F ()| PBU). (3.15)

l=s ay;j*0
The proof of the remaining cases is similar according to the behavior of F and the above
definition. O

Let Hy := Cy/By, where By = 0(C1) is a subspace of Cy. Note that two consecutive laps
without a discontinuity point between them are considered as two connected compo-
nents. The map € : Cy — Hy associates to each point y¥, with 1 < i < g, the respective
interval I, with 1 < j < n. This map is represented by the g xn matrix U = [u;], where
u;; = 1 if the point ¥ lies in I; and all the remaining entries of the matrix are zero.

LEMMA 3.3. If»'") and y'2) are two points on the interval I; with 1 < j < n, then
UVg(yi)" = uvg(yti2)T, (3.16)
PROOF. Let vy and y®) be two points on I;. Consider that
B(Jx) =y =y intJ, cintl;, F(y'"W)ely, F(y®))el, (3.17)

with 1 <k <m and j' < j < j”. If the points ¥ and 2 have the same behavior
under F as ¥ and y*1 in the proof of the above proposition, respectively, then

i\ T
UVB(J/(H)) = U(O,---,O,vsil;---,vkl—l,il,vklila---1vi1—1,i11vi1i110;---,0)

, B (3.18)
=Ue(yW)|F ()| 7(0,...,0,1,...,-1,1,...,—1,1,0,...,0)T.

Note that there exist z; pairs of consecutive points y*i-1 &) petween y®) and
v~ with 1 < | < z;. These points define the border of the p intervals I;,, with
Jj ' <ji<jand 1 <t < p. This implies that

B(Ij/) _ y(k1*1) _y(S),

B(Ijl ) _ y(szl) ,y(kl)’
(3.19)

B(IJ) — y(il) 73,(1'1*1)_
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Thus, by definition of U, we get
. . . T
UVs(y )" = (0,...,0,e(y ) [F'(» )| *0,...,0) ", (3.20)

where (v 1)) |F’ (y(1))|-F is in the jth-position.
On the other hand, considering the point v 2, we can write

UVB(y(iZ))T = U(O,...,O,vkwiz,vka,iZ,...,vTiZ,O,...,O)T

_ - (3.21)
=Ue(y'?)|F (»'®?)] *(0,...,0,1,-1,...,1,0,...,0)T

Note that there exist z, pairs of consecutive points y*w) ykw+l) hetween y2) and
y™ with 1 <w < z,. Similarly and by definition of U, we verify that

UVp(y2)T = (0,...,0,e(»2) [F (1) | #,0,...,0) ", (3.22)

where £(y2))|F’(y12))|= is in the jth-position. As the weight is constant on each
interval I;, the desired result follows. Nevertheless, according to the behavior of F,
several different cases may occur. The proof of the remaining cases is very similar to
the previous one. O

The above lemma suggests the next definition and result. Associated to each matrix
Vg, we have only one map & : Hy — Hy which reflects the monotonicity of F. The map &
is represented by the (1 xn)-weighted diagonal matrix Kg = [k;;], where

kiii= (L) | F (1) |, (3.23)
with €(I;) = sign(F’(x)), x € I.
LEMMA 3.4. The next diagram is commutative
U
C() E— H()
Vi Kp (3.24)
Co —— Ho

The main results can now be stated. The next theorems establish the relation between
the weighted transition matrix, the weighted matrix Vg, and the weighted kneading
determinant.

THEOREM 3.5. Under the conditions of the previous lemmas, the following relation
holds between the characteristic polynomials of the matrices Qg, Vg, and Kg:

PVB(t) =det(I—tV3) :PQB(t)PKB(t)' (3.25)

PROOF. The statement is a consequence of the above lemmas and according to some
homological algebra results (see [5]). O
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We define a permutation matrix IT associated to the permutation p above defined that
maps the system of vectors (zV,z® ..., z(@) into the system of vectors (1), y@
@), Using the weighted matrix Vg and the permutation matrix I, we define a new
weighted matrix ©g through the next equality:

Op := IVRITL. (3.26)

The matrix IT is invertible; consequently, we have Peoy (t) = Py, (t).

THEOREM 3.6. If the kneading data associated to an expanding discontinuous map
with a hole F corresponds to periodic, eventually periodic orbits, or to orbits that lie in
the hole, then the weighted kneading determinant is given by

P, (1)
R(t) ’

D(t,B) = (3.27)
where R(t) is a product of weighted cyclotomic polynomials correspondent to those pe-
riodic or eventually periodic orbits.

It is obvious that this statement strongly depends on the number of laps and the
kneading data associated to F. For this reason, the analysis of the general situation is
difficult. We will prove the statement for a map F = (F1,F>). The general case follows
in a similar way.

PROOF. Consider F = (Fy,F), ?; = {1,I>,I3}, where I, is the hole, Fy(ay) = 1,
Fy(a3) =0, and o = {L,H,R}. The orbits of the points a; and a; can be periodic,
eventually periodic, or lie in the hole. We consider that the kneading data associated to
this map is given by

(0(x®),0(x)) = (LS ---5))", (Ms® - s)7), (3.28)

where p and q are the periods of the orbits. The weighted kneading increments are

Va, (£,B8) = 9&5 (t,B), Vay (£,B) = 9a§(t,5), 3.20)
where
Pl (2))4ig@)
Oa; (t,B) = L+ T(x®)t's; ,
1-T,(x@)tp
a-1 . (5) (3.30)
Oaz (t,B) = R+ 35, Ti(x)t's;
3 1-Ta(x®)ta
If we write
p-1 . |
Ly= > Ti(x®)t, Rp = i (x @) .
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and analogously for L, and R, then we have

B 1+L, Ry
Va, (t,B) = 1 Tp(X(Z))tpL+1_Tp(x(2))tl7R’ (3.32)
. Ly 1+R, '
Vay (L, B) = 17y (x )1 +1_Tq(x<5))tq
The weighted kneading determinant D(t, ) for these kneading data is
B 1 1+L, Ry
D(t,B) = (1-Tp(x@)tP) (1 —T4(x))ta) ‘ Ly 1+Ry | (3:33)

Let det®g = det(I — t®g) be the characteristic polynomial of the matrix @g, where I
is the identity matrix. Thus, we have

1-pp 0t —p2at -+ —ppp-2t —H2p-1t=02p-1t —psol —p51l -+ —psg-2t —H5,9-11
~020t 1 e 0 0 0 0 - 0 0
0 0 1 0 0 0 0 0
— 0 0 - —Opoot 1 0 0o - 0 0
@B = ’
=020t =021t -+ —O2p-2t —62p-1t 1-650t =651t -+ —05q-2t —054-1t-054-1t
0 0 0 0 —050t 1 0 0
0 0 0 0 0 0 1 0
0 0 - 0 0 0 0 - 0542t 1
(3.34)
where

-B
x2)| ?g withO<k; <p—1,

)
(
(3.35)
)
(

sk, € {O,ie(x,g)) ’F’ x,(f)) ‘%}, withO <k, <g—1,

2

and similarly for 8», and 65x,. Using matrix elementary operations for the matrix
I—-tOg, we have the following equivalent matrix:

p-1

1-> ka( (2))tk+1 (x(()Z))t” _ Z IJSka< >tk+1
k=0
1
_”Zlcgzk-rk( (2))tk+1 l_qz 65ka( (5))tk+1 Tq(x((f))tq
k=0 =

(3.36)
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Now we will compare the elements of the above matrix to the elements of the weighted
kneading matrix N(t, ). Note that

p-1
1-> o, k'rk< 2))tk“ T, (x(()2>)t”
k=0

(L—poot) + Z ( 2)>tk —Hokt)

(3.37)
e ()0 (=) [ () ).
On the other hand
(1-em) [F/(n)| Pt)(1+L,)
~ (1—e(m) [P (1) Pe) + i ()2t
L

(3.38)
Tk<X(()2))tk(—f(Il) |F'(I) |_Bt)-

a-c?r
Il »—-

st
p-1

+

] »—'M

S L

If o #0,with 1 <k < p—1, then Ty ( 02))¢00an,thatis
-B
Tk( (2>)t’<<+e (2 ‘F 2))’ t)=J_er+1(x(2 )tk”

. (3.39)
In particular, if > ,-1 # 0, then xu) i i

is associated to the symbol R, that is

(2_)1) )*3_

pepor = —e(x\2) |F (3.40)
Consequently, in (3.37), we have

Tp-1 (X(()Z))tp_l

-B
(2 ’F (2) ) ‘ t=1p (x(()Z))t”. (3.41)
Hence, in (3.38), the fact that the orbit is periodic implies that we return to the symbol L
Thus, we have

1—poot =1—¢(n) |F' (1) | * (3.42)
Let R(t) be the product of cyclotomic polynomials and Py, (1) the characteristic poly-
nomial of the matrix Kg associated to F. Set
(1-e(m)|F ()| Pt)(1+Ly)
D*(t,B) =

(1-&(L) |F (1) | "t)R,
(1-em)[F ()| Ft)Lq

(1-e(n) | F (1) | Pt) (1+R,)

(3.43)
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Using the above comparison between the elements of the equivalent matrix to I — t@g
and the elements of the weighted kneading matrix, we have

D* (£, ) _det(pt@ﬁ) RAG)

R(t)Pgy(t) — R(t)Py(t) — R(t)Pxy(t)’ (3.44)

D(t,B) =

By Theorem 3.5, the desired result follows. O

The main result, Theorem 1.1, will allows us to compute explicitly the Hausdorff
dimension, the escape rate, and the topological entropy.

PROOF OF THEOREM 1.1. Considering the transfer operator given in (2.34), we have

"M§

Il
[

(Lg;9)(x) = )| g (£5060) Xrani- (3.45)

J

Let a;; be the entries of the transition matrix A. For each J; € ?}, with 1 <i < m and
B € R, the eigenvalue equation corresponding to an eigenvalue Ag is

Z = AV (3.46)

F<>|BJ

for the operator Ly characterized by the matrix Qg. According to [11] and using (2.41),
the largest eigenvalue of the transfer operator is exp P (). Hence, exp P(f3) is the spec-
tral radius Ag of the matrix Qg.

If B is the unique solution of D(1,8) = 0, then by Theorem 3.6 and (2.41), we get
P(B) = 0. By [4, 10], we can conclude that = dimy (E).

On the other hand, considering the parameter = 1, we have that A; = expP (1) is
the largest eigenvalue of the matrix Q;. The second statement follows from [14], where
the escape rate y is given by y = —P(1). Thus, the escape rate is y = log(A7'), where
A7l =t is the least real positive solution of Pg, (t) =0

If B = 0, then the determinant D(t,0) corresponds to the kneading determinant de-
scribed in [9], where £ 1 = Ay is the growth number of F, that is, the spectral radius of
the transition matrix A. Consequently, log(Ag) is the topological entropy of the map F.

O

REMARK 3.7. The theory presented in this paper with respect to periodic, eventually
periodic orbits, or to the orbits that lie in the hole is also valid for aperiodic orbits. In this
case, the invariant coordinates associated to the turning points and to the discontinuity
points are formal power series. The computation of the topological invariants is done
by approximation using periodic, eventually periodic orbits, or the orbits that lie in the
hole.

The above results are illustrated in the next example, showing in detail the techniques
under discussion.
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EXAMPLE 3.8. Let

(X F 1
il f c —
p if x _0’8]’
—§+1 if x %%]
Fix)=1 % - (3.47)
X 3 grxell 1]
b 4 14’12 )
X 1 ifxe é,l],
Lc L 6

with a = 1/4, b =1/3, and ¢ = 1/2. Considering the orbits of the points a3, a3, a;, and
az, the kneading data to the map F are

(L(M2R)% , My (M>R)™ ,M{L® ,MsL*®,MyR® ,RM>M>L>). (3.48)

The weighted invariant coordinates of each point are

aft (ab)Bt?
Oa; (LB) = L4 Tz M2 1 (poype B
aft (ab)bt?
gaz(t)B)_Ml_l_(bC)Btz 2_1_(bC)Bt2 )
8y Bt (3.49)
a
Qag(taﬁ)zfl_aBtLJer, Qag(t,ﬁ): 1_aﬁtL+M2’
bt (b2c)ft3 5 52
ea;(tsﬂ) =M+ ]_—CBtR’ ng(t,B) = mlﬁ-(c t+(bc)Pt )Mz +R.
Consequently, the weighted kneading determinant is
M 1 ) —2aPt —2(ab)Pt? 7
5 5 1-(bc)Pt2  1-(bc)Bt?
alt_+k;tt 1 1 0
D(t,B) = a bﬁt
0 0 1
5 1-cht
2 3
% 0 cPt+(bc)Pt? 1
- 1-aft : (3.50)
1

(1—aft) (1-cht) (1 - (bc)Be2)
(1= (2aP +bP + )+ (2(ac)® - (be)F)t?
+ (4(abo) + (b2c)’ + (bc?)*) 3
+ (2(ab2c)B—Z(abcz)’3>t4—Z(abzcz)ﬁts).
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a;, and a? determine a Markov partition of [0,1],

+
3

a

+
2
.,Is}, where I is the hole. The matrices correspondent to this map are

The orbits of the points a

=1{I,..

’
I

P

l Q
coococoococoocoocococoo®R P°Pa
o o =
Q a a N
OOOOOOCF_.VCJ.VCOOO_OO
«Q E=% «
coocoof oL Yoo S22
| | — |
I X
SNl i i N = I = I = = = I = =) & —
on
o
Coo0co0co0oo0co0O0Oo0O0O0 OO -
OOOOOOOwawaOh c o o —~
- — O
_ coo ~ — —
o o coococooo
- R TR s coo~ o©om
T 1 —
coc ooy /R
SIS
© o cocofoocoocoococoo C2°C° o o
—
cooyoooo © o oo
o o a e Re 0 ©
ey Ky L0000 O0COO 5o — o
N oNoNeN-NoNol) , I
— ~ A
o | “« = « oo~ o
COCLLLOLs ITFZVoooocoocoo 0O © —
| | S O - O —
S — Y
S R @ @ co ~o n~
OOO%/WO_aOOOOOO
e e LTRoococoocoo ©C—-oc o Tw»
o o @ @« w 0. 3L S o2 cococococo @O0 CO o
SRR S TS S
— o000 o
n o T_RIRPOOoOo LOOOOOCOQODODOOOO L oo o~ o
L L ] L L L
Il Il Il Il Il
Q. Q.



WEIGHTED KNEADING THEORY OF ONE-DIMENSIONAL MAPS ... 2037

ab 0 0 0 a0 -p» 0 0 0 0 0 0
ab 0 cB —af 0 0 0 0O 0 0O 0 00
0 b# 0 0 0 0 0 0O 0 O 0 00
—-af 0 0 0 -af 0 Db# 0 0 0 0 00
ab 0 0 -a# o o -b¥ 0 0 0 0 0 0
0 0 0 0 -af af DbP 0O 0 0O 0 00
Op=|-af 0 o a® o 0o bpA 0 0 0 bF O O
0 P —cF 0 0 0 0 b P 0 —cF 0 0 O
0 0 0 0 0 0 0 P ¢ 0 0 0 O
0 -bP (P 0 0 0 0 -2 0 ¢ 0 0 0
0 0 0 0 0 0 0 0 0 ¢ 0 00
0 -bP cF 0 0O 0 0 -bP 0 P 0 0O
| 0 bF —cF 0 0 0 0 bB 0 —cf 0 0 0]

(3.51)
The relation between the characteristic polynomials of the matrices Vg, Qg, and Kp is
Py, (t) = (1- (2a® + bF +cF)t + (2(ac)f - (bo)F) 2 + (4(abo)f + (b2c)F) 3
+(bc?)P 0 + (2(ab?c)’ —2(abc?)P )t - 2(ab?c?) )
x (1-aft)(1+aft)(1-bPt)(1-cPt)

(3.52)

Then we can verify the statements of Theorems 3.5 and 3.6. By Theorem 1.1, we have
dimy (E) =0.91994 - - -; y =0.0877769 - - -; Riop = 1.11531 - - - (3.53)
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