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We give some refinements and generalizations of Carleman’s inequality with weaker condi-
tion for weight coefficient.
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1. Introduction. The following Carleman’s inequality (see [6, Theorem 334]) is well
known, unless (a,,) is null:

> (aras - )1/"<e2an. (1.1)
n=1

n=1

The constant is the best possible.

There is a vast literature which deals with alternative proofs, various generalizations
and extensions, and numerous variants and applications in analysis of inequality (1.1);
see [1, 2,3,5,7,9, 8,10, 13, 14, 15, 16, 17, 18, 19] and the references given therein.
According to Hardy (see [6, Theorem 349]), Carleman’s inequality was generalized as
follows. If a4, =0, A, =0, Ay =D _1Am MEN),and 0 < X _; Apay, < o, then

z (allaz . .aixln)l/m <e > Anan. (1.2)

n=1

In [19], Yuan obtained the refined Carleman’s inequality as follows. If a,, > 0, n =
1,2,...,and 0 < >;/_; an < oo, then

00

n_ e (-
a1a2 )1/ <e z %an, (1.3)
n=1

n=1

where «, B satisfy0 <x<1/In2-1,0<B<1-2/e,and ef+21% = ¢,
Recently, Kim [10] established the following new extension of the refined Hardy’s
inequality in the spirit of the property of the power mean of n distinct positive numbers.
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THEOREM 1.1. If 0 < Apy1 <Ay, adn 20, Ay =30 1Am, Ap21,0<p <1, and

0<>h_q1Anay < o, then

1/An

i n+1(a1 22"'/\%")

o AnB) n a-p)/p
y (‘B) Ana,ﬁAz-l(zAkckak) |

An(An+2,)"

(1.4)
.
P

where cp* = (Ag41)™ [ (Ar) -1, and «, B satisfy 0 < o <1/In2-1,0< B <1-2/e, and
ef+21tx =g,

When p =1 in inequality (1.4), there exists the following class of new refined Hardy'’s
inequality:

d o\ VAR > (A;"l(/\n—AnB)>
alal?...aln <e e | Anan. (1.5)
g n+l< 1 “2 n > gl An(An‘f‘/\n)a n“tn

In this paper, we will establish some new refinements and generalizations of Carle-
man’s inequality. Also, our results correspond to Theorem 1.1 with a weaker condition
for weight coefficient.

2. Results. The following results are new generalizations of Carleman’s inequality.

THEOREM 2.1. LetA, >0,vy, >0,a, 20, Ay =30 _1A;mvm MeN),0<p <1, and
0<>h 1 Anvpay <o, If

Ani A _
n+14\n A<1 1/p)(An- '/A")Ail/pvn(AW]/A")VnH, 2.1)
Ap+Anvn

then

[oe]
A1vy ?\zvz A L/An
Z n+1<a1 o 'annvn

P S (AX(An—AnvnB) )" S v B8
e n\\n —A\nVn pAp-l p
P Sndn ZEn Pl ) ApveahA Awvi(ckax) ,
p nZ::l <An(An+AnVn)a) e (,;
where
A 1/AV,
(Au UPIALL ) kv]?k-u kYK
= (2.3)

1/p) A Al A )
(Ak 1 p/\)klkal

and «, B satisfy0<x<1/In2-1,0<B<1-2/e, andef+21"* =e.
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PROOF. By the power mean inequality [11, page 15], we have

N 1/p
ool < ( > qmtxfh) (2.4)
m=1

for oty =0, p >0, and g, > 0 (m € N) with 37, _; g = 1. Setting ¢y, > 0, Gy = Cnam,
and qm = Ay Vi /Ay, we obtain

1/p
n
A
(Clal)/\lvll/\n (CzaZ)szz/An . (Cnan)Anvn/An < ( Z mVm (Cmam)p> ) (2.5)

m=1
Using the above inequality, we have

A1vy szz A 1/An
Z /\n+1< ) 'annvn

7\1V1/An( Aava/An | (Cnan))\nvn//\n

Caa2)
1/A
A A n
(Cllvl cheve .. lci\lnvn) (2.6)

= Z An+1 (C]d])
n=1

=] n l/l’l
2\n+l 14
<> 7k Z mVim (Cmam) :
n=1 nvn)

A A
(C11V1C22V2---Cn n mo1

By using the inequality (see [4, 12])

E RENEN SR

where t > 1 is constant and z,,;, > 0 (m € N), it is easy to observe that

1 1/p 1 n m (1-p)/p
( Z Amvm(cmam)p) = ﬁ Z Amvm(cmam)p ( Z Akvk(ckak)p>

An m=1 n m=1 k=1
(2.8)
for A, =1 and 0 < p < 1. Then, by (2.6) and (2.8), we obtain
< Avi A L/An
Z n+l<a1w1 2v2 _aﬁlnvn)
. - n m (1-p)/p
<=> PR nt 7R > AmVm(emam)” | D Aevic(ckax)?
Pt AP (e} ™13 oep) T e k=1
L n o A m (1/p)/p
— AV C a ntl /\kvk Ckak .
S S e (8

(2.9)
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Choosing ¢ 3?72 . cpmm = (AL VP Apyvi )M (n € N) and setting Ag = 1, from
(2.1), it follows that

1/Anvn
(1-1/p) _1 \Mn
(AP Apavily)

(1-1/p) _1\An-1
(Anfl /p Anvnl)

An/Anv

Anit o ”A (2.10)

= A=1/P)An_1/An) A 1/P . —(An_1/An) n
An—l /p n-1/ nAn/an n-1/An Vsl

A Y An/Anvn
< (1+ X ") An.

n

Cn =

This implies that

0
1/A
z ‘ Avy ?\2\’2 A n
n+l ( 2 - annVn

1 n © m (1-p)/
<= > AmVm(cmam)? Ani1 Va1 Aevi(cra
pmzz:l m m( m m) Z A ; k k k k
L o 1 1 m (I-p)/p
== > Anvm(cma Aevi (crax)?
me:1 m m( m m :z (An An+1>( = k k( k k) ) (2.11)
| oo 1 m (1-p)/p
==> Amvm(cmam)p/\_ ( > Awvi(crar) )
Pz n\ k=1
1 n Ay PAm/Amvm m 1-p)/p
< — z (1+ m m) ?\mvmamA Z/\kvk ckak .
P oo Am k=1

Hence, using the inequality [19, Lemma 3.1]

1\* _ (1-B/x)

for x > 1, and o, B satisfying 0 < x<1/In2-1,0< B <1-2/e,and ef+217% = ¢, we
have (2.2). Thus Theorem 2.1 is proved. O

Taking v, =1 (n € N) in Theorem 2.1, we have the following corollary.

COROLLARY 2.2. Let Ay > 0,a, =0, Ay =21 1Am MEN),0<p=<1,and0 <
Sho1Anan < oo, If

Ani1An (- l/p)(/\ 1/An) Lp
7_A n- Ay 2.13
An+2Ay ( )
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then

ad . 1/An e_ - n nB) 14
g Anor (@) ay? - - ayr) ;- 2. (—An(An+/\ = ) Anah. (2.14)

REMARK 2.3. Corollary 2.2 is a result corresponding to Theorem 1.1 with a weaker
condition for A,, (n € N). Further, setting p = 1 in Corollary 2.2, we obtain an inequality
corresponding to inequality (1.5) with a weaker condition for A, (n € N).

Setting p = 1 in Theorem 2.1, we obtain the following corollary.

COROLLARY 2.4. Let Ay >0, vy >0, an =0, Ay = X _1Amvim (m€N), and 0 <
o1 AVpan < oo, If

Ani1 ~(Ap-1/An)
A+ AnVn =Vn Vn+l, (2.15)
then
Uhn _ = AnViB)
A MgV ghnvn —” e | Anvna 2.16
Z n+1< " ) Z:: An An"‘AnVn) e ( )

REMARK 2.5. Inequality (2.16) is a new refinement and generalization of inequality
(1.3).

COROLLARY 2.6. Under the assumptions of Theorem 2.1, if x =0, B =1-2/e, then

00
1/A
Avy ?\2\’2 A n
z n+l< a; te 'an"vn

) . , ) " (I-p)/p (2.17)
z ( W) Apvnah Al ( z /\ka(Ckak)p) ,
et n

k=1

where (2.3) holds.

REMARK 2.7. Corollary 2.6 is a new refinement and generalization of [10, Corollary
2.3]. Further, setting v, =1 (n € N) in Corollary 2.6, we obtain a result corresponding
to [10, Corollary 2.3] with a weaker condition for A,, (n € N).

COROLLARY 2.8. Under the assumptions of Theorem 2.1, if x =1/In2-1, B =0, then

(o]
. 1/A
} Arvy /\sz A n
A?’Hrl( 2 e annvn

p 1-1/In2\ P
£y ((1 +—/\XV") ) Anvna,’i/\ﬁl<
n

where (2.3) holds.

(2.18)

M=

(1-p)ip
Aka(Ckak)p) ,

k=1
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REMARK 2.9. Corollary 2.8 is a new refinement and generalization of [10, Corollary
2.4]. Further, setting v, =1 (n € N) in Corollary 2.8, we obtain a result corresponding
to [10, Corollary 2.4] with a weaker condition for A,, (n € N).

A new general refined Hardy’s inequality is introduced to the following theorem.
THEOREM 2.10. Let Ay > 0, vy > 0, ay = 0, Ay = X0 1AV (n € N), and 0 <

SciAnVpan <o for0<p <t <oo. If

An+1An < ALPZOID Anct IAw) AP (Ao [An)

A+ AnVn Vn+l, (2.19)

then

00
Ay 7\2V2 A tAn
z n+1 (al T annvn

Lo/t & (A (An—AnvnB) )" : e
e n\\n —\nVn (p-t)/
< AnVnah Ay vi(cra ,
p nz_:l</\n(/\n+7\nvn)a> e (Z eve{car) )
(2.20)
where
_ A 1/Ag vt
(A(l t/n)A il > kvl/c\k 1
Ck = om AN A , (2.21)
(AP Ty

and &, B satisfy0 <x<1/In2-1,0<B<1-2/e, andef+21"* =e.

PROOF. The proofis almost the same as in Theorem 2.1. By the power mean inequal-
ity [11, page 15], we have (2.4) for oty = 0, p > 0, and g5, > 0 (m € N) with Zryﬁl:l am = 1.
By (2.4), we obtain

n t/p
(0(1 ()(q2 .-o(?l")t < ( Z qmo(%) (2.22)

m=1

for t > 0. Taking ¢;,, > 0, m = Cm@m, and Gm = Ay Vin / Ay, we have

t/p
, t oA
<(C1a1))\1v1/An (C2€L2)AZVZ/AH . (Cnan)/\nvn/An) < ( z va (Cmam)p) .
m=1 n

(2.23)
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Using the above inequality, we have

(o]
A
A1vy szz A tiAn
§ n+1 ( N an"""

Avi/An A2va/An . Anvn/An t
(c1a1) (c2a2) (cnan)

t/An (2.24
1 <Ci\1V1 Cg\zvz . _Ci\lnvn> )
t/p
=] n
A AmV
< Z n+1 z m Vn(cmam)p .
Avy AZVZ Anvn tAn An
n=1 (Cl C2 - Cn ) m=1

By using the inequality (see [4, 12])

(mil )t 2 ( - )tl, (2.25)

where t > 1 is constant and z,,;, > 0 (n € N), it is easy to observe that

\M§

1 n t/p ‘ n m (t=p)/p
N ( z /\mvm(cmam)p) = z AnVm (Cm@m) (Z 2\kvk(cldlk)p)
An” \m21 PAn" M2y k=1

(2.26)

for 0 < p <t. Then, by (2.24) and (2.26), we obtain

(o]
Arvi _Azv2 Anva ) AR
Z A (al a, P ann n

e} A n m (t v
Z ( n+l — )t/An) Z AmVim (Cmam) (Z?\kvk Crak) )

%”(cflvlcgzvz---cn m=1
(2.27)

Choosing ¢ 52" -+ epm™™ = (A% P Ayeivi )M/t (n € N) and setting Ao = 1,
from (2.19), it follows that

1/Anv,
(1-t/ _ An/t nvn
(A g An*—lvn-vl-l)

(Au t/p)Anvﬁl)Anfl“

An/Anvnt
(An-1/An)
Ay viin-1/An N (2.28)
A(1 t/p)(An- l//\n)At/P n

Cn =

Vn+1

Apv
< (1+X - AL

An/Apvnt
n )
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This implies that

(o]
A
2 Arvy /\zvz A tAn
2\”+1< 2 . -an”V"

< |~

- . —
v
AV (Cmam)” >, Sl ( > Aka(Ckak)p)
&

1 —m AnAn+1 k=1

<1+Am m
1

1 (t-p)/p
—— Axvi(cra
AT ——

k=1
)VAm/)\met

IA

t
Amvmafn/\ft/

¢ PAm/Amvmt
p )

X

n=m

%
j LIl
1< Am

<

( ) m (t-p)/p

—t)/t

A Vi@ A ( > Aka(ckak)p) :
k=1

?Ms

t
p
(2.29)

Hence, using inequality (2.12) [19, Lemma 3.1] for x > 1, and «, B satisfy 0 < & <
1/In2-1,0< B <1-2/e, and ef +21** = ¢, we have (2.20). Thus Theorem 2.10 is
proved. O

REMARK 2.11. Theorem 2.10 reduces to Theorem 2.1 when t = 1. Hence, inequal-
ity (2.20) is a new generalization of Hardy’s inequality. Taking v, = 1 (n € N) in
Theorem 2.10, we obtain a result corresponding to [10, Theorem 2.6] with a weak con-
dition for A, (n € N). Also assuming that A,, = 1 in Theorem 2.10, we have an extension
of [10, Corollary 2.7] as in the following corollary.

COROLLARY 2.12. Letvy, >0,a, 2 0,Ap =0 _1vin (mEN),and0 < >7_ vpa, <
forO<p=<t<oo. lIf

AniA _ _
n+l 11SAil(filt)/p)(An/An)A;/pvn(/\n—l//\n)vn+l’ (2.30)
Ap+Vvn
then
i t/A,
<a¥la;2"'a¥1n) n
n=1
pit -pyp  (231)
ter’t & [ AX(Ap—v n
< > i (An "Bg vaag AT S v (ear)” :
P\ An(An+vn) k=1
where

(1-t/p) N Ay HVEE
¢ = (i — )Ak A)k 1va . (2.32)
(AT A
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COROLLARY 2.13. Under the assumptions of Theorem 2.10,if x =0, =1-2/e, then

0
A
} v gAave A tiAn
An+1 ( a; T 'annvn

terit & Apvn(1=2/e) Pt < R
- 1 AnYnllZele) )Ny ab Aot z ki (crar)” ,
[ An k=1
(2.33)
where
(1-t/p) M Agot
A Vit (A Ak+1) vk
k N (1-t/p) Ak-1 VM ' 3%
(A Ak) Vi1

COROLLARY 2.14. Under the assumptions of Theorem 2.1, if x = 1/In2 -1, =0,
then

o0
A
Arvy jA2ve A t/An
E )\n+1< a” = -ayt

(t=p)/p

I 1-1/In2\ P/t n

ter/t AnV

< (<1+%> ) Apvnah AP~ ””(Z)\kvk cxag) ) ,
p n=1 n k=1

(2.35)

where (2.34) holds.

REMARK 2.15. Corollaries 2.13 and 2.14 are new refinements and generalizations of
[10, Corollaries 2.8 and 2.9], respectively. Further, taking v,, = 1 (n € N) in Corollaries
2.13 and 2.14, we obtain results corresponding to [10, Corollaries 2.8 and 2.9] with a
weaker condition for A,, (n € N).
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