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We show that the double & of the nontrivially associated tensor category constructed from
left coset representatives of a subgroup of a finite group X is a modular category. Also we
give a definition of the character of an object in this category as an element of a braided Hopf
algebra in the category. This definition is shown to be adjoint invariant and multiplicative
on tensor products. A detailed example is given. Finally, we show an equivalence of cate-
gories between the nontrivially associated double % and the trivially associated category of
representations of the Drinfeld double of the group D (X).
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1. Introduction. This paper will make continual use of formulae and ideas from
[2], and these definitions and formulae will not be repeated, as they would add very
considerably to the length of the paper. The paper [2] is itself based on the papers
[3, 4], but is mostly self-contained in terms of notation and definitions. The book [6]
has been used as a standard reference for Hopf algebras, and [1, 8] as references for
modular categories.

In [2], there is a construction of a nontrivially associated tensor category % from data
which is a choice of left coset representatives M for a subgroup G of a finite group X.
This introduces a binary operation “-” and a G-valued “cocycle” T on M. There is also a
double construction where X is viewed as a subgroup of a larger group. This gives rise
to a braided category %, which is the category of reps of an algebra D, which is itself in
the category, and it is the category that we concentrate on in this paper.

It is our aim to show that the nontrivially associated algebra D has reps which have
characters in the same way that the reps of a finite group have characters, and also that
the category of its representations has a modular structure in the same way that the
category of reps of the double of a group has a modular structure.

We begin by describing the indecomposable objects in ¢, in a manner similar to that
used in [4]. A detailed example is given using the group Dg. Then we show how to find
the dual objects in the category, and again illustrate this with an example.

Next, we show that the rigid braided category % is a ribbon category. The ribbon
maps are calculated for the indecomposable objects in our example category.

In the next section, we explicitly evaluate in % the standard diagram for trace in
a ribbon category [6]. Then we define the character of an object in % as an element
of the dual of the braided Hopf algebra D. This element is shown to be right adjoint
invariant. Also we show that the character is multiplicative for the tensor product of
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objects. A formula is found for the character in ¥ in terms of characters of group
representations.

The last ingredient needed for a modular category is the trace of the double braiding,
and this is calculated in 9 in terms of group characters. Then the matrices S, T, and C,
implementing the modular representation, are calculated explicitly in our example.

Finally, we show an equivalence of categories between the nontrivially associated
double % and the category of representations of the Drinfeld double of the group D (X).

Throughout the paper, we assume that all groups mentioned are finite, and that all
vector spaces are finite-dimensional. We take the base field to be the complex num-
bers C.

2. Indecomposable objects in €. The objects of € are the right representations of
the algebra A described in [2]. We now look at the indecomposable objects in %6, or the
irreducible representations of A, in a manner similar to that used in [4].

THEOREM 2.1. The indecomposable objects in ¢ are of the form

V=V, (2.1)

se€0

where O is an orbit in M under the G action <, and each Vs is an irreducible right
representation of the stabilizer of s, stab(s). Every object T in € can be written as a
direct sum of indecomposable objects in 6.

PROOF. For an object T in 6, we can use the M-grading to write

T=@PT, (2.2)

seM

but as M is a disjoint union of orbits O; = {s<u:u € G} for s € M, T can be rewritten
as a disjoint sum over orbits:

T=PT, (2.3)
0
where
To = PTs. (2.4)
se0

Now we will define the stabilizer of s € 0, which is a subgroup of G, as
stab(s) ={ueG:s<u =s}. (2.5)

As (n<u) = (n) <u for all n € T, T; is a representation of the group stab(s). Now fix
a base point t € 0. Because stab(t) is a finite group, T; is a direct sum of irreducible
group representations W; for i = 1,...,m, that is,

m
T, = Pw.. (2.6)
i=1
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Suppose that 0 = {t,t»,...,t,}, where t; = t, and take u; € G so that t; = t <u;. Define

n
Ui=Pwiau; c PT. (2.7)
j=1

s€0

We claim that each U; is an indecomposable object in €. For any v € G and £E<uy €
W;ug,

(Eauk) av = (Ea(urvu; 1)) au;, (2.8)

where ukvuj‘l € stab(t) for some u; € G. This shows that U; is a representation of G.
By the definition of U;, any subrepresentation of U; which contains W; must be all of
U;. Thus U; is an indecomposable object in ¢ and

m
To = PU.. (2.9)
i=1 0

THEOREM 2.2 (Schur’s lemma). LetV and W be two indecomposable objects in ¢ and
let x:V — W be a morphism. Then « is zero or a scalar multiple of the identity.

PROOF. V and W are associated to orbits 0 and 0’ so that V = @, Vs and W =
@D;cor Ws. As morphisms preserve grade, if & # 0, then 0 = 0. Now, if we take s € 0,
we will find that & : Vy; — W, is a map of irreps of stab(s), so by Schur’s lemma for
groups, any nonzero map is a scalar multiple of the identity, and we have Vi = W, as
representations of stab(s). Now we need to check that the multiple of the identity is the
same for each s € 0. Suppose that « is a multiplication by A on V. Given t € 0, there is
au € G so that t <u = s. Then, for n € V¢,

=A(naw)au=' =an. (2.10)

|

x(n) = x(n<u)u~

LEMMA 2.3. LetV be an indecomposable object in ¢ associated to the orbit 0. Choose
s,te0andu € G so that s<u =t. Then V¢ and V; are irreps of stab(s) and stab(t),
respectively, and the group characters obey x,, (V) = Xy, (wvu™1).

PROOF. Note that <u is an invertible map from Vs to V;. Then we have the commut-
ing diagram

Zuvu-l
uvu
Vs ——V;

\L<1u lqu (2-11)

Vv, Lvt

which implies that trace(Quvu=':V; — Vi) = trace(v : Vi — Vp). O

3. An example of indecomposable objects. We give an example of indecomposable
objects in the categories discussed in the last section. As we will later want to have a
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TABLE 3.1

Irreps {e} {a3} {b,ba? ba*} {ba,ba3,ba>} {a?,a%} {a,a>}

17 2% 1 1 1 1 1 1
1> 2o 1 -1 -1 1 1 -1
13 23 1 -1 1 -1 1 -1
14 24 1 1 -1 -1 1 1
15 25 2 -2 0 0 -1 1
le¢ 26 2 2 0 0 -1 -1
TABLE 3.2

Irreps e a a? as at a®

30 4o 1 1 1 1 1 1

31 4 1 w! w? w3 w? w?

3 4y 1 w? w? 1 w? w?

33 43 1 w? 1 w3 1 w?

34 4, 1 w? w? 1 w? w?

35 45 1 w? w? w3 w? w!

category with braiding, we use the double construction in [2]. We also use Lemma 2.3
to list the group characters [5] for every point in the orbit in terms of the given base
points.

Take X to be the dihedral group D¢ = {(a,b:a% = b2 = e, ab = ba’), whose elements
we list as {e,a,a?,a?,a* a>,b,ba,ba? ba3,ba*,ba>}, and G to be the nonabelian nor-
mal subgroup of order 6 generated by a? and b, thatis, G = {e,a?,a* b,ba®, ba*}. We
choose M = {e,a}. The center of Dg is the subgroup {e,a3}, and it has the following
conjugacy classes: {e}, {a’}, {a?,a%}, {a,a’}, {b,ba? ba*}, and {ba,ba’,ba’}.

The category 9% consists of right representations of the group X = Dg which are
graded by Y = Dg (as a set), using the actions <: Y xX — Y and & : Y X X — X which are
defined as follows:

yax =x"lyx, visx = v lxv’ = txt’ 7}, (3.1

forxeX,yeY,v, v €G,and t,t' € M, where vtdax =v't’.

Now let V be an indecomposable object in %. We get the following cases.

Case (1). Take the orbit {e} with base point e, whose stabilizer is the whole of Dg.
There are six possible irreducible group representations of the stabilizer, with their
characters given by Table 3.1 [7].

Case (2). Take the orbit {a3} with base point a®, whose stabilizer is the whole of D.
There are six possible irreps {21,22,23,24,25,26}, with characters given by Table 3.1.

Case (3). Take the orbit {a?,a*} with base point a2, whose stabilizer is {e,a,a?,a3,
a*,a®}. There are six irreps {3¢,31,32,33,34,35}, with characters given by Table 3.2,
where w = e!™/3. Applying Lemma 2.3 gives Xv, (v) = Xv, (bvb).
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TABLE 3.3
Irreps e a3 b bad
5.4 1 1 1 1
5S4 1 1 -1 -1
5.4 1 -1 1 -1
5. 1 -1 -1 1
TABLE 3.4
Irreps e a3 ba ba*
644 1 1 1 1
6+ 1 -1 1 -1
64— 1 1 -1 -1
6-_ 1 -1 -1 1

Case (4). Take the orbit {a,a’} with base point a, whose stabilizer is {e,a,a?, a3,
a*,a’}. There are six irreps {4o,41,40,43,44,45} with characters given in Table 3.2. Ap-
plying Lemma 2.3 gives x, _ (v) = x,, (ba’vba?).

Case (5). Take the orbita{b,baz,ba4} with base point b, whose stabilizer is {e,a?,
b,ba3}. There are four irreps with characters given by Table 3.3. Applying Lemma 2.3
gives Xv, (V) =Xy, (a*va?) and Xv, . () =Xy, (alva*).

Case (6). Take the orbit {ba,ba? ba’} with base point ba, whose stabilizer is {e,a3,
ba,ba*}. There are four irreps with characters given by Table 3.4. Applying Lemma 2.3
gives Xv, 5 () =Xy, (a*va?) and Xv, s () =xy,, (a’va?).

4. Duals of indecomposable objects in 6. Given an irreducible object V with asso-
ciated orbit 0 in 6, how do we find its dual V*? The dual would be described, as in
Section 2, by an orbit, a base point in the orbit, and a right group representation of the
stabilizer of the base point. Using the formula (s'-s) <u = (st a(s>u)) - (s<u) = e, we
see that the left inverse of a point in the orbit containing s is in the orbit containing s*.
By using the evaluation map from V* @V to the field, we can take (V*) = (V)™ as vec-
tor spaces. We use < as the action of stab(s) on (Vs)*, that is, (x<z)(£<z) = x(&) for
« € (Vi)* and & € Vi. The action < of stab(s*) on (V*) is given by ad(s>z) = x<iz
for z € stab(s). In terms of group characters, this gives

Xove, (s>2) =X+ (2), z€stab(s). (4.1)

If we take O = {s! : s € 0} to have base point p, and choose u € G so that p <u = st,
then using Lemma 2.3 gives

Xy, (S>2) = Xy yx (2) = X, (u(s>z)u'), zestab(s). (4.2)

This formula allows us to find the character of V* at its base point p as a representation
of stab(p) in terms of the character of the dual of V; as a representation of stab(s).
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LEMMA 4.1. In6, (Ve W)* can be regarded as W* ® V* with the evaluation
(a®B)(E®n) = (3T ((B),(E) - (m)) (M (BAT((E), (M) 1) (E). 4.3)

Given a basis {E€} of V and a basis {n} of W, the dual basis {E/@;ﬂ' of W*®V* can be
written in terms of the dual basis of V* and W* as

Eon=nat((E)LaT((E), (M), (E)-(n) ' @EIT((E), (). (4.4)

PROOF. Applying the associator to (x® ) ® (E®n) gives

QAT ((B), (&) - (M) @ (Be(Een)), (4.5)

and then applying the inverse associator gives

AT ((B),(E) - (n)) ® ((BAT((E),(m) ' ®E) ®n). (4.6)

Applying the evaluation map first to BIT({E),(n)) ' ® € then to xAT({B),(E)-(n))en
gives the first equation. For the evaluation to be nonzero, we need ({8) <7 ({&),(n))~1)-
(€) = ewhichimplies (B) 9T ((§),(n)) " = (§)" or, equivalently, (B) = (§): aT((E),(n)).
This gives the second equation. a

EXAMPLE 4.2. Using (4.2), we calculate the duals of the objects given in the last
section.

Case (1). The orbit {e} has left inverse {e}, so x+*), = X(v,)*- By a calculation with
group characters, all the listed irreps of stab(e) are self-dual, so 1} = 1, for r €
{1,...,6}.

Case (2). The orbit {a3} has left inverse {a3}, so X(v¥),3 = X(v,5)*- As in the last case,
the group representations are self-dual, so 2 = 2, for r € {1,...,6}.

Case (3). The left inverse of the base point a? is a*, which is still in the orbit. As
group representations, the dual of 3, is 3¢_,(mod 6). Applying Lemma 2.3 to move the
base point, we see that the dual of 3, in the category is 3.

Case (4). The left inverse of the base point a is a®, which is still in the orbit. As in
the last case, the dual of 4, in the category is 4,.

Case (5). The left inverse of the base point is itself, and as group representations, all
Case (5) irreps are self-dual. We deduce that in the category the objects are self-dual.

Case (6). Self-dual as in Case (5).

5. The ribbon map on the category %

THEOREM 5.1. The ribbon transformation 0y : V — V for any object V in % can be
defined by Oy (§) = E4|E||.

PROOF. In the following lemmas, we show that the required properties hold. |

LEMMA 5.2. 0Oy is a morphism in the category.
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PROOF. Begin by checking the X-grade: for £ € V,
llov @1 =[IglElll = IgNalEl = gl
Now we check the X-action, that is, that Oy (§<x) = 0y (&) <x:

Ov (§<x) = (§<x) 4[[E<ax]] = (Eax) A(lI€] <ax)
= Eaxx Elx = (EQNEI) ax = 6y (§) ax.

LEMMA 5.3. For any two objects V and W in %,
Ovew = Fyaw o Yigy © (Ov ® Ow) = (0v ® Ow) o ¥y gy o Fiyiy -

This can also be described by the following:

vV W \% w \% w
N
(@) ©w)
L
Ovew = =
N—1
@
N
vV w \% w \% w

PROOEF. First calculate ¥ (¥ (&E®n)) for & € V and n € W, beginning with
Y(Y(Eon) =Y (n3((E)<alnl)~ ®Ealnl).
To simplify what follows, we will use the substitutions
n'=€3alnl, & =na(& <),
so (5.5) can be rewritten as
Y(Y(Eon) =Y(E en) =n'a(E)aln'l) " o€ ln'l.
Asn' =&<Inl=&3lnl, then [n'| = [EInll = ((€) > InD~'IElInl, so

£’ =na((E <ln) (& s Inl) ENN
n3a(((& > n) (&) <inl)) "1Eln]
N3N~ IEln!.

Hence, if we put ¥ = [[E@nll = [EllelInll = InI" [EI7(E)(n),

Y(Y(Eon)alEenl =EaInl((E)<ln') " (pslEenl)@nlnl~(n),

2237

(5.1

(5.2)
O

(5.3)

(5.4)

(5.5)
(5.6)

(5.7)

(5.8)

(5.9
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where, using (5.8),

p =€l =&am1] € am1) =Inlalnly = lnl&y,
pelEenl = (Inlzay sy = (Inlsy™") "

(5.10)

As |lEaln’|ll =v't’ = |Inll2y~!, by unique factorization, t' = (£') <t|n’|. Then ||n||5y !

= (n)y~'t'"!, which implies that
Inl(Ey<in' ) (inlsy=) " = it ™ e v~ = €,
Substituting this into (5.9) gives
Y(¥(Een))llEenll =&llglen<lnll.
LEMMA 5.4. For the unit object 1 = C in%, 0, is the identity.
PROOF. For any object V in &, Oy :V — V is defined by
Ov (&) =&l for&eV.
If we choose V =1=C, then 0;(§) =&<e=¢& as [|E]l =e.

LEMMA 5.5. For any objectV in%, (6y)* = Oyx:

V* v*

@ ®

& V*
PROOF. Begin with

coevy (1) = > EIT(IEILIEN) ' oF

&e basis of V

= Y EIT((®L(®) 'eE

&€ basis of V

For & € V*, we follow (5.14) and calculate

(0v)" () = (evaly®id) > & (e (Oy(EAT((E),(E) ") ®F)).

&e basis of V

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)
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Now, as T({E)E,(E)) = (E)L(E),

1EaT (B8 | = IEN 2 (&) ¢E))
= (EYL(E)[EI"(EN(E) 1 (E) D
— (EY(E) I (E),
T(ELE) ) AT (IENL, HEH Il

(E<
E(E)” E)“E (BNEITHE
E% E' 1<§>L 1

(5.17)

Oy (EaT((E)L,(E)) )

The next step is to find

o (xe ((EAIEIHE ) 0E))

. R (5.18)
(at (g8 @ LIEIN " @ (BAIEIT(E))) o,

As

IIEQIEIH(EY
~ IENRIE )
— (B IENEI T E) I E) !
— ()L, (8) 11 ()
= () AENIEIE T((E)(E))
— (B ENIE (B b T((E)E) ) (B aT (B (E) ),

(5.19)

then, as ||€]l = IE]I" = [EIT(E)E,(E) " (E),

o (e ((E2EI"HE)Y ) 0 E))

. (5.20)
= (xATE) AT ((E)-,(E)) ' (E)L) " @ (EQIEITH(E)1)) & .

Put v = T((E),(E) T = (&) HE T and w = T((E) <v,(E)F) ! = (&) «v)(EY) ]
then substituting in (5.16) gives

(0v)* () = (evaly ®id) > ((xdw)® (EAIEI"HET)) ®E. (5.21)

&e basis of V

For a given term in the sum to be nonzero, we require that

Il = [|E]] = IENE = |EI(E)- (5.22)

and we proceed under this assumption. Now calculate

evaly ((adw) ® (EQIEI71(E)!)) = (B(lIEISP)) (Eap) = B(E), (5.23)



2240 M. M. AL-SHOMRANI AND E. J. BEGGS

where p = |E|7 (€)1 and B = a<w (|| €||Ep) L. Next, we want to find || €||Ep. To do
this, we first find

IEllap = () IEIEIT (@) IEIT (B!

2
=v HEITN @ v =v EIT (8 ) ((B) av), 2

and hence
IEIBp = (E)p((E) av) ™"
= (®IEIEv(E) <v) ! (5.25)
=(©NEIT (&) >v).
Thus

B=aaw((&)>v) ENE)!
= xA(ET(E) av) T (E) b v) THIEKE) ! (5.26)
= aA(EV(E)V) TIENE) T = adENE) .

Now, substituting these last equations in (5.21) gives

(0v)" () = > (a4l exl]) () - €. (5.27)

E€ basis of V, |E[(E) =]«

Take a basis &, &o,...,&, with (x<|lx||) (&;) being 1 if i = 1, and 0 otherwise. Then
(0v)" () = & +0 = x & oxl| = Oy= (), (5.28)

where £,,%,,...,&, is the dual basis of V* defined by &;(£;) = 8, ;. O

EXAMPLE 5.6. We return to the example of Section 3. First, we calculate the value of
the ribbon map on the indecomposable objects. For an irreducible representation V, we
have Oy : V — Vdefined by 0y (&) = £<||€|| for € € V. At the base point s € 0, we have
Oy(E) =&as for E€V and 0: Vs — V; is a multiple Oy, say, of the identity or, more
explicitly, trace(0 :V; — V) = Oy dim¢ (V), that is,

o, — 8roup character (s)
v dimc (V)

(5.29)

And then, for the different cases we will get Table 5.1.
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TABLE 5.1

Irreps Oy Irreps Oy
11 1 34 w?
12 1 35 w?
13 1 40 1
14 1 4y w!
15 1 45 w?
16 1 43 -1
21 1 4y w?
22 -1 45 w®
23 -1 S+ 1
24 1 54 -1
25 -1 5_4 1
26 1 5. -1
30 1 644 1
31 w? 6+ 1
37 w? 64 -1
33 1 6__ -1

6. Traces in the category ¥
DEFINITION 6.1 [8]. The trace of a morphism T : V — V for any object V in & is
defined by the following diagram:

\4 v*

(6.1)

THEOREM 6.2. If the diagram of Definition 6.1 is evaluated in %, the following is
found:

trace(T)= > E(T(¥)). (6.2)
&€ basis of V
PROOF. Begin with
coevy (1) = EAT(IENS IEN) " o
&e basis of V

R (6.3)
= Y EaT((®L(®) 'ef,

&e basis of V
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and applying T ®id to this gives

SO TEITU®LE) Net= > TEITUDLE) &

&€ basis of V &€ basis of V

Next, apply the braiding map to the last equation to get

SvTEATUDLE) el = > EanE) <€) eEalEl,

&e basis of V &e basis of V

where & = T(£) AT ((E)L, ()71, so

(€)= (TE)ATUELE) ) =(TE3T(E(E) )
=<T<§>><r<<§>% &) =(®at(®LE)!

To calculate Iél, we start with
1€l = IEIE = (IE171E)" = [EIT (B, (E) (&),
which implies that Iél =TE)L,(E))|E|7L. Then

(&) <l =Ea(® aT(®L @) T (BN @)IET
= é%(@ <lgH™
EalE] =(TEITUHLEN) )A(TUEEE)IET) =TE) g,
which gives

> Ea(E) <€) TeE Al

&€ basis of V

= Y Ea®<lE) e T(®) g

£€ basis of V
Next,
“HTEAIE) = (TE)4IE) %||T<§>a|§|-1||‘1
= (T@EMA(ITE=1E™)
= T(®)2IEI (IEN21E)
= T(E)AE(ENEI (®IEI) ™
= T(§)AIEI M EHE) T = T(E)a(E) 7,

and finally we need to calculate

eval (EA((E) <lEI™) e T(E)AE) ™) = (EA(E) <IEIN) ' NTE AE ™).

We know from the definition of the action on V* that

(EA(||T®)|[Bx))(T(E) ax) = E(T(Y)).

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)
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If we put x = (€)1, we want to show that [|T(§)||5x = ((€) <&~ 71, so
[E1<x = €I HE)AE) T = (EVNEIT = By 1EITH) ((E) <& =v't, (6.13)
which implies that t' = () < |&|~1, and hence
ITE)||5x = ElI5x = [EI"HES(E) " = (&) 1t/
B o L (6.14)
=ENE (G <lElT) = (&) <lElTt) . |

7. Characters in the category &

DEFINITION 7.1 [6]. The right adjoint action in & of the algebra D on itself is defined
by the following diagram:
D D

(7.1)

DEFINITION 7.2. The character xy of an object V in & is defined by the following
diagram:

D

(7.2)

LEMMA 7.3. For an objectV in 9, the following holds:

\%a V. D vV v D

/

_ (7.3)




M. M. AL-SHOMRANI AND E. J. BEGGS

OOOOOO




MAKING NONTRIVIALLY ASSOCIATED MODULAR CATEGORIES ... 2245

PROPOSITION 7.4. The character is right adjoint invariant, that is, for an object V

in @, the following holds:
D D D D
- g@ é 5)

PROOF.

LHS. — = [ ]
C ] [ ]




_ﬁ@
O ltaR =0 g
—0!
%Ii@

| i | ém
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PROPOSITION 7.5. The character of a tensor product of representations is the product
of the characters, that is, for two objects V and W in %, the following holds:

D D
_ (7.7)

PROOEF.
coev(V)
coev(W)
/
LH.S. = P =
|

%
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i ;[ @)
@

= R.H.S.

(7.8)
O

THEOREM 7.6. The following formula holds for the character:
Xy (8y ®x) = > E(E4(E) % (E)), (7.9)

£ basis of V, y=(E)|E|~1

for xy = yx, otherwise x,, (6, ® x) = 0.
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PROOF. Seta =6, ®x. To have x, (a) = 0, we must have ||al| = e, thatis, y = y<x,
which implies that x and y commute. Assuming this, we continue with the diagram-
matic definition of the character, starting with

( > E%f(||§||L,|§|)1®é>®a= S (EAT(D(E) ') ea
&e basis of V &e basis of V
(7.10)

Next, we calculate
Y(EAT((E), () 'o8) =E3((E) <€) TeE Al (7.11)
where £ = £3aT (&)L, ()71, so
(€)= (EaT((®L(®) ) = (Ear((BLE) ) =@ <t(®LE) . (7.12)

From a previous calculation, we know that |€] = T ((E)%, (E)|E]71, so

A(EY <€) =Ea(E) aT(BEE) T (B (B EITY) !
=$%(<§><|§|*1) : (7.13)
g€ = (EaT((®(E) ) a(TUBL(EN)IEIT) = E4lE,

which gives the next stage in the evaluation of the diagram:

S Y(EATHUELE) e ea

&e basis of V

. o (7.14)
= > (BAU®<IET) eEAEl ) ®a
&€ basis of V
Now we apply the associator to the last equation to get
> e((Ea(® <lEl ) ' eEAEl ) @a)
&€ basis of V
= > Ea®<lE)E(lEE M  lal) e (E2IEI T @a)
&e basis of V
(7.15)

= > EA(®<lE) T ((BAlEI Y ,e) ® (EAIEI  ®a)

2B <lEl™) e (EAlEI " @ (5y®x))

I
>

as T({(EE|71),e) = e. Now apply the action < to £€<|E7! ® (5, ® x) to get

(EQIEIT)A(6y @x) =8y g2g-11 (EQIEIT) ax = 6, gy 21g-1EQIEx, (7.16)

and to get a nonzero answer, we must have

¥ =IEIRIEI" = 18I (E)AIEI = [EIEI(BIEIT = (B)IEI. (7.17)
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Thus the character of V is given by

Xy (8, ®x) = > eval (Ea((E) <€) '@ 0 1 (EQIEI 'x)). (7.18)

£e basis of V, y=(&)[E|~-!

Next,

“H(EAIEIx) = (EAIEI " x) Al[E4lE x|
(§<|§|1 )A(IENZIEI %)™
= (E2EI ' x) a(x ENEITHEIEI X))
=EQIEI  xxHENE) Tx = EQ(E) x.

(7.19)

Now we need to calculate eval(EQ((E) < |E]1) "1 @ EA(E) 1 x). Start with || €| J(E) ' x =
()&l 1ax = (§)|€]1, as we only have nonzero summands for y = (£)|€|~!. Then

eval (Ea((E)<|€]7Y) "o EA(E) 1x)
= eval (Ea((®) < I1EI7) '@ EA(E) 1x) A(E)) (7.20)
= eval (EA((®) < IEI™) T ((®)IEIT'5(E)) @ EA(E) ' x(B)).

To find (&)1E|715(E), first find (&) 1E]71 (&) = |1EI71(E), so

(B)NEITS(E) = (B> [EIT) (KB < IEIT1) 5 (E)
(7.21)
(& <lgl ) ENE " =@ <lgl " 0

LEMMA 7.7. LetV be an object in %. For 6, ® x € D, the character of V is given by
the following formula, where v = su™! withs € M and u € G:

Xy (6, ®x) = > E(Eas 'xs) = x, L, (s7xs), (7.22)
&€ basis of V-1 wos

where xy = yx, otherwise x, (6, ® x) = 0. Here, X, s the group representation
u-‘ts
character of the representation V,,-1, of the group stab(u~'s).

PROOF. From Theorem 7.6, we know that

Xy (8y ®x) = > E(E2(E) ' x(E)), (7.23)

£e basis of V, y=(&)|€|~!

for xy = yx.Sets = (§) and u = |€|, so ¥ = su~!. We note that s~!xs is in stab(u"1s),
because

ulsasIxs=sxtsutss Ixs=sxtxsults=uls. (7.24)

It just remains to note that [|E]| = |E| (&) = uls. O
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8. Modular categories. Let .l be a semisimple ribbon category. For objects V and W
in J, define Sy € 1 as follows:

coev(V) coev(W)

SN

Svw = (8.1)

There are standard results [1, 8]:
Svw = Swv = Syxw+ = Swrvx, Sy1 = dim(V). (8.2)

Here, dim(V) is the trace in Jl of the identity map on V.

DEFINITION 8.1. Call an object U in an abelian category Jl simple if, for any V in
M, any injection V — U is either O or an isomorphism [1]. A semisimple category is an
abelian category whose objects split as direct sums of simple objects [8].

DEFINITION 8.2 [1]. A modular category is a semisimple ribbon category .l satisfy-
ing the following properties:

(1) there are only a finite number of isomorphism classes of simple objects in .,

(2) Schur’s lemma holds, that is, the morphisms between simple objects are zero
unless they are isomorphic, in which case the morphisms are a multiple of the
identity,

(3) the matrix Sy with indices in isomorphism classes of simple objects is invert-
ible.

DEFINITION 8.3 [1]. For a simple object V, the ribbon map on V is a multiple of the
identity, and Oy is used for the scalar multiple. The numbers P* are defined as the
following sums over simple isomorphism classes:

P =Y @y*! (dim(V))?, (8.3)
\%

and the matrices T and C are defined using the Kronecker delta function by

Tyw = SywOy, Cyw = Sywx. (8.4)
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THEOREM 8.4 [1]. In a modular category, if the matrix S is defined by

S
S = NG (8.5)
then the following matrix equations hold:
P+
(ST) = FSZ’ §s?=C, CT=TC, C(C*=1. (8.6)

We now give some results which allow us to calculate the matrix S in %.

LEMMA 8.5.
coev(V)
coev(V*)
(8.7)
m = &D , Wwhere u = q
PROOEF.
R.H.S. = =

V* V**

(8.8)

= =LH.S.
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|4 %0
| % /
where u g} and 0y} = @
PROOF.

/
(8.10)

T @ T @)

LEMMA 8.6.

(8.9

LEMMA 8.7. ForV, W indecomposable objects in %, trace(¥yxy o Vyyy*) = Svw.
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PROOEF.
coev(W) coev(W) coev(W)
coev(V*) coev(V*) coev(V)
/
/
LHS. = 7 - _ / >

/

coev(V)  coev(W)
- /] _ //] = RHS.
® @) 6 @) @)

"

(8.11)
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LEMMA 8.8. For two objects V and W in %,

trace (Ywov o Yyew)

_ > A(nalnl~ @ EINDEEAMIM ™). ©8.12)
£®n € basis of VoW
|EI~1(E) commutes with |n|(n)~1

PROOF. From Theorem 6.2, we know that

trace (¥iey o Frow) = S (Een) (Y2(Een)). (8.13)
(&®n) € basis of VoW

From the definition of the ribbon map, we know that ¥(¥Y(£en))<|[E®n| = ESE| ®
n<linl, so

= (E4lEll@nlnl)alEen| ™!

= (EQ1EI"H (&)Y enalnl () 2(m &) ElIn

= (EQ1EI7HE) &(|[In<linll]|s () (€)M IENnI) (8.14)
@n<lnl~ () (n)"(E)ElIn|

=EEITHE (InlIs () HE) HElInl) @ nalnl (€)Y HElIn.

Y(¥(Een)

Put Y(Y(E®n)) =& ®n' and 56;7 = x® f, and then from Lemma 4.1 we get

(Eon)(E en’) = («aT((B),(E) - (")) () (BaT((E), (n')) ) (E). (8.15)

As E&; is part of a dual basis, the last expression can only be nonzero if ||| = ||€]]
and ||n’|l = Inll. A simple calculation shows that ||n’|| = ||n|l if and only if |E]71(E)

commutes with [n]{(n)~!. We use this to find

Inlla(m =& Elnl = Inl~HEIHE () Inl~ ) (m) " &) ElIn|

(8.16)
= [nI"HmInl"HEITHENE) HElN] = Inl"Y(n),

and then
InlIS ()~ HE)HEIN] = () (m) " HE T EnIn) " = &) ElnIm . (8.17)

Now, using the formula for §/®Tn = x® f§ from Lemma 4.1 gives the result. |
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LEMMA 8.9. LetV and W be objects in 9. Then in terms of group characters,

trace (¥2qy) = > Xy (ST U )y, (s Th). (8.18)
u,veaG, s,teM
su commutes with vt

PROOF. This is more or less immediate from Lemma 8.8. Put ||| = u~'s and ||| =
v~1t and sum over basis elements of constant degree first. O

9. An example of a modular category. Using the order of the indecomposable ob-
jects in Table 5.1, we get T to be a diagonal 32 x 32 matrix whose diagonal entries are
taken from the table. As every indecomposable object in our example is self-dual, the
matrix C is the 32 x 32 identity matrix.

To find S, we calculate the trace of the double braiding trace (¥yy o ¥yv). We do this
using the result from Lemma 8.8, split into different cases for the objects V and W, and
move the points the characters are evaluated at to the base points for each orbit using
Lemma 2.3. The following examples are given.

(I) Case (1) ® Case (1) (i.e., the orbit of W is {e} and the orbit of V is {e}):

trace (¥?) = xw, (e)xv, (e). (9.1)

(Il) Case (2) ® Case (5) (i.e., the orbit of W is {a3} and the orbit of V is {b,ba?,ba*}):
trace (¥?) = (xy, , (ba®) +x,, , (ba*) +x,, , (b))xy, (@°). (9.2)
(IID) Case (5) ® Case (3) (i.e., the orbit of W is {b,ba?,ba*} and the orbit of V is {a?,a*}):
trace (¥?) = 0. (9.3)

(IV) Case (6) ® Case (5) (i.e., the orbit of W is {ba,ba3,ba’} and the orbit of V is {b,ba?,
ba*}):

trace (¥°) = 3(x,, (ba)x,, (ba’)). (9.4)

Noting that the dimension in D of each V is the same as its usual dimension, we get
Pt=p =12



MAKING NONTRIVIALLY ASSOCIATED MODULAR CATEGORIES ... 2257

From these cases, we get S to be one twelfth of the following 32 x 32 symmetric
matrix:

111122111 122%22%22%22%22222233333333
11 1122-1-1-1-1-2-222 2222 -2-2-2-2-2-2-3-3-3-33 3 3 3
11112 2-1-1-1-1-2-22 22222 -2-2-2-2-2-23 3 3 3 -3-3-3-3
111122111 122%22%22%22%222222-3-3-3-3-3-3-3-3
22 2 2 4 4 -2-2-2-2-4-4-2-2-2-2-2-22 22 222000O0O0O0O0O0OO0
22 2 2 4 42 2 22 4 4-2-2-2-2-2-2-2-2-2-2-2-2000 000 0O
1-1-11-221-1-11-22 2-22-22-22-22-22-233-3-33-33 -3
1-1-11-22-111-12-22-22-22-2-22-22-22-3-33 3 3-33-3
1-1-11-22-111-12-22-22-22-2-22-22-223 3-3-3-33-33
1-1-11-221-1-11-22 2-22-22-22-22-22-2-3-33 3-33-33
2-2-22 -44-22 2 -24-4-22-22-222-22-22-20020020000
2-2-22 -44 2 -2-22-44-22-22-22-22-22-2202020020000
22 2 2 -2-22 2 2 2 -2-24-2-24-2-24-2-24-2-200000000
22 2 2 -2-2-2-2-2-22 2 -2-24-2-242-422-420202000000O0
22 2 2 -2-22 2 2 2 -2-2-24-2-24-2-2-24-2-240202000000
S~: 22 2 2 -2-2-2-2-2-22 2 4-2-24-2-2-422-42 2020200000 O0
22 2 2 -2-22 2 2 2 -2-2-2-24-2-24-24-2-24-2020200202000
22 2 2 -2-2-2-2-2-22 2 -24-2-24-222-422-4002000000
2-2-22 2 22 -2-222-242-2-4-2242-2-4-22 00000000
2-2-22 2 -2-22 2 -2-22-2-4-22 422 -2-4-22 400000000
2-2-22 2 22 -2-22 2 -2-22 42 -2-4-2-4-22 42 000000O0O0O0
2-2-22 2 -2-22 2 -2-22 4 2 -2-4-22-4-2242-2002000000
2-2-22 2 22 -2-22 2 -2-2-4-22 4 2-2242-2-4002000000
2-2-22 2 -2-22 2 -2-22-22 42 -2-4242-2-4-2000 00000
3-33-300 3 -33-30000O0O0OO0OO0OO0OO0OO0OO0OO0OO0O3-33-33-3-33
3-33-30 0 3-33-30000O0O0OO0OO0OO0O0OO0OO0OO0OO0-33-33-333-3
3-33-30 0-33-33000O0O0O0OO0OO0OO0OO0OO0OO0OO0OO0O3-33-3-33 3 -3
3-33-30 0-33-33000O0O0O0O0OO0OO0OO0OO0OO0OO0OO0-33-333-3-33
33-3-30 0 3 3-3-30000O0O0OO0OO0OO0OO0OO0OO0OO0OO0O3-3-33 3 3-3-3
33-3-30 0-3-33 3 00O0OO0OO0OO0OO0OO0OO0O0O0OO0O0O0OGO0O0-333-33 3 -3-3
33-3-300 3 3-3-30000O0O0OO0OO0OO0OO0OO0OO0OO0OO0O-333-3-3-33 3
33-3-30 0-3-33 3 00O0OO0OO0OO0OO0OO0OO0OO0OO0OO0OO0OO0O3-3-33-3-33 3

9.5)
Now it is possible to check that the matrices S, T, and C satisfy the following relations:
§2=(ST)}, (CS=SC, CT=TC. (9.6)

10. An equivalence of tensor categories. In this section, we will generalize some
results of [3] which considered group double cross products, that is, a group X factoring
into two subgroups G and M.
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DEFINITION 10.1 [3]. For the double cross product group X = GM, there is a quan-
tum double D (X) = k(X) x kX which has the following operations:

(6y8x)(8y ®X') =Sx-1yxy (8y@xx"),  A(Sy®x)= > 6,8x83,®x,
ab=y
1=>6,0e, €(6y8x) =08y, S(6y®X)=08,-1,-1,0x ), (10.1)
y
(6y®x)" =8,1,,8x), R=>05,0e®5,0X.
X,z

The representations of D (X) are given by X-graded left kX-modules. The kX-action will
be denoted by > and the grading by || - [||. The grading and X-action are related by

lxsElll = xlIElx~", xeX, eV, (10.2)
and the action of (6, ® x) € D(X) is given by
(65 ®X)BE = 6y, xsg) XE. (10.3)

PROPOSITION 10.2. There is a functor x from 9 to the category of representations
of D(X) given by the following: as vector spaces, X (V) is the same as V, and x is the
identity map. The X-grading ||| - ||| on x(V) and the action of us € kX are defined by

x| = tinl forneVv,

. o (10.4)
ustx(n) =x(((s<inl™H)sn)au), seM, ued.

A morphism ¢ : V — W in D is sent to the morphism x(¢p) : x(V) — x(W) defined by
X(P)(X(E)) = x(Pp(8)).

PROOF. First, we show that > is an action, that is, vt (ustx(n)) = vtust>x(n) for
all s,t € M and u,v € G. Note that

vt (usex(n) =vtex(((s<ainl™)sn)2u)

~x((E<lal s av ), 1o
where 77 = ((s < |n|~1)5n)au~1. On the other hand, we have
vtus =v({t>u)T(t<u,s)((t<u)-s), (10.6)
where v(t>u)T(t<u,s) € G and (t<u)-s € M, so
vtustx(m) = x(((((Et<au) -s)<nl ™ Hsn)at(t<u,s) M tou) o). (10.7)
We need to show that
(t<lal Mea=(((t<w) -s)<inl h)sn)att<u,s) (t>u)!
(10.8)

= (((t<u(s>Inl ™) - (s<inl™h))sn)att<u,s) H(t>u) .
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Put § = s<|n|~! and n’ = §5n which give ij = n’Ju~!. Then, using the connections
between the gradings and actions,

A= |n"au | = (n)yeu™) Hinjut. (10.9)
Putting f = t <u|n’|~', the left-hand side of (10.8) will become

(t<lnl™Hea=(t<uln’ I ((N)Y>ut))s(n' aut)
=(f<((nyeut))s(naut) (10.10)
= (tsn)a((Et<n'eu).

Now, from (10.8) and the fact that (t>u) "' = (f<|n’|)>u"!, we only need to show that
tisn' = (((t<u(s>nl™)) - (s<nl™Y))en)aT(t<u,s) L. (10.11)

From the formula for the composition of the M “action,” the right-hand side of (10.11)
becomes p5(55n) = psn’, where p’ =t <u(s>|nl™Y) and p = p’ <75, (N)THSEN),
$<|nl)~t. We have used the fact that T(t <u,s) = T7(p’ <(5>1|nl),5<|nl). Now we just
have to prove that p = t. Because T(5,(n)) "' (5> |n|) = T({(55n),5§<|n|)~'|55n| and
knowing that (5> [n|) = (s> [n|~1)~!, we can write p as follows:

p=p<(5>In)|sen|"
=t<u(senl Y (s>n"Y) it (10.12)
=t<auln’|"t =t

Next, we show that ||[[usx(n) ||| = us|lix(n)|l|(us)~!, where u € G and s € M:

[[xsxm Il = [l[x(((s<inl™")sn)2ut) ||
=(n'au ) ' au !
=u(n) ' Inlu?
1 (10.13)
=u(ssn)  |senfu!
=u(saln)mnlG<ain)  u!
=us(n) 'inls~tul. O
THEOREM 10.3. The functor x is invertible.

PROOF. We have already proved in Proposition 10.2 that the X-grading ||| - ||| and
the action > give a representation of D(X), so we only need to show that x is a one-
to-one correspondence, which we do by giving its inverse x ! as follows: let W be a
representation of D (X), with kX-action > and X-grading ||| - |||. Define a D representa-
tion as follows: x 1 (W) will be the same as W as a vector space. There will be G- and
M-gradings given by the factorization

NEN" =[x &) | X&), Eew, (x (&) eM, |[x ()] 6. (10.14)
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The actions of s € M and u € G are given by
sEXHE =x"H <X @Y, x @) u=x"(u'BE). (10.15)
Checking the rest is left to the reader. O
PROPOSITION 10.4. For 5, ®x € @, X(EA(5y ®x)) = 5,51 x 15X (E).
PROOF. Starting with the left-hand side,
X(82(6y®x)) = X(0,121E2X) = 65,121 X (E<x). (10.16)
Putting x = us foru e G and s € M,
Eax = EQus = (Eau)as = ((sL<u 1 E ) sE) a(stsut) (st s). (10.17)
Now put % = T(st,s) 1 (st>u-1) and 5§ = st <u~!. Then

X(E2(6y@x)) =6, zx(((5<EITH)5E)au") = 6y, g us>x(E)

= 8y g T(s5s) (st ut) (st au ) B x ()

= 5y,||§||5715L71$Lu’15x(§) (10.18)
=8y g (us) B x(8)
=&y g1 x ' BX(E). 0

PROPOSITION 10.5. Define a map @ : D — D(X) by ¢(5, ®X) = 0x-1,,®x'. Then
Y satisfies the equation X (£<1(8, ®x)) = (0, @ x)>X(E).

PROOF. Use the previous proposition. O

The reader will recall that D is in general a nontrivially associated algebra (i.e., it is
only associative in the category 9% with its nontrivial associator). Thus, in general, it
cannot be isomorphic to D (X), which is really associative. In general, (v cannot be an
algebra map.

PROPOSITION 10.6. For a and b elements of the algebra D in the category %,
LlJ(b)(l/(a)=L,u(ab)( Z 5y®T((a>,(b))_l). (10.19)
yey
PROOF. By Proposition 10.5, we have

x((§2a)ab) = w(b)ex(E<a) = w(b)>(p(a)>x(8))

10.20
=y b)yla)>x(8). ( )
But also, where f = 3, 6, ® T({a), (b)),
X((§2a)<b) = x (€<t (llal,lIbll)) @ab) = w(ab)tx (<7 (lall, b))
(10.21)

=@ (ab)Ex (3T ((a),(b))) = w(ab)y(f)X(E). -
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DEFINITION 10.7. Let V and W be objects of %. Themap c: x(V)ox (W) — x(Ve W)
is defined by

c(x(mex(®)=x{((E)<Inl"")en)®E). (10.22)
PROPOSITION 10.8. The map c, defined above, is a D(X) module map, that is,

lexmex@) Il = lllxmex@lll,

10.23
xec(x(mMex(@) =cxe(x(mex(E)) VxeX. ( )

PROOF. We will begin with the grading first. It is known that

xmex@II =[x IIX@ I = nEEL (10.24)
But, on the other hand, we know from the definition of ¢ that

lle(xmex@) I = [lIx((E)<inl")Eneg) |||
= (&) <alnl™)sneE) " [((E) alnl )sne k|
= (&)1 m AlIE
= (&) Y(sen) " 550 IE]
=@ "G aln)m Ml <inl) E]
= niE)UE

(10.25)

where § = (&) <|n|~! and i = ((§) < |n|~!)&n = §5n, which gives the result.
For the G-action, we know from the definitions that
us(x(mex(@)=xnau')ex(Eau),

L ) (10.26)
cus(x(mex(®)) =x(((Exu ) <[nau|7)s(nau)) e (Eau™))

By using the properties of the G- and M-gradings,
(Eauyalnaut | = (& <u ) <ulnl ((meu)
=& <nl" ((m>ut),
(Eau ) a[nzu e mau™t) = (B <l ) <((meut))s(nzu)

=(((&y<aln™Hen)a(((E <inl™) <in)eu™)
n)

= (&) <alnI )En)a((E>ul).
(10.27)

Now we can write

c(us(x(mex(®)) =x(((Ey<inl™Hsn)a(&rult)e (Eaul)). (10.28)
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On the other hand,

usc(x(mex(&) =usx((((§)<Inl"")5n) &)

_ _ (10.29)
=x(((()y <l )En)eg)au™),
which gives the same as (10.28).
Now we show that ¢ preserves the M-action. For s € M,
sB(x(mex(E) =x((s<alnl™)En) ex((s<lEl")5E),
c(se(x(mex(®)) =x(((s<lE™)sE) al(saln™)sn| s ((salnl")sn)
® ((s<|&E7H)BE)).
(10.30)
Using the “action” property for >, we get
((s<lE1")BE) | (salnl"Y)sn| )5 ((s<inl~)sn)
(10.31)
=((p' -t)en)at(p’ <1(t>|n|),t<1|n|)
where { = s<|n|~! and
p' = ((s<lE7Y)sE) a[tsn| T ((Esn), E<inl)T(E (). (10.32)

But, using the connections between the gradings and the actions, we know that |t5n| 1=
(t>nh~tr(t, (n)Tt(ten),t<inl)1, so

((s<lEIMsE) < (Ex )"
((s<EITHBE) < ((s<inl™) > Inl) ! (10.33)
((s<lglM)Bg) < (s> Inl™).

Substituting in the equation above gives

((s<IEINBEY | (s<inl™)En| )5 ((s<Inl™")5n)
=((({((s<lgl™M)BE) < (s> Inl™ 1))-(S<lrll‘l))w‘l)ilT(((MIE\‘l)BEMY1
= (((((s<IEIT)BE) -s) <Inl ) En)at(((s < 1EI7)BE),s)
= (((s<lEI7Y) (&) alnl™)en) aT({(s < 1EI71)5E),s)
(10.34)

On the other hand, we know that

see(x(mex(€) =sex((((€)<inl™")5n) ®F)

10.35
=sBx(A®&) =x((s<n®E )5 (78E)), ( :
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where 7 = ((€) <|n|~1)5n. Next, we calculate

@&l =T((m, (&) IAlEl

(10.36)
s<ap®&|I T =s<lE7HRIT T (), (8)).
If we put § =s<|&|71 ]!, then
(s<lne&l ) (ne’)
= (5« ( m,(&)))5Me¥)
(10.37)

= (557) 3T alALE) T 2IANSE),S<IAE) e (5<IAl)SE
= (55 aAT(sAEI L @) T(s<IEI)BE),s) e (salEIT)SE.
Using the “action” property again,
sen=(s<lE Ml s (€ <inl!)En)
((@ - (& <lnl~))en)at(@ < ((Ey<inl™) e Inl), &) " (10.38)
((@ - (B <in™)en)aT(@ < (B e InI™) ™ (E)7,

where

a = (s<IEMAY) aT(((E) < Inl ™) e n), (E)TEE <nl™ m) "

(10.39)
= (s<lEM) <& >Inl™),

as

A7 = (B <Inl™) e In) T T (@ alnl =L ) T((E aln™) e n), &)

(10.40)
Hence, substituting with the value of q’, we get
seR=((((s<IEH) < (@ > Inl™)) - (&) <inl™))sn)aT((s<IE17), ()~ (1041)
= ((((s <€) -¢&) alnl Y)sn) aT(s <€ (E) 7, '
giving the required result
(M) aT(s <€ @) T(((s<IE17)EE).s)
- o o , (10.42)
= ((((s<lgl™) @) <Inl"H)En) 3t ({(s <IEI1)BE),s) . O
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