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1. Introduction. Despite what was said in the final remarks to [22], the author did
decide to tackle the problems of the generation of infinite differentiable and Gevrey
ultradifferentible Cy-semigroups by a scalar type spectral operator in a complex Banach
space. The more so as, in the former case, the task turned out to be more of a challenge
than it seemed initially, the existence of a general characterization of infinite differ-
entiable Cyp-semigroups [25] (see also [6, 26]) notwithstanding. In the latter case, such
characterizations are not to be found in the plethora of the literature on the subject
including such authoritative and exhaustive sources as [6, 9, 11, 15, 26, 28, 31].

In [22], the criteria of a scalar type spectral operator in a complex Banach space
being a generator of a Cyp-semigroup and an analytic Cyp-semigroup were found. In the
present paper, necessary and sufficient conditions for a scalar type spectral operator
in a complex Banach space to be a generator of an infinite differentiable or a Gevrey
ultradifferentiable Cy-semigroup are established. The main purpose is to show that such
criteria, as well as those of [22], can be formulated exclusively in terms of the operator’s
spectrum, without any restrictions on its resolvent behavior. This fact distinguishes the
case of scalar type spectral operators and makes the aformentioned results significantly
more transparent and purely qualitative.

2. Preliminaries

2.1. Scalar type spectral operators. Henceforth, unless otherwise specified, A is a
scalar type spectral operator in a complex Banach space X with norm | - || and E5(-) is
its spectral measure (the resolution of the density), the operator’s spectrum o (A) being
the support for the latter [2, 5].

Note that, in a Hilbert space, the scalar type spectral operators are those similar to
the normal ones [29].

For such operators, there has been developed an operational calculus for Borel mea-
surable functions on C (on o (A)) [2, 5], F(-) being such a function, a new scalar type
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spectral operator
F(A) = I(F(A)dEA()\) = J (A)F()\)dEA(A) (2.1)

is defined as follows:

F(A)f:=lim Fa(A)f, feD(F(A)),

(2.2)
D(F(A)):={feX]| lim F,y (A) f exists|
(D(-) is the domain of an operator), where
Fn(:) :=F()Xtaco)iFa)=nt (+), m=1,2,..., (2.3)
(X« () is the characteristic function of a set «), and
F,(A) :=J Fo(M)AEA(A), n=1,2,..., (2.4)
o(A)

being the integrals of bounded Borel measurable functions on o (A), are bounded scalar
type spectral operators on X defined in the same manner as for normal operators (see,
e.g., [4, 27]).

The properties of the spectral measure, E (), and the operational calculus underlying
the entire subsequent argument are exhaustively delineated in [2, 5]. We just observe
here that, due to its strong countable additivity, the spectral measure E4(-) is bounded,
that is, there is an M > 0 such that, for any Borel set 6§,

[|Ea(®)]| = M, (2.5)

see [3].

Observe that, in (2.5), the notation || - || was used to designate the norm in the space
of bounded linear operators on X. We will adhere to this rather common economy of
symbols in what follows, adopting the same notation for the norm in the dual space
X* as well.

Due to (2.5), for any f € X and g* € X* (X* is the dual space), the total variation
v(f,g%,-) of the complex-valued measure (E5(-)f,g*) ({-,-) is the pairing between
the space X and its dual, X*) is bounded. Indeed,

v(f,g*,0(A)) (6 being an arbitrary Borel subset of o (A), [3])
<4 sup |[(Ea(0)f,g%)| =4 sup [[ExO)IIflllg*]] (by 2.5) (o)
Sco(A) dco(A)

< 4MIflllg*]l-

For the reader’s convenience, we reformulate here [23, Proposition 3.1], heavily relied
upon in what follows, which allows to characterize the domains of the Borel measurable
functions of a scalar type spectral operator in terms of positive measures (see [23] for
a complete proof).
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PROPOSITION 2.1 [23, Proposition 3.1]. Let A be a scalar type spectral operator in a
complex Banach space X and F(-) a complex-valued Borel measurable function on C (on
0(A)). Then f € D(F(A)) if and only if

(i) for any g* € X*,

[ F®ldv(fg%.2) <, @7

(i) Sup g+ cx+iig*1-1) Jinea a5 IF AV 1AV (f,g7,4) ~ 0 as n — eo.

Observe that, F(-) being an arbitrary Borel measurable function on C (on o (A)), for
any f € D(F(A)), g* € X*, and arbitrary Borel sets 6 < o,

JU IFQ) | dv (f,9% ) (see [3])

<4sup LF(?\)d(EA(/\)f,g*)

dco

=4sup J Xs (M F(A)A{(EA(A)f,g*)| (by the properties of the o.c.)
o

dco

= 4sup <J Xa(A)F(A)dEA(?\)f,g*> ’ (by the properties of the o.c.)
dSco o
(2.8)
= 4sup | (E(8)EA(0)F(A) f,g*) |

<4supl|EA(8)Ea(a)F(A) fl||lg*]|

Sco
< 4§up|\EA(6)|| [EA(a)E(A) fllllg*|| (by (2.5))
< 4M||Es(a)F(A) f]]]lg*]|
<4M||EA(o)||[IF A fI]]lg*]I-

In particular,

L(A)\F(A)ldv(f,g*,)\) (by (2.8))

<4M||Ea(a (A)[I[F(A) £Il[lg*|l (2.9)
(since Ea(0 (A)) =1 (I is the identity operator on X))
<4M|[FA) fllllg* |-

On account of compactness, the terms spectral measure and operational calculus for
scalar type spectral operators, frequently referred to, will be abbreviated to s.m. and
o.c., respectively.

Observe also that, as follows directly from the results of [1, 23], if a scalar type
spectral operator A generates a Cp-semigroup {T(t) | t > 0}, the latter is of the form

T(t)=e, 0<t< oo. (2.10)
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2.2. The Gevrey classes of vectors. Let A be a linear operator in a Banach space X
with norm || - ||,

=AY N DA, (2.11)
n=0
and 0 < 8 < oo.
The sets of vectors

eBA) Y Fec™(A) | 3a>0,3c>0:[|A"f|| < ca[n1]B, n=0,1,...},
(2.12)
P (A [feCc™A) | Va>03c>0:||A"f|| < ca 1B, n=0,1,...}
are called the Bth-order Gevrey classes of the operator A of Roumie’s and Beurling’s
types, respectively.
For0< B < B’ < oo,

B (A) cefl(a) cgF)(A) ceifl(A) c C™(A). (2.13)

In particular, €' (A) and €V (A) are the well-known classes of analytic and entire
vectors, correspondingly [10, 24].

Observe that, in the definitions of the Gevrey classes, due to Stirling’s formula, one
can replace [n!]? by nf",

According to [17], for a scalar type spectral operator A in a complex Banach space X
and 0 < 8 < oo,

€Br(A) 2 UD(et\AII/B>,
t>0

%(ﬁ)(A) ) mD(etlA\l/ﬁ),
t>0

(2.14)

the inclusions becoming equalities provided that the space X is reflexive.

2.3. Gevrey ultradifferentiability. A smoothness higher than infinite differentiabil-
ity ranging up to real analyticity and entireness was introduced for numerical functions
by Gevrey in 1918 [7] and is naturally extrapolated to functions with values in a Banach
space.

Let I be an interval of the real axis, R, C*(I,X) the set of all X-valued functions
strongly infinite differentiable on I, and 0 < § < oo,

The sets of vectors

@B (1, x) X {g(-) eC*(I,X) | V[a,b]<I3a>0, 3¢ > 0:

ma>§7||g<">(t)|| <co[n!f, n= 0,1,...},
<t<
‘ (2.15)

e P (1,x) % {g(-) eC*(,X) | Y[a,bl I, Va>03c>0:

mtaXhHg(")(t)H <ca[n!f, n= 0,1,...}
ast=
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are the Bth-order Gevrey classes of strongly ultradifferentiable functions of Roumie’s
and Beurling’s types, respectively (see, e.g., [7, 12, 13, 14]).

Just as above, due to Stirling’s formula, one can replace [n!]# by nf".

For 0 < B < B’ < o, the following inclusions hold:

B (1,X) e (1,X) ceP)(1,X) €I, X). (2.16)

In particular, €'V (I, X) is the class of all real analytic on I vector functions (i.e., ana-
Iytically continuable into complex neighborhoods of the interval I) and ¢V (I, X) is the
class of all entire vector functions (i.e., allowing entire continuations) (for numerical
functions, see [16]).

Note that it is well known that the Gevrey classes of functions of orders greater than
one are quasianalytic.

3. On the strong smoothness of an orbit of a Cy-semigroup generated by a scalar
type spectral operator. Let A be a scalar type spectral operator generating a Cy-semi-
group {T(t) |t = 0}.

PROPOSITION 3.1. LetI be a subinterval of [0,00) and0 < B < c. Then the restriction
ofanorbitT(-)f, fe X, tol
(i) belongsto C>(1,X) ifand only if T(t)f € C*(A), foranyt €1,
(ii) belongs to ¢'P(I,X) (resp., €P (I,X)) if and only if T(t)f € €' (A) (resp.,
¢ (A)), forany t € L.

PROOF

(i) “ONLY IF” PART. Assume that the restriction of an orbit T'(-) f of the Cy-semigroup
generated by A to a subinterval I of [0, o) belongs to C*(I, X).
Taking into account that T(-) f is a weak solution of the evolution equation

() =Ay () (3.1)
on [0, 0) [1], we have, for any g € D(A*),
(T'(0)f.9) = S(T(0)f,g) = (T()f,A%g), tel. (.2
Whence, by the closedness of the operator A,
T(t)f € D(A), T'(t)f =AT(t)f, foranytel, (3.3)

(see [1, 8] for details).
Let n > 1. Then, differentiating (3.3) for an arbitrary fixed t € I, we obtain

T'(t+A)f-T'Of _ . TU+ADf-T(0)f

4
At AL—0 At ’ (3.4

O - jm,

where the increments At are such thatt+A € 1.
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Since
lim T(t+At)Aj;—T(t)f T, -
by the closedness of A, we infer that
T'(t)f € D(A), T'()f =AT (t)f, foranytel. (3.6)
Thus, (3.3) and (3.6) imply
T(t)feD(A%), T'(t)f=A*T(t)f, foranytel. (3.7)

Continuing inductively in this manner, we infer that for any n =1, 2,...,
T(t)feC*(A), T™WM)f=A"Tt)f, tel. (3.8)
“IF” PART. Let T(-)f be an orbit of the Cy-semigroup generated by A such that
T(t)feC®(A) foranytel, (3.9)

where I is a subinterval of [0, ®).

Recall that, as was noted in Section 2, the Cy-semigroup {T(t) | t = 0} generated by
A is of the form (2.10).

The fact that

e feC®(A), tel, (3.10)
by [23, Proposition 3.1], implies that, for any g* € X*,
J [A]meRAdu (f,g*,A) <o, n=1,2,..., tel. (3.11)
o(A)

Given a natural n and an arbitrary fixed t € [0, T), we choose a segment [a,b] C [0,T)
(a < b) so that t is its midpoint if 0 <t < T, or a = 0 if t = 0. For increments At such
that a <t+At < b and any g* € X*, we have

’ <An—1et+Atf_An71etf
At

n—1,(t+AtA _ y\n—1,tA
| [ e asrar) |
o(A) At

—A"etf,g*> ‘ (by (2.10) and the properties of the o.c.)

(by the properties of the o.c.)

- ‘ J [An—le(HAt)?\ 7/\n—1et2\
" e

At
An—le(HAt))\ _/\n—let
<
JU(A)
— 0 as At — 0.

—/\"em]d(EA(A)f,g*)

A
_/\net/\

dv(f,g*,A)

(by the Lebesgue dominated convergence theorem)

At

(3.12)
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Indeed, for any A € 0 (A),

/\n—le(HAt)A _ An—let)\

At
‘ An—le(t+At))\ _)\n—let)\

At

max |A"e* | + [A"e! | < 2|A|" max esRe?
ass<b ass<b

21|A|"eaReA, if ReA <0,

[A|"ebRed if ReA = 0,

e (oA),v(f,g%-)), n=1.2,...,

‘ Anfle(tJrAt)/\ _)\nflet/\
At

_Aket]\

IA

+|Aef | (by the total change theorem)

IA

(3.13)
(by (3.11), considering that a,b € 1)

—A"e!r| — 0 as At — 0.

We have shown that, for any ¢t € I and an arbitrary n = 1,2,...,

n—1,t+At £_ An—1,t
AT e itA ef W any(t)—0 asAf— 0. (3.14)

Thus, we have proved that, for any g* € X*,

n
%(e”‘f,g*) = (A" f,g*y, n=1,2,...,tel (3.15)

Now, let
Ap:={AeCl|A| <n}. (3.16)
We fix an arbitrary natural k and consider the sequence of functions
Ex(Ap)ARe A f, m=1,2,..., tel (3.17)
By the properties of the o.c.,
Ex(Ay)AketA
= L Xa, (M)AKeAdEL(A)  (where xa, () is the characteristic function of the set A,)
- L [Axa, (A)]FeMan M dE, (A)

= [AEA(An)] et A,
(3.18)

Since, by the properties of the o.c., for any natural n, the operator AE4(A,) is abounded
operator on X (||[AE4(Ay)|| < 4Mmn) [5], the vector function

Ea(Ap)AketAf = [AEA(An)|¥etAEa@n) £ =12, tel, (3.19)

is strongly continuous.



2408 MARAT V. MARKIN

For an arbitrary segment [a,b] < I, we have

sup ||[Ake!A f —E4(An)A*e!A f]|  (by the properties of the o.c.)

a<t<b

= sup
as<t<b

J{Aea(A)Hz\Iwﬂ

)\ke”‘dEA(/\)f‘

(as follows from the Hahn-Banach theorem)

= sup sup <J Ake”dEA(/\)f,g*>'
a<t<b (g*ex*|ig* -1} | \Jireo)iai>n)

(by the properties of the o.c.)

sup sup A" d(EA(A) f,g*)

ast<b {g*eX*|||g*|=1} J{AGU(A)HAIM}

IA

sup sup |A[ke'Rerdv (f,g*,A)

ast<b {g*eX*|||g*|=1} J{A60<A>I\A\>n}

< sup sup IA[KetReAqu (f,g*,A)

{g*eX*|lg*l=1} a<t<b J{AEU(A)HAIM, ReA<0}

+f AR v (g7,
{Aeo (A)||Al>n,ReA>0}

< sup |Al*eRerdu (f,g*,A)

{g*rex*||g*l=1} L)\eo(A)HAbn, ReA=0}

+ sup |AlkePReAqy (f,g*,A)

{grex*||g*l=1} J{AEU(A)\ [A|>n,ReA>0}

< sup Al e Rerdu (f,g*,A)

{g*eX*\“g*”:l}‘[{AGU(A)HAbn}

+ sup [AlkePReAqu (f,g*,A)  (by (2.8))

{g*ex*|llg*l=1} LAGU(AH [Al>n}

54M[ sup [[Es({A € 0 (A) | 1A] > n})ARe* f|]]|g*]|
(g*ex*[lg*l=1}

v s [Ea(Aec | >n}>AkebAf||||g*||]
{g*eX*|lg*l=1}

<4M[||EA({A € 0 (A) | [A| > n}) AR f|| + ||[EA({A € 0 (A) | |A] > n}) AkebA£]|]
(by the strong continuity of the s.m.)

— 0 asn — co.
(3.20)

Therefore, the vector function
AketAf k=1,2,..., tel, (3.21)

is strongly continuous, being the uniform limit of a sequence of strongly continuous
functions on an arbitrary segment [a,b] < I.
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We fix an arbitrary a € I and integrate (3.15) for n = 1 between a and an arbitrary
t € I. Considering the strong continuity of Ae!Af, t € I, we have

t
(e!Af —etf g*) = <J Ae“‘fds,g*>, gt ex*. (3.22)
a
Whence, as follows from the Hahn-Banach theorem,
t
etAf—e“Af:J AesAfds. (3.23)
a

By the strong continuity of Ae!4 f, t € I, we infer that

a

A tA L _ A tA
dte f=Aet"f, tel. (3.24)
Consequently, by (3.15) for n = 2,
i i tA *> _ 2 tA *
dt<dte f!g _<Ae f!g >l tel. (325)
Whence, analogously,
d—ze“‘szZe“‘f tel. (3.26)
dat? ’

Continuing inductively in this manner, we infer that, for any natural n,

dn
We“‘f =A"eAf, tel. (3.27)

(ii) “ONLY IF” PART. Assume that an orbit T(-) f, f € X, of the Cy-semigroup {7 (t) |
t > 0} generated by A restricted to a subinterval I < [0,0) belongs to ¢ (I,X)
(resp., €A (I, X)).
This necessarily implies that T(-) f € C*(I,H). Whence, by (i),
T fecC®A), THWHf=A"TH)f, n=12,.., tel (3.28)
Furthermore, the fact that the restriction of y(-) to I belongs to the class ¢'#} (I, X)

(resp., €#) (I, X)) implies that, for an arbitrary ¢ € I, a certain (any) « > 0, and a certain
c>0,

AT (t) f|| = ||T™ (t) f|| < ca™[n!]®, m=0,1,.... (3.29)
Therefore,

Tt)f €€'P(A) (resp. &P (4)), tel (3.30)
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“IF” PART. Let an orbit T(-)f, f € X, of the Cy-semigroup {T(t) | t > 0} generated
by A be such that (3.30) holds, where I is a subinterval of [0, «).
Hence, for arbitrary t € I and some (any) «(t) > 0, there is such a ¢(t, ) > 0 that

[[APT (t) f|| < c(t, ) (D) [n!]B, m=0,1,2,.... (3.31)
The inclusions
€ (A) c€Pl(A) = C™(A) (3.32)
imply, by (i), that (3.28) holds. Recall that
T(t)f=e""f, 0<t<oco. (3.33)
We fix an arbitrary subsegment [a,b] < I. For n =0,1,..., we have

max ||T™ () f]|
a<t<b

= max ||[A"T(t) f||
a<t<b

max [|[A"etA £||  (by the properties of the o.c. and the Hahn-Banach theorem)
asts<

= max sup <J ?\”e“dEA()\)f,g*> ‘ (by the properties of the o.c.)
ast=b {g*eX*|llg*l=1} a(A)

< max sup J A" d(Es(A) f,g*)
ast<b {g*eXx*|l|g*|l=1} | Jo(A)

IA

max sup J |A|"etReAduy (f,g*,A)
ast<b {g*eX*||g*|=1} o (A)

= sup max J
{g*eX*|llg*l=1} a<t<b {A€0 (A)|ReA<0}

|/\|netReAdv (f,g*,?\)

+J Al"efRC"dv(f,g*,?\)]
{A€o (A)|ReA>0}

< sup A" ReAqu (f,g*,A)

{grex*|llg*ll=1} J{/\GU(A)\R&/\SO}

+ sup [A|mePReAGy (f,g%,A)

{g¥eXx*|llg*ll=1} J{Aec(A)\Rez\>0}

< sup J |A|"eReAqu (f,g*,A)
{g*rex*|llg*|=1} /o (A)

b sup | et Ndu(f,g%,0)  (by 29)
{g*ex*|llg*|=1} o (A)

< sup  4M[[A"e*f|l[lg*[|+  sup AM||A"e"Af]]|lg*||
lg*ex*llg*I=1} (g*ex*llg*I=1}

< 4M[||Ame f]| +[|A"e A fI[] = 4M[[|A"y (@)|| + [|[A"y (D[] (by (3.28))

=4M[|ly™ (@[ +ly™ (D]]].
(3.34)
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Hence, in view of (3.31), we obtain

max ||[T™ (1) f||
as<t<b (3.35)
<4M[c(a,x) +c(b,x)|max[x(a),x(b)]"[n'18, n=0,1,2,...,

which implies that the restriction of T(-)f to the subinterval I < [0,T) belongs to the
Gevrey class €'# (I, X) (resp., € (I,X)). 0

4. Infinite differentiable Cy-semigroups. Recall that a Cp-semigroup {T(t) | t > 0}
in a Banach space X is said to be infinite differentiable (a C*-semigroup) if, for any
f € X, the orbit T(-) f is infinite differentiable on (0, o) in the strong sense. Note that,
due to the semigroup property T(t+s) = T(t)T(s), t,s = 0, the first-order strong differ-
entiability of an orbit on (0, ) immediately implies its infinite strong differentiability
on (0, ).

THEOREM 4.1. A Cy-semigroup generated by a scalar type spectral operator A in a
complex Banach space X is infinite differentiable if and only if, for an arbitrary positive b,
there is a real a such that

ReA<a—-bIn|ImA|, Aeo(A). 4.1)

PROOF

“ONLY IF” PART. This part immediately follows from the general criterion of the
generation of infinite differentiable Cyp-semigroups [25] (see also [6, 26]).

“IF” PART. Here, unlike in [22], resorting to the general criterion, that is, proving that
there is a C > 0 such that in the region

Ry:={A€C|ReA>a-bln|ImA|} c p(A) (4.2)
(p(-) is the resolvent set of an operator) the estimate
[[R(A,A)|| < ClImA] (4.3)

holds, brings about rather formidable difficulties. The reader could try evaluating the
distance from a point A € R, to the boundary of the region R;, such an approach would
inevitably entail.

Utilizing the general criterion not being an option, we are to prove directly that all
the orbits of the semigroup generated by A are strongly differentiable on (0, ).

Since A generates a Cp-semigroup, the latter, as was shown in [22], consists of its
exponentials,

eth = J " e"dEA(A), t=0, 4.4)
g
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and there is a real w such that

Red=w, Aeo(A). (4.5)
Without loss of generality, we can regard that

ReA <0, Aeo(A), (4.6)

that is, we deal with a contraction semigroup. Indeed, otherwise, we can consider the
Co-semigroup T (t) := e ®let4 t > 0, which, evidently, satisfies (4.1).
We need to show that, for any f € X,

e feD(A), 0<t<co. 4.7)

Let 0 < t < 0. Since the constant b can acquire arbitrary positive values, we can set
b:=1/t. Then, for any Borel set o < 0 (A) and arbitrary f € X and g* € X*,

| 1aletrav (£,g°,0)
o
<[ (ReAl+ImADe™ N dv (£,97,0)
o
(for A € o, ReA <min (0,a—bIn|ImA|) = ReA <0 and |ImA| < e? ' (@Red))

SJ (_Re)\+eah-leb—1(—ReA))etRe?\dv(f,g*,;\) (since x < e*, 0 < x < )
o
< J (beb—u—ReA) +eahfleb—1(—ReA))etReAdv (f.g* )

+e“b71]‘[ et=PTIRA gy (£ g% A) (by the choice b = %)
o

—
~ | = Ny

+e“t] J'Uldv(f,g*,)\) = [% +e‘”]v(f,g*,0).

(4.8)
This estimate, by [23, Proposition 3.1], implies (4.7).
Indeed,
(i) for any f € X and g* € X*, we have
J [AletReAdu (f,g*,A) < [1 +e‘”]v(f,g*,0(A)) (by (2.6))
o (A) t

1 (4.9)

< 4M[? +e‘”] IFINg*|l, 0<t< oo,
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(ii) analogously, for any 0 < t < o and an arbitrary f € X,

sup [Ale'Rerdu (f,g*,A)

{g*ex*|llg*l=1} J’{/\EU(AHI/\IelRQ)‘>n}

< sup [lﬂz‘“ 1dv(f,g*,A) (by(2.8))

{g*ex*|lg*I-1y LT ] J{Aeamnwem%n}

1
<[pre] swp aMlEa(Ae o) NN > D flllg*] @)
{g*eX*|lg*l=1}

<am| 1ot |[EA (1A € o (a) |10 > n]) |

(by the strong continuity of the s.m.)

— 0, asn — oo.

Thus, by [23, Proposition 3.1], (4.7) holds. O

5. Gevrey ultradifferentiable Cy-semigroups. Let 0 < < co. We will call a Cyp-semi-
group {T(t) | t > 0} in a Banach space X an ¢!#!-semigroup (resp., an €#)-semigroup)
if, for any f € X, the orbit T(-)f belongs to the Gevrey class ¢} ((0,),X) (resp.,
<€) ((0,00),X)). We will call a Cy-semigroup a Gevrey ultradifferentiable semigroup if,
for some 0 < B < oo, it is an €'#}-semigroup or, which, due to inclusions (2.16), is the
same, an ¢€#-semigroup.

THEOREM 5.1. Let 1 < B < . A Cy-semigroup generated by a scalar type spectral
operator A in a complex Banach space X is an €#} -semigroup if and only if there are a
positive b and a real a such that

ReA <a-b|ImA|YE, A eo(A). (5.1)

PROOF

“IF” PART. Asis easily seen, the sufficiency condition of Theorem 5.1 is stronger than
that of Theorem 4.1. Therefore, by Theorem 4.1, we infer that A generates an infinitely
differentiable Cy-semigroup consisting, according to [22], of its exponentials presented
in (4.4). Forany f€ Xandn=1,2,...,

n
%efAf:A"emf, 0<t<oo. (5.2)

According to Proposition 3.1, we need to show that, for any f € X,
e feeB(A), 0<t<oo. (5.3)
In view of inclusions (2.14), it suffices to show that

e fel D(eS'A‘”B), 0<t< . (5.4)

5>0

We fix an arbitrary Borel subset o of 0(A) and an arbitrary ¢t > 0. We also set s :=
t/[1+(2/b)#1Y8 > 0 (such a peculiar choice of s will make sense later).
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For any f € X and g* € X*,

J esl)\lllﬁetReAdU (f,g*,i\)
o

esl/\ll/ﬁetRe)\dU(f,g*’A) (5.5)

J{?\EO’H{E)\SHHH(*L&)}

J eslAll/BetREAdv(f,g*,A) < oo,

{A€0|min(-1,a)<ReA=<a}

Indeed, the latter integral is finite due to the boundedness of the set {A € o | min(—1,a)

< ReA < a} (note that, for a < —1, the set is, obviously, empty), the continuity of the

integrated function, and the finiteness of the positive measure v (f,g*, ) (see (2.6)).
For the former of the above two integrals, we have

1/
I oSIAl 5etReAdv(f’g*,)\)
{A€o|ReA<min(—-1,a)}

(A€ 0, ReA <min(-1,a) = ReA < —1 and |ImA| < b~ #(a—ReA)?) (5.6

_ -B(a— 1/
< es[ ReA+b~P(a—-ReA)B] BetRcz\dU (f,g*,?\).

J{Aea\Re/\smjn(—l,a)}

We consider separately the two possible cases a <0 and a > 0.
If a <0, then a—ReA < —-2ReA for all A’s such that ReA <min(-1,a), and we have

J esl/\ll/ﬁetRc)\dU(f,g*,A)
{Aeo|ReA<min(-1,a)}

- 1
< oS[-ReA+b B (—2ReM)PIVE jiRed g, (f,g%,A)

J{AEO’IRe)\smin(—l,a)}
(since, for 1 < B < o0, x <xP, x>1)

1
< oSL(=Red)F+(2/b)F (~ReM)PIV/E jiRed 3, (f,g%,A)

J{Aeo‘lRe?\smin(—l,a)}

1
_ J o (t=s[1+@2/)F1E)ReA 7, (f,g*,A) (5.7)
{Aeo|ReA<min(-1,a)}

t
by the choice s = —————=
( [1+(2/b>ﬁ]”ﬁ)

=J 1dv(f,g*,A)
{Aeo|ReA<min(-1,a)}

=v(f,g*,{A €0 |ReAd <min(-1,a)}) (by (2.6))
< 4MIIfll[lg*]| < eo.

Ifa>o0,

J ety (f,9%,0)
{Aeo|ReA<min(-1,a)}

J es\?\\l/ﬁetRe/\dU (f,g*,/\) (5.8)
{Aeo|ReA<min(-1,-a)}

1/
J esl)\l BetReAd’U(f,g*,A) < 0.
{A€o|min(—1,—a)<ReA<-1}
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Indeed, the latter integral is finite due to the boundedness of the set {A € o |
min(—a,—1) <ReA < —1} (note that, for a > 1, the set is, obviously, empty), the conti-
nuity of the integrated function, and the finiteness of the positive measure v (f,g*,-)
(see (2.6)).

The former of the above two integrals is finite as well:

1 .
J oSIAIVE GtReA 4, (f,g*,A) (since, for x < —a, a—x < —2x)
{Aeo|ReA<min(-1,-a)}

<

J es[—ReM—b*ﬁ(—2ReA)B]1/5etRe/\dU (f,9%A)
{Aec|ReA<min(-1,-a)} ’ '

(since, for 1 < B < oo, x <xP, x>1)

- eSLReN 2/ (-ReNPIP iReA o (£ 5% A)

J{Aea\ReAsmin(—l,—a)}

_ J e(t=sT1+@/BIFIVEIRA gy (£, g% A) (5.9)
{Aeo|ReA<min(-1,—-a)}

t
by the choice s = )
( [1+(2/b)8]"/

ZJ 1dv(f,g*,A)
{Aeco|ReA<min(-1,-a)}

=v(f,g9%,{A €0 |ReAd <min(-1,-a)}) (by(2.6))
<4M|flIllg*|| < oo.

Thus, we have proved that, for an arbitrary Borel subset o < o(A), any f € X, and
g*rexr,

J SN P etReAqy (£,g%,A) < o0, >0, (5.10)
o

with s = t/[1+(2/b)F]/8 > 0.
This, in particular, implies that, for any f € X and g* € X*,

J' es\)\\'/ﬁetRez\dv(f,g*’/\) <o, t>0, (5.11)
o(A)

with s =t/[1+(2/b)B1Y/E > 0.
Furthermore, for any f € X, g* € X*,t > 0,and s = t/[1+ (2/b)B]1'/8 > 0,

sup SN otReAGy (f,g%,0) — 0 asn— o, (5.12)

{g*eX*mg*n:uJ{Aea\ebw”ﬁem%n}
Indeed, as follows from the preceding argument, the specific choice of s = t/[1 +

(2/b)B11/B > 0 allows to partition the set {A € o | e2AFetRed 5 »1 into two subsets
o1 and o> in such a way that o0, is bounded and

eS\A\l/BetRe/\ =1, A€o (5.13)
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Therefore,

su eSNPotReA g, (£ 5% )

p 4[
{g*ex*|llg* =1} JAca|esNI /B etReds )

< sup eSINVP gtReA o) (£ 5% A)

lg*ex*lig*|=13 J{?\Em lesAINF et Red> )

+ sup eSNPotReA g, (£ 5% )

lg*ex*ig*l=1} J{Aeaz\esww’etkebn}
(since o is bounded, there is such a C >0 that esM'"#efReA < ¢ A € oy; by (2.8))

< sup  CaM|[Es({A e oy | esM P etReN Sy £l g*||
(g*ex*llg* =1}

+  sup  4AM||Es({Ae oz [N FetReA s ) £l g ||
{g*eX*llg* -1}

<4CM||Ex({A € oy | NP tRed 5 1) £||

+4M||Es({A € 02 | 8NP etRed 5 1) £|| (by the strong continuity of the s.n.)

— 0 asn — oo,

(5.14)
According to [23, Proposition 3.1], we have proved that, for any f € X and t > 0,
e fen (e, (5.15)
where s =t/[1+(2/b)F1VF > 0.
Hence, for any f € X,
e feJD(es) cefl(a), 0<t<c. (5.16)

s>0

“ONLY IF” PART. We prove this part by contrapositive.

Assume the negation of “for some positive b and real a, o0(A) < {A € C | ReA <
a—b|ImA|Y/B},” that is, for any positive b and real a, the set 0(A) \ {A € C | ReA <
a—b|ImA|Y/B} = @. Whence it is easy to infer that, for any natural n, the set

U(A)\{AE(C|Re)\s—%llm)\|”5} (5.17)

is unbounded.
Hence, we can choose a sequence of points of the complex plane {A,};_; in the
following way:

Apn€eoc(hd), n=1,2,...,

Re)\n>—%\lmz\|1/3, n=12,..., (5.18)

A0:=0, |Ay] >max[n,|A,1]], n=12,....
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The latter, in particular, implies that the points A,, are distinct:
Ai:’:/\ja iij. (5.19)
Since the set

{/\ e C|ReA > f%IImM”B, [A| > max [n, \An_ll]} (5.20)

is openin C for any n = 1, 2,..., there exists such a €, > 0 that this set contains together
with the point A;, the open disk centered at A;:

Ap={AeC||A-An]| <&n}, (5.21)
that is, for any A € A,

ReA > —l|1m2\|1/5,
n (5.22)

[A] > max[n,[An_1]].

Moreover, since the points A,, are distinct, we can regard that the radii of the disks, &,
are chosen to be small enough so that

O<sn<l, n=12,...,
n (5.23)
AinA;j =, i=+j (the disks are pairwise disjoint).

Note that, by the properties of the s.m., the latter implies that the subspaces E4(A,)X,
n=1,2,..., are nontrivial since A, No (A) + @ and A, is open, and

EA(Ai)EA(AJ) =0, i#]. (5.24)

We can choose a unit vector e, in each subspace E4(A;)X and thereby obtain a vector
sequence such that

EA(Ai)ej:(Sijei (5.25)
(6ij is the Kronecker delta symbol).
The latter, in particular, implies that the vectors {ej,e>,...} are linearly independent
and that
dy :=dist (en,span({ex |keN, k+n})) >0, n=1,2,.... (5.26)

Furthermore,

dn /0 asn — oo. (5.27)
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Indeed, if we assume the opposite: d,, — 0 as n — oo, then, for any n = 1,2,..., we
can find an f,, € span({ex | k € N, k # n}) such that |le, — full < dy + 1/n, which
immediately implies that e,, = E4(Ay) (e, — fn) — 0. Thus, such an assumption leads to
a contradiction.

Therefore, there is a positive ¢ such that

dy,>¢, n=1,2,.... (5.28)
As follows from the Hahn-Banach theorem, for each n = 1,2,..., there is an e;; € X*
such that
llexll =1, 5.29)
(eise}) = 6i;d; ’
Let
g*= i Lex. (5.30)
n=1 nZ "
Hence,
* d"
(en,g*) == (by (5.28))
n (5.31)
£
“n?

Concerning the sequence of the real parts, {ReA,};_;, there are two possibilities: it is
either bounded or not. We consider separately each of them.

First, assume that the sequence {ReA,};,_; is bounded, that is, there is suchan w > 0
that

|ReA,| =w, m=1,2,.... (5.32)
Let
i L (5.33)
= n
As can be easily deduced from (5.24),
1
EA(An)f:ﬁena n:1121"'1
® (5.34)
EA< U An)f =f.
n=1
Also, forn=1,2,...,
v(f,g%,An) = [(Ea(An) f,9%)| (by(5.34))
1
= ‘ <men,g*> ‘ (by (5.31)) (5.35)

_dn €

nt = nt’
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For an arbitrary s > 0, we have

.[(A) NP eReAgy (f,g%,A)  (by (5.34))

= J e”l/BeRe"dv( ( Ua )f,g*,)x) (by the properties of the o.c.)
o)

:J eSINVE R g, (£ 0% 1)
Un=14n

S R

(for A € Ay, by (5.22), (5.32), and (5.23), |A| = n, and ReA =
ReA, — (Red, —Red) =Red, — [Ap—A| = —w—&, > —w—1)

> et P o=@y (£, g% A,)  (by (5.35))

n=1
) 1/B
—(w+1) et
>e ngl o 0.

(5.36)

This, by [23, Proposition 3.1], implies that
eAf ¢ D (). (5.37)

t>0

Then, by (2.14), moreover,

e f ¢ €P(A). (5.38)

Hence, by Proposition 3.1, we infer that the orbit ef4f, t > 0, does not belong to
€18 ((0,0),X).

Now, suppose that the sequence {ReAy,};,_, is unbounded. The sequence being
bounded above, since A generates a Cp-semigroup [11] (see also [22]), this means that
there is a subsequence {ReA, )}, such that

ReA,(x) — —o© as k — oo. (5.39)
Thus, without loss of generality, we can regard that

Re?\n(k) < —k, k= 1,2,.... (5.40)

Consider the vector

= 1
fZ: Z k_ €n(k)- (5.41)

=
Il
—
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By (5.24),

Ex(An(K)) f = %en(k), k=1,2,...,

o (5.42)
EA( U An(k))f =f.
k=1
For an arbitrary s > 0, we similarly have
J e eRerqy (f,g*,0) = 3| e RNy (f,g%,A) = oo, (5.43)
o (A) k=1"%nk)
Indeed, for all A € A, k), based on (5.23), (5.40), and (5.22), we have
ReA =ReAyk) — (ReAyk) —ReAd) <ReApi) + | Ank) —A|
<ReAyx) +é&nk < —k+1=<0, (5.44)
o1 18
n(k)llm)\l < ReA.
Therefore, for A € Ay k),
—LumM”ﬁ <Red < —-k+1<0. (5.45)
n(k)
Whence, for A € Ay k),
ReA <—-k+1<0, IAlzllmAlz[n(k)(—Re)\)]B. (5.46)
Using these estimates, we have
|, e ererau s, g*n)
Ank)
ZJ elsn=11=Red) g (£, 5% )
An(k)
(for all k’s sufficiently large so that sn(k)—1>0and k—1>1) (5.47)

> elsn-1k=1y, (£ 5% A, o) (by (5.35))
celsn(k)-1]

k) — o as k — oo.

Similarly, we infer that the orbit e!A £, t > 0, does not belong to the class €!#! ((0, «), X).
Having analyzed all the possibilities concerning {ReA,},_;, we infer that the nega-
tion of “for some positive b and real a, 0(A) < {A € C | ReA < a—b|ImA|'/A}” im-
plies that not every orbit of the Cy-semigroup {e'”* | t = 0} belongs to the Gevrey class
€1 ((0,00),H), that is, {e!* | t = 0} is not an €'#!-semigroup.
Thus, the “only if” part has been proved by contrapositive. O
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In particular, for § = 1, we obtain a criterion of the generation of an analytic Cy-
semigroup by a scalar type spectral operator [22] (see also [30]).

Observe that, for 0 < 8 < 1, all the orbits of the Cy-semigroup {e!” | t > 0} are entire
functions, which immediately implies that A is bounded (see [20]).

6. A concluding remark. Similar results for a normal operator in a complex Hilbert
space are discussed in a more general context in [18, 19] (see also [20, 21]).
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