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We introduce the concept of the intuitionistic fuzzy proximity as a generalization of fuzzy
proximity, and investigate its properties. Also we investigate the relationship among intu-
itionistic fuzzy proximity and fuzzy proximity, and intuitionistic fuzzy topology.
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1. Introduction. As a generalization of fuzzy sets, the concept of intuitionistic fuzzy
sets was introduced by Atanassov [1]. Recently, Coker and his colleagues [2, 3, 4] intro-
duced the concept of intuitionistic fuzzy topology which is a generalization of fuzzy
topology.

Katsaras [5, 6] introduced the concept of fuzzy proximity, and studied the relation-
ship between fuzzy topology and fuzzy proximity. Liu [9] introduced the concept of
L-fuzzy proximity for a lattice L, and Liu and Luo [10] studied the relation between
L-fuzzy proximity and L-fuzzy uniformity. Also, Khare [7] studied the relationship be-
tween classical and fuzzy proximities.

In [8], we studied the relationship between fuzzy topology and intuitionistic fuzzy
topology.

In this paper, we introduce the concept of the intuitionistic fuzzy proximity as a
generalization of fuzzy proximity, and investigate its properties. Also we investigate
the relationship among intuitionistic fuzzy proximity and fuzzy proximity, and intu-
itionistic fuzzy topology. Moreover, we find an adjunction between intuitionistic fuzzy
proximity spaces and fuzzy proximity spaces.

2. Preliminaries. In this section, we recall some of the definitions and theorems re-
lated to fuzzy proximity and intuitionistic fuzzy topology.

Let X be a nonempty set and I the unit interval [0, 1]. An intuitionistic fuzzy set A is
an ordered pair

A= (Ua,ya), (2.1)

where the functions ps : X — I and y4 : X — I denote the degree of membership and
the degree of nonmembership, respectively, and ps +y4 < 1. Let I(X) denote the set of
all intuitionistic fuzzy sets in X.

Obviously every fuzzy set u4 in X is an intuitionistic fuzzy set of the form (4,1 —p4).

DEFINITION 2.1 [1]. Let A = (ua,ya) and B = (ug, yg) be intuitionistic fuzzy sets in
X. Then
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(1) AcBifand only if pus < ug and y4 > yp;
(2) A=Bifandonlyif A< B and B c A;

(3) A€ = (ya,Ha);

(4) ANB = (UaAUB, YAV ¥B);

(5) AUB = (UaV U, YAAYB);

6) 0. =(0,1)and 1. = (1,0).

Let f be amap from a set X to aset Y.Let A = (ua,ya) be an intuitionistic fuzzy set
in X and B = (ug, ys) an intuitionistic fuzzy set in Y. Then f~1(B) is an intuitionistic
fuzzy set in X defined by

S8 = (" (us), S (vB)) (2.2)

and f(A) is an intuitionistic fuzzy set in Y defined by

fA) = (f(pa), 1= f(1=ya)). (2.3)

DEFINITION 2.2 [3]. An intuitionistic fuzzy topology on X is a family J of intuition-
istic fuzzy sets in X which satisfies the following properties:

(1) 0.,1. €7,

2) if A1,A» €T, then A1NA, €T;

(3) if A; € I for each i, then UA; € J.
The pair (X,7) is called an intuitionistic fuzzy topological space. Any element of J is
called an intuitionistic fuzzy open set in X and the complement, an intuitionistic fuzzy
closed set.

DEFINITION 2.3 [2, 3]. Let (X,J) be an intuitionistic fuzzy topological space and A
an intuitionistic fuzzy set in X. Then the fuzzy closure of A is defined by

c(A)=({FIACF, FC €T} (2.4)
and the fuzzy interior of A is defined by
int(A) = J{GIA=2G, Ge T} (2.5)

THEOREM 2.4 [3]. For any intuitionistic fuzzy set A in an intuitionistic fuzzy topolog-
ical space (X,7), there exist

(1) int(A)¢ =cl(A°);

(2) cl(A)¢ =int(A°).

THEOREM 2.5 [2]. Let (X,9) be an intuitionistic fuzzy topological space andcl : I(X) —
I(X) the fuzzy closure in (X,7). Then for A,B € I(X), the following properties hold:

(1) cl(0~.) =0-;

(2) AcclA);

(3) cl(AUB) =cl(A)ucl(B);

(4) cl(cl(A)) =cl(A).
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DEFINITION 2.6 [3]. Let,B €[0,1] and «+ 8 < 1. An intuitionistic fuzzy point X «,g)
of X is an intuitionistic fuzzy set in X defined by

(e, ) ify=x,
. - 2.6
X (e, (V) {(0,1) ity 4 x. (2.6)

In this case, x is called the support of x(«p),  the value of x(« ) and B the nonvalue
of x(«,p)- An intuitionistic fuzzy point x(4,g) is said to belong to an intuitionistic fuzzy
set A = (U4, ya) in X, denoted by x(qp) € A, if & < pa(x) and B = y4(x).

Clearly an intuitionistic fuzzy point can be represented by an ordered pair of fuzzy
points as follows:

X(wp) = (Xa, 1 =x1-p). (2.7)

DEFINITION 2.7 [3]. Let (X,9) and (Y,%) be intuitionistic fuzzy topological spaces.
Then amap f: X — Y is said to be

(1) continuousif f~1(B) is an intuitionistic fuzzy open setin X, for each intuitionistic
fuzzy open set B in Y, or equivalently, f~!(B) is an intuitionistic fuzzy closed
set in X, for each intuitionistic fuzzy closed set Bin Y,

(2) openif f(A) is an intuitionistic fuzzy open set in Y, for each intuitionistic fuzzy
open set A in X,

(3) closed if f(A) is an intuitionistic fuzzy closed set in Y for each intuitionistic
fuzzy closed set A in X,

(4) a homeomorphism if f is bijective, continuous, and open.

DEFINITION 2.8 [5]. A relation & < I¥ x IX is called a fuzzy proximity on X if it
satisfies the following properties:

(1) udp implies pou;

(2) (uvp)oAif and only if udA or pdA;

(3) udp implies u + 0 and p + 0;

(4) udp implies that there exists a A < IX such that udA and 1 -Adp;

(5) puAp #0implies udp.

3. Intuitionistic fuzzy proximity spaces. We are going to introduce the concept of
intuitionistic fuzzy proximity spaces and continuous maps between them.

DEFINITION 3.1. An intuitionistic fuzzy proximity on X is a relation § on I(X) satis-
fying the following properties:

(1) ASB implies BOA;

(2) (AuB)6C if and only if A6C or B6C;

(3) ASB implies A # 0. and B # 0-;

(4) A@B implies that there exists an E € I(X) such that AJE and E€JB;

(5) ANB # 0. implies AJB.
The pair (X, ) is called an intuitionistic fuzzy proximity space.

We have easily the following lemma.
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LEMMA 3.2. Let (X,0) be an intuitionistic fuzzy proximity space. Then the following
properties hold:

(1) if A6B, A1 2 A and By 2 B, then A16B;;

(2) ASA foreach A+0_;

(3) AS1. ifand only if A#0..

DEFINITION 3.3. Let (X,6;) and (Y,d2) be two intuitionistic fuzzy proximity spaces
and f: X — Y amap. Then f is called a continuous map if A5,B implies f(A)&S>.f(B).

From the fact that A< f~1f(A) and C 2 ff~1(C), we obtain the following lemma.

LEMMA 3.4. Let (X,01) and (Y,02) be two intuitionistic fuzzy proximity spaces and
f:X =Y amap. Then f is continuous if and only if C§»D implies f~1(C)§, f~1(D), for
each C,D € I(Y).

THEOREM 3.5. Letcl:1(X) — I(X) be a map satisfying the conditions (1)-(4) of Theo-
rem 2.5. Then there is a unique intuitionistic fuzzy topology 7 on X such that cl = clg.

PROOF. LetJ ={A €I(X) |cl(A®) = A°}. First, we will show that J is an intuitionis-
tic fuzzy topology on X.

(i) Clearly, 0. € J and 1. € J.

(ii) Let A,B € 9. Then cl(A¢) = A€ and cl(B°¢) = B°. So

cl((AnB)¢) =cl(A°UB°) =cl(A°)ucl (B°) = A°UB° = (AnB)© (3.1)
and hence AnB e 7.

(iii) Let Ay € 7 for all @ € T. Then for each « €T, cl(AS) = AS. Note that if A < B then
cl(A) < cl(B). So

cl ((QA“>C) =d (QA@) c ch (AS) = QAfX = (L(XJAD()C. (3.2)

Thus cl((UxAx)¢) = (UxAx)€ and hence |JyAx € I. Therefore, J is an intuitionistic
fuzzy topology on X.
Next, we will show that cl = clg. Let A € I(X). Since cl(cl(A)) = cl(A) and A < cl(A),

dg(A) =({FeI(X)|AcF, FC € T}
=({F€I(X) | AcF, cl(F) = F} (3.3)
< cl(A).

Consider a set F such that cl(F) = F and A € F. Then cl(A) € cl(F) = F. Thus cl(A) c F
and hence

c(A) < {FeI(X) | ACF, cl(F) = F} = cls (A). (3.4)

Hence cl = clg.
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Finally, we will show that such a J is unique. Suppose J* is an intuitionistic fuzzy
topology on X such thatcl = clg+.Let A € 7. Then cl(A¢) = A°. So clgx (A°) = cl(A°) = A
and hence A € 7*. Also,let A € 7*. Then cl(A¢) = clg« (A¢) = A€ and hence A € 9. Thus
T =%, O

THEOREM 3.6. Let (X,0) be an intuitionistic fuzzy proximity space and define a map
cl:1(X) - I(X) by

cl(A) = {B¢ € I(X) | A§B}, (3.5)

for each A € 1(X). Then the following properties hold:
(1) Accl(A);
(2) cl(cl(A)) = cl(A);
(3) cl(AUB) =cl(A)ucl(B);
4) cl(0.) =0-.

PROOF. (1)LetA = (ua,ya) € I(X).Take any B = (ug,yp) € I(X) such that AgB. Then
ANB=0.=(0,1) and hence psApp =0and yavys=1.S0 s +ug <1 and ys +yz >
1. Thus pug <1 —yp < ya and yp > 1 —ys > ua. Hence B = (yp,up) 2 (Ua,ya) = A.
Therefore,

Ac(){B°| AgB} = cl(A). (3.6)

(2) It is sufficient to show that cl(A)@B if and only if AJB. If AJB, then cl(A)S6B
obviously. Conversely, suppose that AgB and cl(A)dB. Then there exists an E € I(X)
such that BJE and E°JA. Since cl(A)6B and EJB, cl(A) ¢ E and hence pga) £ pg or
Yda(a) # YE- So there exists an x € X such that

Hel(a) (x) > HE(X) OF Yea) (x) < ye(x). (3.7)

If paa) (x) > pe(x), we choose a € I such that pgp(x) < a < paa) (x).Define G: X — I xI
by

G(y)—{(o’a) ?fy*x' (3.8)

0,1) if y # x.

Then G € I(X) and G € E€.If GJA then cl(A) € G° by the definition of closure and hence

Ucla)(X) < Hge(X) = ye(x) = a < Haa (x). This is a contradiction. Thus GSA. Since

G < E¢, ASE®. This is a contradiction to the fact that EC§A. Hence pi¢(a) (X) < pp(x).
Next, if yaa) (x) < ye(x), we can choose b € I such that yqa)(x) < b < yg(x). Define

H:X - IXxIby

(b,1-b) ify=x,
H = 3.9
) {(0,1) if v # x. (3:9)
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Then H € I(X). Since ug(x) = b < yp(x) = ppe(x) and yg(x) =1-b > 1—-yp(x) =
Ugp(x) = yEe(x), H< E€. If H§A then cl(A) < H® by the definition of closure and hence
Yaa) (X) = ype (x) = Uy (x) = b > yaa) (x). This is a contradiction. Thus we have HSA.
Since H < E¢, ASEC. This is a contradiction. In any case, we have a contradiction. So
AJ@B implies cl(A)JB.

(3) It is easy to show that cl(A U B) 2 cl(A) U cl(B). On the other hand, suppose
(Hcl(auB), Yei(aup)) = cl(AUB) & cl(A) ucl(B) = (Ha(a) V Hd(B), Ya(a) A Ya()). Then there
exists an x € X such that

Helcaup) (X) > Hela) (X)) V Heir) (X) OF Yeraup) (X) < Yea) (X) Aye) (). (3.10)

CASE 1. Suppose HUcaup) (X) > Heca)(X) V Hap) (X). We may assume pea)(x) =
Ua) (x). Let pacaup) (X) = a. Then pga)(x) < a and hence there exists an € > 0 such
that paa) (x) < a —e€. Since pUaa) (x) = Ayc(x) | C§A}, there exists a C € I(X) such
that C§A and yc(x) < a—e€. Note that

Y (Xx) = Ha) (X) = Ham) (X) > Has) (X) — (3.11)

€
E:
and hence pqp) (X) < yc(x) +€/2. Since pap) (x) = Alyp(x) | DB}, there exists a
D € I(X) such that DJB and yp(x) < yc(x) +¢€/2. Since (CNnD)3A and (CND)3gB, we
have (CnD)@(AUB). So, from the definition of closure, we have cl(AuUB) € (CNnD)¢.
Also yc(x)Vyp(x) <yc(x)+e€/2. Hence

a = Haaup) (X) < Hcnp)e (X) = Yeap (X) = ye(X) Vyp(x)

<ycx)+S<a-e+rS=a-E. 512

2 2 2
This is a contradiction.

CASE 2. Suppose yc(aup) (X) < Yaa)(X) A Yae) (x). We may assume yqa)(x) <
Ya) (x). Let yaaup) (x) = a. Then a < yqa)(x) and hence there exists an € > 0 such
that a + € < yaa) (x). Since yqa)(x) = V{uc(x) | CFA}, there exists an intuitionistic
fuzzy set C € I(X) such that CgdA and a + € < uc(x). Note that,

€
He(X) < Yea) (X) < Yam) (X) < Yam) (X) + 5 (3.13)

and hence pc(x) —€/2 < yam) (x). Since yqp) (x) = V{up(x) | DB}, there exists a
D € I(X) such that DJB and pc(x) —€/2 < up(x). Since (CND)JA and (CnD)FB, we
have (CnD)@(AuUB). So, from the definition of closure, we have cl(AuB) = (CnD)¢.
Also pc(x) —€/2 < uc(x) Aup(x). Hence

a = Yaaup) (X) = Ycap)e (X) = tcap(X) = pc(x) A pp (x)
>I-lc(x)—g>a+e—£:a+5. (3.14)
2 2 2
This is a contradiction.
In any case, we have a contradiction. Therefore cl(AuUB) = cl(A) ucl(B).
(4) Since 1.0, c1(0~.) =N{B° | B30-} =(0,1) =0-. |
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THEOREM 3.7. For an intuitionistic fuzzy proximity space (X,0), the family
T(6)={Ael(X)|cl(A%) = A} (3.15)

is an intuitionistic fuzzy topology on X.
PROOF. By Theorems 3.5 and 3.6, the proof follows. |

DEFINITION 3.8. The topology J(6) defined in Theorem 3.7 is called the intuition-
istic fuzzy topology on X induced by the fuzzy proximity .

THEOREM 3.9. Let (X,0,1) and (Y,d2) be two intuitionistic fuzzy proximity spaces and
f:X — Y acontinuous map. Then f : (X, (61)) — (Y,T(52)) is continuous with respect
to the corresponding intuitionistic fuzzy topologies T (61) and T (52).

PROOF. Let A € J(8>). Then cl(A) = A°. We will show that cl(f~1(A)°) =
F1(A)C. Clearly f~1(A)¢ < cl(f~1(A)¢). Conversely, let B> AC. Since f is continuous,
SHUB)G 11 (AC) = f1(A)C. Thus

A (FHA)) = (K | K§Lf (A} < £ H(B)". (3.16)
Hence for any B, A¢, cl(f~1(A)°) < f~1(B)°. So, we have

d (f71(A)) = ({F 1 (B) | BFA}
= (N {f"(B) | BF2A}
= £ (1B | B§A})
= e (A) = £ A = £

(3.17)

Thus cl(f~1(A)¢) = f~1(A)¢. Hence f~1(A) is open. Therefore, f is a continuous map.
O

4. The 6-neighborhood in the intuitionistic fuzzy proximity. In this section, we
will introduce the notion of the §-neighborhood in the intuitionistic fuzzy proximity.

DEFINITION 4.1. Let (X,0) be an intuitionistic fuzzy proximity space. For A,B €
I(X), the intuitionistic fuzzy set B is said to be a d-neighborhood of A (in symbols
A <« B) if A@BC.

Clearly, we know that if A < B, then A < B.

THEOREM 4.2. Let (X,0) be an intuitionistic fuzzy proximity space and A,B € I(X).
Then the following properties hold:
(1) A< B ifandonly ifcl(A) < B;
(2) if A < B, then there exists an element G of the intuitionistic fuzzy topology J (9)
induced by 6 on X such that A < G < B;
(3) if A@B, then there are E,F € I(X) such that A < E, B < F, and EJF.



2624 S. J. LEE AND E. P. LEE

PROOF. (1) It follows from the fact that AgB if and only if cl(A)#B (see the proof of
Theorem 3.6(2)).
(2) Let A < B. Then AJB¢ and hence

cl(B°) = () {K® | K§B} < A°. (4.1)
Thus B¢ < cl(B€) < A€. Put G = cl(B¢)°. Note that
cl(G°) =cl(cl(B)) =cl(B) = G". 4.2)

Hence G € J(6) and A < G < B.

(3) Suppose AJB. Then there exists an E € I(X) such that AJEC and EJB. Since BJE,
there exists an F € I(X) such that B§F¢ and FJE. Thus there are E,F € I(X) such that
A< E,B< F,and EJF. ]

THEOREM 4.3. Let (X,0) be an intuitionistic fuzzy proximity space. Then the rela-
tion < on I(X) has the following properties:

1) 1. «1.;

(2) A< B implies ANB® =0_;

(3) if A1 € A< B< By, then Ay < By;

(4) A< B1nBy ifandonly if A < By and A < By;

(5) A < B implies B¢ <« A¢;

(6) if A < B, then there exists a set E € 1(X) such that A < E < B.

PROOF. (1)Since 1.d0.=1¢,wehave 1. < 1..

(2) Let A < B. Then A¢B¢ and hence ANB¢ =0..

(3) Let A} € A < B < B;. Then AgBC. Since A; < A and Bf < B¢, we have A;¢Bf and
hence A; < B;.

(4)

A < B NBy = A§(B;NB,) =B UBS
< AJBS and AFBS (4.3)

< A< By and A < Bo.

(5) Let A < B. Then A¢B¢ and hence B¢§A = (A€)¢. Thus B¢ < A€.
(6) Let A < B. Then A@BC¢. Thus there exists a set E € I(X) such that AJE¢ and EJB¢
and hence A < E < B. O

THEOREM 4.4. Let < be a relation on I(X) satisfying (1)-(6) of the above theorem.
Then the relation 6 on I(X), defined by A@B if and only if A < B¢, is an intuitionistic
fuzzy proximity on X. Also, with respect to this intuitionistic fuzzy proximity, B is a o-
neighborhood of A if and only if A < B.
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PROOF. First, we will show that ¢ is an intuitionistic fuzzy proximity on X.
(1) Let AJB. Then A < B¢ and hence B < A€. So BJA.
(2)

AJ(BUB,) <= A < (B UB,)" = B NBS
«— A< Bf and A < BS (4.4)
<~ A(ﬁBl and A(ﬁBz.

(3)LetB=0..SinceAcl.<x1.<1_,wehave A< 1.=(0-.)¢= B¢ and hence AJB.

(4) Let AJB. Then A < B€. Thus there exists an E € I(X) such that A < E < B¢. So
A < (E°)€ and E < B¢. Hence AGEC and E@B.

(5) If A§B, then A < B¢ and hence AnB=AnN(B°)¢ =0..

Therefore ¢ is an intuitionistic fuzzy proximity on X. Clearly, B is a d-neighborhood
of A if and only if AgB¢ if and only if A < (B)¢ = B. O

THEOREM 4.5. Let (X,0) be an intuitionistic fuzzy proximity space and A € I(X).
Then

cl(A) = ({B| A< B}. (4.5)

PROOF. Let K = (({B | A < B}. Take any B with A < B. Then cl(A) < B and hence
cl(A) € B. Thus

c(A) = ){BIA< B} =K. (4.6)

Conversely, suppose cl(A) 2 K. Then pqa) # Hx Or yYaca) # yk and hence there exists
an x € X such that

Hela) (X) < pg (x) or ya) (x) > yk(x). (4.7)
Suppose Uaa) (X) < pg(x). Let ug (x) = a. Then there exists an € > 0 such that pga) (x)
< a-e. Since Uqa)(x) = N{ys(x) | AgB}, there exists an E € I(X) such that AGE and
ye(x) < a—e. Since AG(E€)¢, A < E¢ and hence K = {B | A < B} < E€. Thus
a = pg(x) < ppe(x) = yp(x) <a-e. (4.8)
This is a contradiction. Next, suppose Yq)(x) > yx(x). Let yx(x) = a. Then there
exists an € > 0 such that yq)(x) > a + €. Since yqa)(x) = V{ug(x) | A§B}, there
exists an F € I(X) such that AJF and ur(x) > a+e€. Since AJ(F°)¢, A < F¢ and hence
K =N{B| A < B} < F¢. Thus

a=yg(x) = yre(x) = up(x) > a+e. (4.9)

This is a contradiction. |
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5. Category of intuitionistic fuzzy proximity spaces. We knew the relationship be-
tween fuzzy topological spaces and fuzzy proximity spaces (see [5, 6]). The relationship
between fuzzy topological spaces and intuitionistic fuzzy topological spaces had been
studied in [8]. Also we have had the relationship between intuitionistic fuzzy proxim-
ity spaces and intuitionistic fuzzy topological spaces in Theorems 3.7 and 3.9. Now,
we are going to find a categorical relationship between fuzzy proximity spaces and
intuitionistic fuzzy proximity spaces.

Let FProx be the category of all fuzzy proximity spaces and proximity maps and
IFProx the category of all intuitionistic fuzzy proximity spaces and continuous maps.

THEOREM 5.1. Define F : FProx — IFProx by
F(X,0) = (X,06), F(f)=f, (5.1)

where for A,B € I(X), A6B if and only if (1—ya)o (1 —yg). Then F is a functor.

PROOF. First, we will show that ¢ is an intuitionistic fuzzy proximity on X.
(1) Clearly, A6B implies BOA.
(2) Note that 1 = yaup =1-(yaAyp) = (1-ya)Vv (1-yp). Thus

CS(AUB) = (1-yc)o(1-yaus)
= (1-yc)o[(1-ya)Vv(1-yp)]

= (I1-yc)o(l—ya) or (1-yc)o(1-ys)
< COA or CHB.

(5.2)

(3) Since (1-y4)¢0 = (1—-yo_), we have AFO-.

(4) Let AB. Then (1 —y4)¢ (1 —yp). Then there exists a p € IX such that (1 —y4)dp
and (1-p)@(1 —yg). Let E = (ug,ye) = (p,1 —p). Then E € I(X). Since (1 —ys)¢p =
(1-yg), APE.Note that 1 —yge =1—pg=1-p and (1 -p)¢(1—yp). So E°FB.

(5) Let ANB # 0.. Suppose y4 V yg = 1. Then

I=yavys=<(1—pa)Vv(1—pp) =1-(uaApp) (5.3)

and hence pa A g = 0. So AnB = 0. This is a contradiction. Thus y, v yg # 1. Hence
(1-ya)A(1—yg) =1—(yaVys) #0.Thus (1-ys)o(1-yg) and hence ASB. Therefore
(X,0) is an intuitionistic fuzzy proximity space.

Next, we will show that if f: (X,01) — (Y, 0%) is a proximity map, then f: (X,6,) —
(Y,62) is a continuous map. Let C,D € I(Y) and C#>D. Then (1 —y¢)@2(1—yp). Since
f:(X,01) — (Y,07) is a proximity map, f~'(1—yc)¢1.f~ (1 —yp). Note that

S 1=yc) f

=1-f"(yc) =1-yr1),
ft1-yp)=1-f

-1

(5.4)
Hyp)=1-ys1p)-
So [1—yp1)]¢1[1 - ys1(p)] and hence f~'(C)df~!(D). Therefore f : (X,56:) —
(Y,62) is a continuous map. In all, F is a functor. O



INTUITIONISTIC FUZZY PROXIMITY SPACES 2627

THEOREM 5.2. Define G :IFProx — FProx by
G(X,0) = (X,0), G(f)=f, (5.5)

where for v,p € IX, vop if and only if (0,1 -v)5(0,1—p). Then G is a functor.

PROOF. First, we will show that o is a fuzzy proximity on X.
(1) Clearly, if vop, then pov.
(2) Note that (0,1—-(vvp))=(0,(1-v)A(1-p))=(0,1-v)U(0,1-p). Thus
Ao(vvp) = (0,1-A)6(0,1-(vvp))
<= (0,1-A)6[(0,1-v)u(0,1-p)]
< (0,1-A)6(0,1-v) or (0,1-A)6(0,1—p)

< AoV orAop.

(5.6)

(3) Since (0,1 -v)§0. = (0,1 —0), we have v¢ 0.
(4) Let vgrp. Then (0,1 —v)§(0,1 —p). So there exists a set E = (ug,yg) € I(X) such
that

(0,1 =v)¢(ue,ye),  (ye,ue)$(0,1-p). (5.7)
Since (0,1 —ug) < (ug,ye) and (0, ug) < (Y, ME),
(0,1-v)$(0,1 - pg), (0, ug)3(0,1-p). (5.8)

Thus there exists a set pur € IX such that vgug and 1 — pedp.
(5) Let v A p # 0. Then

0,1-v)N(0,1-p) = (0,1 (vAp)) #0-. (5.9)

So (0,1-v)58(0,1 - p) and hence vop. Therefore (X, o) is a fuzzy proximity space.
Next, we will show that if f: (X,8,) — (Y,d2) is a continuous map then f: (X,07) —

(Y,0») is a proximity map. Let v,p € IV and v¢op. Then (0,1 —v)§»(0,1 — p). Since

f:(X,81) — (Y,8,) is a continuous map, f~1((0,1-v))# f~1((0,1-p)). Note that

FH0,1=v)) = (f710), 1 (1-v)) =(0,1-f1(v)),

F0,1=p)) = (F7100), F1 (1= p)) = (0,1 F~1(p)). (5.10)

So (0,1 - f~1(v))$1(0,1 - f~1(p)) and hence f~'(v)¢ 1f'(p). Thus f : (X,01) —
(Y,0?) is a proximity map. In all, G is a functor. O

THEOREM 5.3. The functor F : FProx — IFProx is a left adjoint of the functor G :
IFProx — FProx.

PROOF. First, we will show that for any (X,o0) € FProx, 1x : (X,0) — G(F(X,0))
is a proximity map. Let v,p € IX and vop. Then (0,1 —v)F(o)(0,1 — p) and hence
vG(F(0))p.
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Next, consider (Y,d) € IFProx and a proximity map f : (X,0) — G(Y,0). In or-
der to show that f: F(X,0) — (Y,0) is a continuous map, let A,B < I(Y) and AJB.
Since (0,ya) < (pa,ya) = A and (0,yg) < (up,¥8) = B, (0,y4)$(0,ys) and hence (1 -
ya)G($)(1—-yg).Since f: (X,0) — G(Y,6) is aproximity map, f ' (1-y) ¢ f 1 (1-yp).
Note that

S 1=ya) =1-f " (ya) =1-yp1a),

1-— 1
(5.11)
S A —yp) =1—-f""ys) =1-ys1(n).
So [1—yf-14)]¢[1—yp-1(5] and hence f~'(A)F(¢)f~(B). Thus f:F(X,0) - (Y,0)
is a continuous map. Therefore 1x is a G-universal map for (X, o) in FProx. O
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