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AN EXTENSION OF g-ZETA FUNCTION
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We will define the extension of g-Hurwitz zeta function due to Kim and Rim (2000) and
study its properties. Finally, we lead to a useful new integral representation for the g-zeta
function.
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1. Introduction. Let 0 < g < 1 and for any positive integer k, define its g-analogue
[klg=(1- a*)/(1=q). Let C be the field of complex numbers. The g-zeta function due
to T. Kim was defined as

W (s) = (1.1)

for any s, h € C (cf. [3, 4]). This function can be considered on the spectral zeta function
of the quantum group SUy(2) (cf. [2, 4]). Also, the g-zeta function Cu(lh ) (s) was studied
at negative integers (see [4]). In this note, we lead to a useful new integral representa-
tion for the g-zeta function C,({” (s). Finally, we define the extension of g-Hurwitz zeta
function, and study its properties.

2. g-zeta functions. For g € C with |g| < 1, we define g-Bernoulli polynomials as
follows:

h)(t X) = ZB (X)
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forh e Z,x € C(cf.[2,4]).Inthe case x =0, B(m (= B<h) (0)) will be called the g-Bernoulli
numbers (cf. [4]). By (2.1), we easily see that
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where (?) is a binomial coefficient.
Thus we note that

a"(aB™ +1)" =B = 61m, (2.3)

where we use the usual convention about replacing (8")" by g% and &, , is the
Kronecker symbol.

EXAMPLE 2.1.

@_ 2 poy_ 24+1 o) 2q° @ __a’*@-1)(2[3]4+4a)
0 217 ! [21(3]" "? [3](4]" "3 [31[41[5] ’
(2.4)
Let F{V (1) = 3%, (BWY /m)t". Then we easily see that
FV (x,t) = et F(M (qt)
- iql(h+l)+xe[l+x]qt (1 _q)hiqlhe[l+x]qt. (2.5)
1=0 =0
By (2.1) and (2.5), we note that
eftF‘;h)(iqt) — qt qu(h+l)e*[l+l]qt + (1 7q)hquh67[l+l]qt. (26)
1=0 1=0
Thus we have
I - h+l-s < q"™
— t52e tEM (—gqt)dt = 1 2.7
Fg Jp 4R Candt = 3 S s @D S s @
For h,s € C, we define the g-zeta function as follows:
> 1- s+h
P (s) = +(q-1) Zl ”’]5 = (cf. 1, 41). (2.8)
n=1 n

Note that C,(lh) (s) is a meromorphic function for Re(s) > 1.

Let I'(s) be the gamma function and let Z be the set of integers. By (2.3), (2.7), and
(2.8), we obtain the following.

For h,n(> 1) € Z, we have

a"(@B™+1)" Py

gWa-n)=- - =-=
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Let x be any nonzero positive real number. Then we define the g-analogue of Hurwitz
zeta function as follows:

" e q™ h+1- s B
Sa (S’X)_Eo[n+x]§,+ 1-5s I)Z +x] (2.10)

for s,h € C. By (2.5) and (2.10), we easily see that
g (s,x) = % JO t72FEM (x, - b)dt. (2.11)

Thus we obtain the following: for n € N, h € Z, we have

B(h) (X)

(h) (1 —
g’ (1-n)= n

(2.12)

because

M (s,x) = t”” 24t. (2.13)
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