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We construct Nijenhuis operators from particular bialgebras called dendriform-Nijenhuis
bialgebras. It turns out that such Nijenhuis operators commute with TD-operators, a kind
of Baxter-Rota operators, and are therefore closely related to dendriform trialgebras. This
allows the construction of associative algebras, called dendriform-Nijenhuis algebras, made
out of nine operations and presenting an exotic combinatorial property. We also show that
the augmented free dendriform-Nijenhuis algebra and its commutative version have a struc-
ture of connected Hopf algebras. Examples are given.
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1. Introduction

NOTATION. In the sequel, k is a field of characteristic zero. Let (X, ¢) be a k-algebra
and let (¢;)1<i<n : X®% — X be a family of binary operations on X. The notation ¢ —
>ioiwillmeanx oy = > ;x¢;y,forall x,y € X. We say that the operation ¢ splits into
the N operations ¢1,..., ¢y, or that the operation ¢ is a cluster of N (binary) operations.

Let (¥,[-,-]) be aLie algebra. A Nijenhuis operator N : £ — £ is a linear map verifying

[N(x),N(»)]+N*([x,y]) = N([N(x),y] +[x,N(»)]). (1.1)

Solutions of this equation can be constructed by producing operators 8 : A — A verify-
ing the associative Nijenhuis relation (ANR) on an associative algebra (A, u). The ANR,
that is,

(ANR) : B(x)B(¥) + B*(xy) = B(B(x)y +xB(¥)), (1.2)

for all x,y € A, appears for the first time in [4]; see also [5, 6] and the references
therein. Such linear maps B are then Nijenhuis operators since (1.2) implies (1.1) on the
Lie algebra (A,[-,-]),with [x,y]:= xy—yx,forall x,y € A.In the sequel, by Nijenhuis
operators we mean a linear map defined on an associative algebra and verifying (1.2).

Section 2 prepares the sequel of this work. Nijenhuis (NS)-algebras are defined and
dendriform trialgebras are recalled. We show that Nijenhuis operators on an associa-
tive algebra give NS-algebras. The notion of Trigebre-Dendriforme (TD)-operators is
also introduced. Such operators give dendriform trialgebras [6, 9, 14]. In Section 3,
the notion of dendriform-Nijenhuis bialgebras (A, u,A) is introduced. This notion is
the cornerstone of the paper. Indeed, any dendriform-Nijenhuis bialgebra gives two
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operators 8,y : End(A) — End(A), where End(A) is the k-algebra of linear maps from A
to A, which commute with one another, that is, fy = y . The first one turns out to be a
Nijenhuis operator and the last one, a TD-operator. Section 4 gives examples. Section 5
introduces dendriform-Nijenhuis algebras, which are associative algebras whose asso-
ciative product splits into nine binary operations linked together by 28 constraints.
When the nine operations are gathered in a particular way, dendriform-Nijenhuis al-
gebras become NS-algebras and when gathered in another way, dendriform-Nijenhuis
algebras become dendriform trialgebras. Otherwise stated, this means the existence of
a commutative diagram between the involved categories,

Dend Nijenhuis —— NS

| ™ | )

TriDend —— As

which will be explained in Section 5. Such associative algebras can be easily constructed
from dendriform-Nijenhuis bialgebras. Section 6 shows that the augmented free
dendriform-Nijenhuis algebra and the augmented free NS-algebra on a k-vector space
V, as well as their commutative versions, have a structure of connected Hopf algebras.

2. NS-algebras and dendriform trialgebras. We present some results relating
NS-algebras and dendriform trialgebras to Nijenhuis operators and TD-operators.

2.1. NS-algebras

DEFINITION 2.1 (NS-algebra). An NS-algebra (A,<,>,e) is a k-vector space
equipped with three binary operations <, >, s : A®? — A verifying

(x<y)<z=x<(y*2),
(x>y)<z=x>(y<2z),

(2.1)
(x*xy)>z=x>y>2z,

(x*xy)ez+(xey)<z=x>(Vez)+Xxo(y*x2Z),

where x —< + > +e. The k-vector space (A, x) is an associative algebra, that is, there
exists a functor F; : NS — As where NS is the category of NS-algebras and As the category
of associative algebras.

REMARK 2.2. Let (A, <,>,e) be an NS-algebra. Define three operations <P, >°P e°P :
A®2 — A as follows:

x<Py=y>x, x>Py=y<x, xePy=yex, Vx,yeA. (2.2)
Then, (A, <, > «°P) js an NS-algebra called the opposite of (A,<,>,e). NS-algebras

are said to be commutative if they coincide with their opposites, thatis,if x < y =y > x
and xey = yex.



CONSTRUCTION OF NIJENHUIS OPERATORS ... 2597

PROPOSITION 2.3. Let (A,u) be an associative algebra equipped with a Nijenhuis
operator B: A — A. Define three binary operations <g,>g,%p: A®> — A as follows:

x <py=xB(y), x>py=pB(x)y, xepgy =-B(xy), (2.3)

for all x,y € A. Then, AP := (A, <g, >p,9p) is an NS-algebra.
PROOF. Straightforward. O

PROPOSITION 2.4. Let (A,u) be a unital associative algebra with unit i. Suppose B :
A — A is a Nijenhuis operator. Define three binary operations <g,>g, g : (ABY®2 . AB
as follows:

xXpgy =xB(i) <g y(=x =< B1)y),

xSpy =x>p By (=xB(i) >py), (2.4)
xopy =xB(i)egy(=xeB(1)y),

forall x,y € A. Then, (A,<g,>g,%p) is an NS-algebra.

PROOF. Observe that for all x € A, B(x)B(i) = B(xB(i)) and B(i)B(x) = B(B(i)x).
Therefore, for all x,y € A, x<py = xB(1)B(y) = xB(B(i)y) = x <p B(i)y and simi-
larly for the two other operations. Fix x,y,z € A. We check that

(x<py)Xz=xXp(y*p2), (2.5)
where xg — <g+>p+ 8. Indeed,

(xXpy)=<pz=x <p (B()y xpB(i)z)
=x<g (B()y < B(D)z+B()y >p B(i)z+B(i)y epB(i)z)
=x < B) (¥ <pBli)z+y >p B(i)z+y epB(i)2)
=x=p(y*pz). .

(2.6)

2.2. Dendriform trialgebras. We recall some motivations for the introduction of
dendriform trialgebras. Motivated by the K-theory, Loday first introduced a “noncom-
mutative version” of Lie algebras called Leibniz algebras [10]. Such algebras are de-
scribed by a bracket [ -, z] verifying the Leibniz identity:

[[x,¥1,z] =[[x,z],¥] +[x,[»,z]]. (2.7)

When the bracket is skew-symmetric, the Leibniz identity becomes the Jacobi identity
and Leibniz algebras turn out to be Lie algebras. A way to construct such Leibniz al-
gebras is to start with associative dialgebras, that is, k-vector spaces D equipped with
two associative products + and — and verifying some conditions [11]. The operad Dias
associated with associative dialgebras is then Koszul dual to the operad DiDend asso-
ciated with dendriform dialgebras [11]. A dendriform dialgebra is a k-vector space E
equipped with two binary operations <, >: E®? — E, satisfying the following relations
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for all x,y,z € E:

(x<y)<z=x<(y*x2z),
(x>y)<z=x>(y<2z), (2.8)
(x*xy)>z=x>(y>2z),

where, by definition, x x y := x < vy +x > v, for all x,y € E. The dendriform dialgebra
(E, ~) is then an associative algebra such that x —< + >. Similarly, to propose a “non-
commutative version” of Poisson algebras, Loday and Ronco [14] introduced the notion
of associative trialgebras. It turns out that Trias, the operad associated with this type of
algebras, is Koszul dual to TriDend, the operad associated with dendriform trialgebras.

DEFINITION 2.5 (dendriform trialgebra). A dendriform trialgebra is a k-vector space
T equipped with three binary operations <,>,o : T®2 — T, satisfying the following re-
lations for all x,y,z€ T:

(x<y)<z=x<(y*x2z), (x>y)<z=x>(y<2z),
(x*xy)>z=x>(y>2z), (x>y)oz=x>(yoz),
(X <y)oz=x0(y>2z), (xoy)<z=x0(y<2), (2.9)

(Xoy)oz=x0(yoz),

where, by definition, x x y :=x < y+x > y+xoy, for all x,y € T. The k-vector space
(T, =) is then an associative algebra such that x —< + > +o. There exists a functor
F, : TriDend — As.

Observe that these axioms are globally invariant under the transformations x <°P
y=y>x,x>Py=y<x,and xo°? y = yox. A dendriform trialgebra is said to be
commutativeif x < y =7y >xand xoy = yox.

To construct dendriform trialgebras, t-Baxter operators, also called Rota-Baxter op-
erators, have been used in [6, 9] to generalize [2]. Let (A,u) be an associative algebra
and let t € k. A t-Baxter operator is a linear map & : A — A verifying

E()E(y) =E(xE(Y) +E(X)y +IxY). (2.10)

For t = 0, this map is called a Baxter operator. It appears originally in a work of Baxter
[3] and the importance of such a map was stressed by Rota in [15]. We present another
way to produce dendriform trialgebras. Let (A, u) be a unital associative algebra with
unit i. The linear map y : A — A is said to be a TD-operator if

YX)yy) =y(yx)y+xy(y)-xyi)y), (2.11)

for all x,y € A.

PROPOSITION 2.6. Let A be a unital algebra with unit i. Suppose y : A — A is a TD-
operator. Define three binary operations <y, >y, oy 1 A®2 — A as follows:

X<y y=xy(y), x>yy=yXx)y, Xxopyy=-xy{i)y, VxyeA. (2.12)
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Then, AY := (A,<y,>y,°y) is a dendriform trialgebra. The operation *, 1 A®2 - A de-
fined by

X*xyyi=xy(y)+yx)y—-xy@d)y (2.13)

is associative.

PROOF. Straightforward by noticing that y(i)y(x) = y(x)y (i), for all x € A. O

3. Construction of Nijenhuis operators and TD-operators from dendriform-
Nijenhuis bialgebras. In [1], Baxter operators are constructed from infinitesimal bial-
gebras (e-bialgebras). This idea has been used in [2, 9] to produce commuting t-Baxter
operators. Recall that a t-infinitesimal bialgebra (e(t)-bialgebra) is a triple (A,u,A),
where (A, u) is an associative algebra and (A, A) is a coassociative coalgebra such that
forall a,b € A,

A(ab) =aqy®apb+abay®bp)y+taob. (3.1)

If t = 0, an €(t)-bialgebra is called an e-bialgebra. Such bialgebras appeared for the first
time in the work of Joni and Rota in [8], see also Aguiar [1] for the case t = 0 and Loday
[12] for the case t = —1.

To produce Nijenhuis operators from bialgebras, we replace the term ta ® b in the
definition of €(t)-bialgebras by the term —u(A(a)) ® b. A physical interpretation of this
term can be the following. The two-body system u(a ® b) := ab, for instance, a two-
particle system or a string of letters in informatics, made out from a and b, is sounded
by a coproduct A, representing a physical system. This coproduct “reads sequentially”
the system u(a®b) giving the systems A(a)b and aA(b). In the case of €(t)-bialgebras,
A(ab) studies the behavior between the “sequential reading” A(a)b and aA(b), and
ta ® b which can be interpreted as the system a decorrelated with system b. In the
replacement, ta® b by u(A(a)) ® b, we want to compare the sequential reading A(a)b
and aA(b) to the decorrelated system u(A(a)) ® b made out with b and the system
obtained from the recombination of the pieces created by reading the system a.

DEFINITION 3.1 (dendriform-Nijenhuis bialgebra). A dendriform-Nijenhuis bialge-
brais atriple (A, u,A),where (A, u) is an associative algebra and (A, A) is a coassociative
coalgebra such that

A(ab) := A(a)b+aA(b) —u(A(a))®b, Va,be<A. (3.2)

The k-vector space End(A) of linear endomorphisms of A is viewed as an associative
algebra under composition denoted simply by concatenation TS, for T,S € End(A).
Another operation called the convolution product * defined by T * S := u(T ®S)A, for
all T,S € End(A), will be used.

PROPOSITION 3.2. Let (A,u,A) be a dendriform-Nijenhuis bialgebra. Equip End(A)
with the convolution product . Define the operators B,y : End(A) — End(A) by T ~
B(T):=id* T (right shift) and T — y(T) := T xid (left shift). Then, the right shift B is a
Nijenhuis operator and the left shift y is a TD-operator. Moreover, By = yB.
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PROOF. We show that the right shift B : T — id x T is a Nijenhuis operator. Fix
T,S € End(A) and a € A. On the one hand,

B(T)B(S)(a) =u(ideT)A(aq)S(ae)))
=p(ide T)(anm @ameS(ae) +amns(ae)q @S(ae) e
—ammame ®S(ae)) (3.3)
=aqT(ameS(ae))+ansS(ae)T(S(aw)e)
—ammanT(S(aw))-

On the other hand,

B(B(T)S)(a) = u(ideB(T)S)(am) ®a))
=amnS(ae)q)T(S(ae)e),

B(TB(S))(a) = pu(ide TB(S))(an) ®aw)) (3.4)
=amT(apmS@axe))
=anmmT(lanesS@ae)),

since A is coassociative. Moreover,

B(B(TS))(a) = u(ideB(TS))(an) ®aw))
=anB(TS)(aw)
=amu(ideTS)(axn) ®ae ) (3.5)
=amaxnTS(ae @)

=ammameTS(aw),

since A is coassociative. Similarly, we can show that the left shift y: T — T x id is a
TD-operator. O

An L-antidipterous algebra (A, >, <4) is an associative algebra (A, ) equipped with
aright module structure on itself, that is, (x <4 ) <4 z = x <4 () < z) and such that
> and <4 are linked by the relation (x > y) <4 z = x < (¥ <4 z). This notion has been
introduced in [10] and comes from a particular notion of bialgebras. See also [13].

PROPOSITION 3.3. Let (A,u,A) be a dendriform-Nijenhuis bialgebra. Set x > 7y =
U(A(x))y andx <5 v :=xu(A(y)), forallx,y € A. Then, the k-vector space (A,1<,<4)
is an L-antidipterous algebra.

PROOF. Straightforward by using p(A(xy)) = xu(A(y)), for all x,y € A. O

Let (A, u,A) be a dendriform-Nijenhuis bialgebra. We end this subsection by showing
that A can admit a left counit and that the k-vector space Der(A) of derivatives from
A to A is stable by the right shift S.
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PROPOSITION 3.4. Let (A,u,A) be a dendriform-Nijenhuis bialgebra. As a k-algebra,
setA:=k(S) /R, where S is a nonempty set and R is a set of relations. Supposen : A — k is
a p-homomorphism and (n®id)A :=id on S. Then, n is a left counit, that is, (N ®id)A :=
id on A.

PROOF. Fix a,b € A. Suppose n: A — k is a y-homomorphism and (n®id)A(a) :=a
and (n®id)A(b) := b. Then,

(neid)A(ab):=n(aaw)aeb+n(a)n(by)b:—n(aa))n(aae)b. (3.6)
However, n(aa))ae)b = ab, n(a)n(b1)b, = n(a)b, and n(aa)n(ae))b :=
nn(aay)ae))b:=n(a)b. Therefore, (n®id)A(ab) := ab. O

PROPOSITION 3.5. Let (A,u,A) be a dendriform-Nijenhuis bialgebra. If 0 : A — k is
a derivative, that is, 0(xy) := 0(x)y + x0(y), then so is the linear map B(0) : x —
U(id® 0)A(x).

PROOF. Straightforward. O

4. Examples

PROPOSITION 4.1. Let S be a set. Suppose A : kS — kS®2 is a coassociative coproduct
on the free k-vector space spanned by S. Denote by As(S) the free associative algebra
generated by S and extend the coproduct A to A, : As(S) — As(S)®? as follows:

Ay (s):=A(s), VseksS,

4.1
Ay(ab) :=As;(a)b+al,(b)—u(As(a))®Db, (4.1)

for all a,b € As(S). Then, (As(S),A;) is a dendriform-Nijenhuis bialgebra.

PROOF. Keep the notation of Proposition 4.1. The cooperation A; is well defined
since it does not depend on the writing of a given element ¢ € As(S). Indeed, it is
straightforward to show thatif c =ab =a’'b’ € As(S), with a,b,a’,b’ € As(S). Then,

As(c):=As(a)b+al,(b)—u(A:(a))®b

7 7 ’ ’ ’ ’ (42)
=A;(a)b' +a’'A,(b')—u(As(a’))eb'.

We show that A; is coassociative. Let a,b € As(S). Write A.(a) = aq) ® aizy and
A4 (D) := ba) ® b(z). Suppose (id ® A;)A;(x) = (Ay ®@id)A;(x), for x = a,b. By defi-
nition, A; (ab) := Ay(a)b+aA;(b) —u(A;(a)) ®b. On the one hand,

(id@Ag)Ag (ab):=anq)®Ay (a<2)b) +abg)®A, (b(z)) —amap) A (b)
=am®A;(ae)b+aq®aeba ®be 43)
—am®awemae e ®b .

+ab(1> ®Ag (b(z)) —a)a) ®Aa (b).
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On the other hand,

(A;@id)A(ab) = Az(am) ®axb+A;(aba)) ®be) —Az(anae) @b
=A;(am)®@apb+aq ®aeba) @b
+al; (b)) ®be)—anae) ®A;(b) (4.4)
Az (am)ae ®b-amdz(ae)eb

+ammane) ®ae) ®b.

The two equations are equal since (id®A;)A;(x) = (A; ®id)A;(x), for x = a,b. Since
Ay is supposed to be coassociative on kS and As(S) is the free associative algebra
generated by S, A; is coassociative on the whole As(S). O

EXAMPLE 4.2 (dendriform-Nijenhuis bialgebras from duplications). Keep the nota-
tion of Proposition 4.1. Define the coproduct A : kS — kS®? as follows:
A(s):=s®s. (4.5)
Then, (As(S),A;) is a dendriform-Nijenhuis bialgebra. For instance,
A(5152) =51 ®8152+ 5152052 — 52 @52, Vs1,s€S. (4.6)

5. Dendriform-Nijenhuis algebras

DEFINITION 5.1 (dendriform-Nijenhuis algebra). A dendriform-Nijenhuis algebra is
a k-vector space DN equipped with nine operations ~,\,~,~,1,1,%,5,s : DN®2 — DN
verifying 28 relations. To ease notation, seven sum operations are introduced:

XAy =X"Y+Xx7Yy+x<y,
XD>Y=X/Y+X\NY+X>Y,
xey=xty+xly+xeoy,

XAY =X Yy+x/7/y+x1y,

(5.1)
XVy=x\Ny+xsy+xly,
X*Yy =Xy +xX>y+xsy,
X* Y =X"Y+EXNY+EXIY+XNY
+xty+xly+xy+x>y+xey.
That is,
X*Y=XAY+XDY+XY=XAY+XVY+X*Y, (5.2)

for all x,y,z € A. The 28 relations are presented in two matrices. The first one is a
7 X 3 matrix denoted by (Milj)(i;zl _____ 7:j:=1,..,3); the second one is a 7 x 1 matrix denoted
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(x~Ny)Nz=x~(y*z), (x7y)Nz=x/(y<z), (xAy)7z=x7(y>2z),
(xvy)nz=xs(yAz), (xNy)Nz=xN(yX2), (xvy)rz=x~N(y 7 2z),
(x<y)vz=xv(yVvz), (x>y)vz=xN(y~2z), (x*y)Nz=x\N(y\2z),
(xvy)Rz=x v+ (y*z), (xNy)Xz=x\(y<2z), (xvy)Fzz=x\(y>z),
(x\Ny)<z=x<(yVvz), (x 7 y)z=x>(y v 2), (xAY)Sz=x5(y \ 2),
(x<y)Nz=xX(yA2z), (x>y)Nz=x>(y N\ 2z2), (x*xy) 7 z=x>(y 7 2),
(x<y)<z=x<(y*z), (x>y)z=x>(y<2z), (x*y)sz=x>(y5z),

(xAY)tz+(xty)Nz=x/7(yez)+x 1 (y*2z),

(xvy)tz+(xly)nz=x~N(yt1z)+xl(yArz),
(xxy)lz+(xsy)vz=xN(ylz)+xl(yVvz),
(xvy)ez+(xly)kz=xN(yez)+x | (y*z),
(xAyYy)sz+(xt1y)kz=x>(y lz)+xs(yV2),
(x*y)tz+(xsy)Nz=x>(y1z)+xe(yAZ),

(x*y)ez+ (xey)Xz=x5S(yez)+xe(y*z).
(5.3)

The vertical structure of the dendriform-Nijenhuis algebra DN is, by definition, the k-
vector space DN, := (DN, <, >, ¢) (which will turn out to be an NS-algebra). Its horizontal
structure is by definition the k-vector space DNy, := (DN, A, Vv, *) (which will turn out to
be a dendriform trialgebra).

REMARK 5.2 (opposite structure of a dendriform-Nijenhuis algebra). There exists
a symmetry letting the two matrices of relations of a dendriform-Nijenhuis algebra
be globally invariant. This allows the construction of the so-called opposite structure,
defined as follows:

Xx\NPy=y~x, x/Py=ysx,
x\Py=yNx, x/Py=yrsx, xitPy=ylx, (5.4)
x1Py=y1tx, x5Py=yix, xsPy=yix, xXPy=ysx.

Therefore, x < y = y>x, x>Py = y<ax, xVPy =yAx,and x APy = yvV
x. A dendriform-Nijenhuis algebra is said to be commutative when it coincides with
its opposite. For any x,y € T, observe that x *y := y *x. Observe that the matrix of
relations M! has three centers of symmetry. The first one MZI2 corresponds to the first
block of three rows; the second one M2, to the second block of three rows. The last one
is M3,. There are also three centers of symmetry for the matrix of relations M?. The
first one M§ corresponds to the first block of three rows; the second one, MSZ, to the
second block of three rows. The last one is M.
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THEOREM 5.3. Keep the notation of Definition 5.1. Let DN be a dendriform-Nijenhuis
algebra. Then, its vertical structure DN, := (DN, <,>, %) is an NS-algebra and its hori-
zontal structure DNy, := (DN, A, Vv, %) is a dendriform trialgebra.

PROOF. Let DN be a dendriform-Nijenhuis algebra. The vertical structure DN, :=
(DN, <,1>, ¢) is an NS-algebra. Indeed, for all x,y,z € DN,

> M- > M= (x<ay)<dz=x<(y*z),

i=1,2,3,7 i=4,5,6
> MhL- > MLe (xpy)az=x>(y<2),
i=1,2,3,7 i=4,5,6
(5.5)
> ML- > Mhe (x*y)pz=x>(y>2),
i=1,2,3,7 i=4,5,6
> M- > M} e (x¥*y)éz+(xsy)dz=x>(ysz)+xs(y*z).
i=1,2,3,7 i=4,5,6

The horizontal structure DNy, := (DN, A, V, %) is a dendriform trialgebra. Indeed, for all
X,V,z € DN,

> M}, —M} < (XAY)AZ=XA(V*2),

i=1,2,3
Z M%ijZZ = (XVY)Az=xV (Y AZ),
j=1.2,3
Z M31j—M§ = (x*xy)Vvz=xV(yVvz),
i=1,2,3
> My —Mj < (xvy)kz=xV(y*z), (5.6)
=123
> M} —Mi = (xAY) z=x%(yV2z),
i=1,23
D> M -M§ = (x*y)Az=x%(yAz),
=123
> M} —M; = (xky)iz=x*(y*z).
j=123 O

REMARK 5.4. From a categorical point of view, Theorem 5.3 gives two functors F,
and Fj, represented in the following diagram:

Dend Nijenhuis L NS

Fhl \ lFl (5.7)
F

TriDend —— As

This diagram commutes, that is, FoF;, = f = F1 Fy.

DEFINITION 5.5. Let (N,<,>,¢) be an NS-algebra. Set N(2) := k{<,>,¢}. A TD-
operator y on N is a linear map y : N' — N such that
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(1) there exist i € N'and two linear maps

S N®k(y (i) — N, x®Ay (i) — Ax -1y (i), (5.8)
ik(y@D)eN — N,  Ay(i)ex — Ay(i) -2 X, '

suchthat xoy(i) -2y =x-1y(i)oy =—-x3y,forall © € N(2) and x,y € N;
(2) in addition,

Yx)oy) =y(y(x)oy+xoy(y)+x3y), (5.9)

for all x,y € Nand y(x) -1y (i) = y (i) -2 y (x);
(3) forall o e N(2), x,y e N, y(i) 2y(x) oy =y(i) 2 (y(x)oy) and x ¢ y(¥) -1
y(@) =(xoy»))1y@).

PROPOSITION 5.6. Let (A, u) be a unital associative algebra with unit i. Suppose there
exists a Nijenhuis operator B : (A,u) — (A,u) which commutes with a TD-operator y :
(A,u) — (A, ). Suppose y(i) = B(i). Then, y is a TD-operator on the NS-algebra AP.

PROOF. By Proposition 2.3, A is an NS-algebra. By applying Proposition 2.4, Defini-
tion 5.5(1) and (3) hold since y (i) = (i) and y(i)y(x) = y(x)y (i), for all x € A. Fix
x,y € A. Then

y(x)<gy() =yx)B(y(») =yx)y(B())
=y(yx)B(y)+xy(B(y)) —xy({i)B(¥)) (5.10)
=y(y(x) <py+x<py(y¥) +x<5y).

Checking the three other equations is straightforward. O

REMARK 5.7. Observe that y(x) xgy(¥) = y(y(x) gy +x xgy(¥) + x*gy) and
thus x*y = y(x) xgy+x *xpgy(y)+x*pgy is an associative product, or that y : (A, ) —
(A, xg) is a morphism of associative algebras.

PROPOSITION 5.8. Let (N,<,>,e) be an NS-algebra, with  —< + > +e, and let y be
a TD-operator on N. Denote by i € N the element which verifies items (1), (2) and (3) of
Definition 5.5(1), (2), and (3). For all x,y € N, define nine operations as follows:

XNy y=yXx)>y, xNyy=x<y®), x7/yy=x>y),

Xy y=yx)<y, xlyy=xey(y), xlyy=yx)ey,
xXyy=-xy(i)<y(=-x<y@@y), (5.11)
x5yy=-x>y@)y(=-xy@) >y),
x4y =-xy()ey(=-xey(d)y),
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for all x,y € A. Define also sum operations as follows:

XDy Y =XNy Y+X 7y Y+Xx5,y =y(X) > y+x>y(y)+x>yy,
X<V =X Ny Y+X Yy Y+x3y =y(X) <y +x <y(y)+x<,,
xoyy=xty,y+xlyy+xe,y=xey(y)+y(x)ey+xe,y,
XVyY=XNyy+x <y y+xlyy=yx)~y, (5.12)
XAyY =Xy y+x Ny, y+xt,y=xx*xy(y),
XFyY =X,V +X5, ) +X8,Y,
XF*y Y =XVyY+XAyY+X*y Y =XD)yY+X<y YV +X8,).
Equipped with these nine operations, N is a dendriform-Nijenhuis algebra.
PROOF. We check the relation M}, := (x N\, ¥) Ny z = x N\, (¥ %, 2) of Definition 5.1:
(x~Nyy)nyz=(x<y()<y(2)
=x < (y(») *y(2)
=x<y(y*yz)

=Xy (y;yz)-

(5.13)

Similarly, we check the relation M;}l = (X Ny Y)Xyz=x<y (Y Vy2):

(xNy¥)Xyz=(x<y() <y@) 2z
y(¥) *y(i)-22)
y)1y@) xz)
(y(@) 2y(y) x2z)
y(@ -2 (y(y) x2)

2y (yvy2).

—

(5.14)

Checking the 26 other axioms does not present any difficulties. |

6. Transpose of a dendriform-Nijenhuis algebra

DEFINITION 6.1 (transpose of a dendriform-Nijenhuis algebra). A dendriform-
Nijenhuis algebra DN; := (DN, \q,~N1, 71,71, 11, }1,<1,51,%1) is said to be the transpose
of a dendriform-Nijenhuis algebra DN> := (DN, o, N2, 72,72, 12,12, <2, 52, 85) if for all
x,y € DN,

XNMy=xy, XN y=x~Ny, X" y=Xx"y,
X1y =X72, xhhy=x<y,
xhy=x%y, x1¥y=xhy, x5y=xhy,
X9y =X8Yy, X>1Y=XV2Y, oD
XQ Yy =xXNY, XV1iy=xr2Yy, XAy =x<2Y,

X8y =Xx*%2y, X*1) =X8).
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DEFINITION 6.2. A Nijenhuis operator on a dendriform trialgebra (TD,<,>,0) is a
linear map B :TD — TD such that for all x, € TD and ¢ € {<,>,0},

B(x)oB(y) =B(B(x)oy+xoB(y)—Blxoy)). (6.2)

REMARK 6.3. If » denotes the associative operation of a dendriform trialgebra, then
B(x) * B(y) = B(B(x) * y+x*B(y)—B(x *¥)). Therefore, the map B is a Nijenhuis
operator on the associative algebra (TD, x) and a morphism of associative algebras
(A, *) — (A, ), where the associative operation  is defined by x *y := B(x) x y +x %
B(y)—B(xy), forall x,y € TD.

PROPOSITION 6.4. Let A be a unital associative algebra. Suppose B: A — A is a Ni-
Jjenhuis operator which commutes with a TD-operator y : A — A. Then,  is a Nijenhuis
operator on the dendriform trialgebra AY.

PROOF. By Proposition 2.6, AY is a dendriform trialgebra. Fix x,y € A. For instance,

B(x) <y B(y):=B(x)y(B(»))
=Bx)B(y(»))
=B(Bx)y(¥)+xB(y () —B(xy(»))) (6.3)
=B(BX)y(¥)+xy(B(»)) - B(xy(»)))
=B(B(x) <y y+x <y B(y)—B(x <y ¥)).
O

PROPOSITION 6.5. Let (TD, <, >,0) be a dendriform trialgebra and B a Nijenhuis op-
erator. For all x,y € TD, define nine operations as follows:

xNpy=BXx)>y, x Npgy=x<B(y), x7/py=x>p),
x/py=Bx)<y, xlgy=x0B(y), xlgy=p(x)oy, (6.4)
x<py =-B(x<y), x5py=-B(x>y), xégy=-B(xoy), Vx,ye€A.

The sum operations are defined as in Definition 5.1. Then, for all x,y,z € TD (the label
B being omitted),

(x~Ny)Nz=x~N(y*z), (xvy)Nz=xv(yArz), (x<y)vz=x7(yVvz),
(x7y)Nz=x7(y<z), (x~Ny)Nz=xN(¥y\2z), (xpy)vrz=x\(y~z),
(xANy)7z=x7(y>2z), (xvy)rz=xN(y 7 2z), (x*xy)Nz=xN(y\z),

(x7y)tz=x/7(yez), (xNy)tz=xN(y12z), (xpy)lz=xN(y!z),
(x~y)tz=x1t(y>2z), (xvy)tz=x!(y 7 2z), (x<y)lz=x1(yN2z),
(xty)Nz=x1(y<z), (xly)nz=xl(y~2z), (xoy)vz=x1(y~ z),
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(xty)tz=x1(ysz), (xly)tz=xl(y12z), (xey)lz=x1l(ylz),
(x<ay)Rz+(xy)Nz=x 7 (y*xz)+x<(y*2z),
(x>y)z+(x>y)Nz=x N (y<X2)+x>(y<2z),
(Xx*xY)>5z+(x*y) 7z=x N (¥y52)+x>(y>2),
(xpy)oz+(xSy)tz=x\(ysz)+x5(ysz),
(x<ay)sz+(xXy)tz=xl(y>z)+xs(yr2z),
(xsy)Xz+(xsy)~z=x | (yXz)+xs(y<z),

(xoy)ez+ (xoy)lz=x1(yez)+xe(yez).
(6.5)

Otherwise stated, (TD, ~g,~g, 7 g, g, 18, L8, <8, >p, %) is a dendriform-Nijenhuis algebra,
where g plays the role of N, \g=~, 7g=v, /g=/,1g= <, lg= >, g =1, =g =l, 8 =3,
DR=V,<g=A, V=D, Ag=<d, g =x,and xg = s.

PROOF. Keep the notation of Proposition 6.5.Fix x, v,z € TD. We check, for instance,

(xty)tz=x1(ysz), (6.6)

the label  being omitted on the operations:

(xty)tz=(xoy(y))eoy(2)
=xo(y(y)ey(2))
=xoy(yez)
=x1(yez).

(6.7)

|

PROPOSITION 6.6. Let (A,u) be a unital associative algebra with unit i. Suppose
B : A — A is a Nijenhuis operator which commutes with a TD-operator y : A — A and
y (i) = B(i). Then, the dendriform-Nijenhuis algebra obtained by the action of B on the
dendriform trialgebra AY is the transpose of the dendriform-Nijenhuis algebra obtained
by action of y on the NS-algebra A®.

PROOF. By Proposition 2.6, the action of the TD-operator y on A yields a dendriform
trialgebra AY. By Proposition 6.4, § which commutes with y is a Nijenhuis operator on
AY. By Proposition 6.5, A has a dendriform-Nijenhuis algebra structure. Conversely, by
Proposition 2.3, the action of the Nijenhuis operator  on A yields a Nijenhuis operator
AP By Proposition 5.6, y is a TD-operator on Af. The k-vector space A has then another
dendriform-Nijenhuis algebra structure by Proposition 5.8. Fix x,y € A and keep the
notation of Propositions 5.8 and 6.5. Observe that x 7, ¥ 1= x >p y(y) := B(x)y(y)
and x g ¥ := B(x) <y ¥ = B(x)y(y). Therefore, x ~, ¥ = x vp  as expected in
Definition 6.1. Similarly, x 1), ¥ = y(x) gy := =B(y(x)y) and x>y = —f(x >,
¥) = =B(y(x)y). Therefore, x |, y = x>gy. Similarly, x<,y = —xy(i) <g ¥ :=
-xy(i)B(y) :=x0yB(y):=x 1gy, and so forth. O
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7. Dendriform-Nijenhuis algebras from dendriform-Nijenhuis bialgebras

THEOREM 7.1. Let (A,u,A) be a dendriform-Nijenhuis bialgebra and consider
End(A) as an associative algebra under composition, equipped with the convolution prod-
uct x. Then, there exist two dendriform-Nijenhuis algebra structures on End(A), the one
being the transpose of the other.

PROOF. By Proposition 3.2, the right shift § is a Nijenhuis operator which commutes
with the left shift y which is a TD-operator. If id : A — A denotes the identity map, then
observe that f(id) := id x id =: y(id). Use Proposition 6.6 to conclude. O

REMARK 7.2. Let T,S € End(A). By applying Proposition 5.8, the nine operations are
given by

TNS=By(T)S=(id*Txid)S,
TNS=TBy(S)=T>d*Sx*xid),
T7S=B(T)y(S)=>{Ad*xT)(S*id),
TvS=y(TBS)=(Tx*xid)(id*xS),
T1S=-B(Ty(S))=—-id* (T(Sx*id)), (7.1)
TIS=-B(y(T)S) =—-id* ((T*id)S),
T<S=-Ty(id)B(S) =-T(id*xid)(idxS),
T>S=—-B(T)y(id)S =—(id*xT)(id xid)S,
TeS =B(Ty(id)S) =id* (T(id *id)S).

The horizontal structure is a dendriform trialgebra given by

TAS=T 7S+T~S+T1S=>{d*xT)(Sx*id)
+T(id*S*id) —id * (T(S *xid)),
TvS=T~\S+TsS+T!S={d*xT*id)S

7.2
+(T*id)(idxS)—idx ((T xid)S), 7.2)
Tx*S=TXS+T>S+TeS=-T(id*id)(id *S)
—(idxT)(id*id)S+id (T (id x id)S).
The vertical structure is an NS-algebra given by
TeS=T/S+T~S+T>S
=(id*xT)(Sxid) +(id*T*xid)S — (id*T)(id % id)S,

TaS=T~S+TvvS+T<S

(7.3)

=Td*xS*id)+ (T *id)(id*S)—T(id *xid)(id * S),
TeS=T1t1S+T!|S+TsS
=—id* (T(S*id)) —id *x ((T *id)S) +id * (T (id x id)S).



2610 PHILIPPE LEROUX

The associative operation * is the sum of the nine operations, that is,

T*xS={d*xT)(S*xid)+ (id*T*id)S — (id*T)(id % id)S
+T(id*S*xid) + (T *xid)(id*S) —T(id xid)(id x S) (7.4)
—id*T(S*xid) —id * ((T %id)S) +id * (T (id * id)S).

8. Free NS-algebra and free dendriform-Nijenhuis algebra. We recall what an op-
erad is; see [7, 12], for instance.

Let P be a type of algebras, for instance, the NS-algebras, and P (V) the free P-algebra
on the k-vector space V. Suppose P(V) := &,-;P(n) ®s, V", where P(n) are right
Sp-modules. Consider P as an endofunctor on the category of k-vector spaces. The
structure of the free P-algebra of P(V) induces a natural transformation 1t : PSP — P as
well as u : Id — P verifying usual associativity and unitarity axioms. An algebraic operad
is then a triple (P,1r,u). A P-algebra is then a k-vector space V together with a linear
map 174 : P(A) — A such that 11451 (A) = 145P (114) and 1mma5u(A) = Ids. The k-vector
space P(n) is the space of n-ary operations for P-algebras. We will always suppose there
is, up to homotheties, a unique 1-ary operation, the identity, thatis, P(1) := kId and that
all possible operations are generated by composition from P(2). The operad is said to be
binary. Itis said to be quadratic if all the relations between operations are consequences
of relations described exclusively with the help of monomials with two operations. An
operad is said to be regular if, in the relations, the variables x, y, z appear in the same
order. The k-vector space P(n) can be written as P(n) := P'(n) ® k[S,, ], where P’ (n) is
also a k-vector space and S, the symmetric group on n elements. In this case, the free
P-algebra is entirely induced by the free P-algebra on one generator P(k) := &,-1P'(n).
The generating function of the operad P is given by

P L ,dimP(n) ,
SPx)=2(-1) X o)
= > (-1)"dimP’ (n)x".

Below, we will indicate the sequence (dimP’(1))y>1.

8.1. On the free NS-algebra. Let V be a k-vector space. The free NS-algebra N (V) on
V is, by definition, an NS-algebra equipped with a map i: V — N(V) which satisfies the
following universal property: for any linear map f : V — A, where A is an NS-algebra,
there exists a unique NS-algebra morphism f : N (V) — A such that foi = f. The same
definition holds for the free dendriform-Nijenhuis algebra.

Since the three operations of an NS-algebra have no symmetry and since compatibility
axioms involve only monomials where x, 7y, and z stay in the same order, the free NS-
algebra is of the form

N(V) =P NpoVen. (8.2)

n=1
In particular, the free NS-algebra on one generator x is N(k) := @,,51 Nn, where N7 :=
kx,No:=k(x <x)ok(x > x)®k(xex). The space of three variables made out of three
operations is of dimension 2 x 32 = 18. As we have four relations, the space N3 has
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a dimension equal to 18 —4 = 14. Therefore, the sequence associated with the dimen-
sions of (Ny)nen starts with 1,3,14,.... Finding the free NS-algebra on one generator
is an open problem. However, we will show that the augmented free NS-algebra over
a k-vector space V has a connected Hopf algebra structure. Before, some preparations
are needed. To be as self-contained as possible, we introduce some notation to expose
a theorem due to Loday [12].

Recall that a bialgebra (H,u,A,n, k) is a unital associative algebra (H, u,n) together
with counital coassociative coalgebra (H, A, k). Moreover, it is required that the coprod-
uct A and the counit k are morphisms of unital algebras. A bialgebra is connected if
there exists a filtration (F,H), such that H = |J, F, H, where FoH := k1 and, for all 7,

F,H:={x€H; A(x)-1lg®x-x®lyeF,_1H®F,_ 1H}. (8.3)

Such a bialgebra admits an antipode. Consequently, connected bialgebras are connected
Hopf algebras.

Let P be a binary quadratic operad. By a unit action [12], we mean the choice of two
linear applications

v:P(2) — P(1), w:P(2) — P(1), (8.4)

giving sense, when possible, to x ¢ 1 and 1 ¢ x, for all operations ¢ € P(2) and for all
x in the P-algebra A, thatis, x ¢1 = v(¢)(x) and 1 ¢ x = w(¢)(x). If P(2) contains
an associative operation, say *, then we require that x *1 := x := 1 *x, thatis, v(*) :=
Id := w(*). We say that the unit action, or the couple (v,w™) is compatible with the
relations of the P-algebra A if they still hold on A, := k1 & A as far as the terms are
defined. Let A, B be two P-algebras such that P(2) contains an associative operation *.
Using the couple (v,@), we extend binary operations ¢ € P(2) to the k-vector space
A®l-kek-1®Ba&A®B by requiring

(a®b)o(a’' ®b’):=(axa’)®(bob') ifbeb +11,

8.5
(a®l)o(a’®l):=(ava’)®1 otherwise. (8.5)

The unit action or the couple (v,w) is said to be coherent with the relations of P if
A®l-keok-1®BaA®B, equipped with these operations, is still a P-algebra. Observe
that a necessary condition for having coherence is compatibility.

One of the main interests of these two concepts is the construction of a connected
Hopf algebra on the augmented free P-algebra.

THEOREM 8.1 (Loday [12]). Let P be a binary quadratic operad. Suppose there exists
an associative operation in P(2). Then, any unit action coherent with the relations of P
equips the augmented free P-algebra P (V). on a k-vector space V with a coassociative
coproduct A:P(V), — P(V),.®P(V),, which is a P-algebra morphism. Moreover, P(V) ..
is a connected Hopf algebra.

PROOF. See [12] for the proof. However, we reproduce it to make things clearer.
Let V be a k-vector space and P(V) the free P-algebra on V. Since the unit action is
coherent, P(V), ® P(V), is a P-algebra. Consider the linearmap 6:V — P(V),®P(V),,
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given by v - 1® v + v ® 1. Since P(V) is the free P-algebra on V, there exists a unique
extension of § to a morphism of augmented P-algebraA:P(V), — P(V),®P(V),.Now,
A is coassociative since the morphisms (A®id)A and (id ® A)A extend the linear map
V — P(V)® whichmaps v to 1®1®v+1®v ®1+v ®1®]1. By unicity of the extension,
the coproduct A is coassociative. The bialgebra we have just obtained is connected.
Indeed, by definition, the free P-algebra P(V) can be written as P(V) := @&,-1P(V)y,
where P(V),, is the k-vector space of products of n elements of V. Moreover, we have
Alxoy) =10 (xoyY)+(xoy)®l+xe(loy)+ye(xol), forall x,y € P(V) and
& € P(2). The filtration of P(V), is then F¥P(V); =k-1® @, P(V)y. Therefore,
P(V),;:=uU, FrP(V), and P(V), is a connected bialgebra. O

We will use this theorem to show that there exists a connected Hopf algebra structure
on the augmented free NS-algebra as well as on the augmented free commutative NS-
algebra.

THEOREM 8.2. Let N(V) be the free NS-algebra on a k-vector space V. Extend the
binary operations <, >, and ¢ to N (V). as follows:

x>1:=0, 1>x:=x, 1<x:=0, x<1l:=x, xel:=0:=1ex, (8.6)

sothatx =1 =x=1xx forall x € N(V). This choice is coherent. Therefore, there exists
a connected Hopf algebra structure on the augmented free NS-algebra as well as on the
augmented free commutative NS-algebra.

REMARK 8.3. We cannot extend the operations > and < to k, thatis, 1 >1and 1< 1
are not defined.

PROOF OF THEOREM 8.2. Keep the notation introduced in Section 8.1. Firstly, we
show that this choice is compatible. Let x,y,z € N(V) .. We have to show, for instance,
that the relation (x < ¥) <z = x < (¥ * z) holds in N(V),. Indeed, for x = 1, we get
0=0.For y=1,we get x <z=x <z and for z =1, we get x <y = x < y. The same
checking can be done for the three other equations. The augmented NS-algebra N (V) .
is then an NS-algebra.

Secondly, we show that this choice is coherent. Let x1,x2,Xx3,V1,V2,V3 € N(V) ;. We
have to show that, for instance,

((x1®@71) < (x2®32)) < (x3®¥3) = (x1911) < ((Xx2®2) * (x38173)). 8.7)

Indeed, if there exists a unique y; = 1, the other variables belonging to N'(V), then by
definition we get

(x1xx2%x3)® (V1 < >2) < ¥3) = (X1 * X2 % x3) ® (V1 < (V2% 3)), (8.8)

which always holds since our choice of the unit action is compatible. If y, = y, =
3 = 1, then the equality holds since our choice is compatible. If v, =1, y; = 1, and
v3 € N(V), we get 0 =0, and similarly if y; =1, y3 =1, and y» € N(V). If y; € N(V),
o =1, and y3 = 1, the two hand sides are equal to (x; *xx2 *x3) ® y;. Therefore, this
equation holds in N(V)®1-kek-1eN(V)dN(V)®N(V). Checking the same thing with
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the three other relations shows that our choice of the unit action is coherent. As our
choice is coherent and from Theorem 8.1, we obtain a connected Hopf algebra structure
on the augmented free NS-algebra. For the last claim, observe that our choice is in
agreement with the symmetry relations defining a commutative NS-algebra since, for
instance, x <°? 1:=1>x:=xand 1 > x:=x <1:=x, for all x € N (V). O

8.2. On the free dendriform-Nijenhuis algebra. The same claims hold for the free
dendriform-Nijenhuis algebra. The associated operad is binary, quadratic, and regular.
The free dendriform-Nijenhuis algebra on a k-vector space V is of the form

BN(V) == P IN, @ V", (8.9)

nz=1

In particular, on one generator x,

DN (k) := D N, (8.10)
n=1

where Ny :=kx, No:=k(xt x)ok(x |l x)ok(x N x)ok(x 7x)dk(x v X)Dk(X N\ X)®
k(x<xx)ek(x>x)®k(xex). The space of three variables made out of nine operations
is of dimension 2 x 92 = 162. As we have 28 relations, the space N3 has a dimension
equal to 162 — 28 = 134. Therefore, the sequence associated with the dimensions of
(DN )nen starts with 1,9,134,.... Finding the free dendriform-Nijenhuis algebra on one
generator is an open problem. However, there exists a connected Hopf algebra structure
on the augmented free dendriform-Nijenhuis algebra as well as on the augmented free
commutative dendriform-Nijenhuis algebra.

THEOREM 8.4. Let 9N (V) be the free dendriform-Nijenhuis algebra on a k-vector
space V. Extend the binary operations ~\ and ~ to 2N (V). as follows:

xN1l:=x, 1xx:=0, 1xx:=x, x\1:=0, VxeIN((V). (8.11)

In addition, for any other operation - € {/,7,1,1,<,%,8}, choose x ©1:=0=19x, for
all x € N (V). Then,

x<l=x, 1>x =x, lvx:=x, xAl:=x, x*x1l=x=1*x. (8.12)

Moreover, this choice is coherent. Therefore, there exists a connected Hopf algebra struc-
ture on the augmented free dendriform-Nijenhuis algebra as well as on the augmented
free commutative dendriform-Nijenhuis algebra.

REMARK 8.5. We cannot extend the operations ~ and ~\ to k, thatis, 1 ~Nland 1~ 1
are not defined.

PROOF OF THEOREM 8.4. Keep the notation introduced in Section 8.1. Firstly, we
show that this choice is compatible. Let x, v,z € GN (V) ;. We have to show, for instance,
that the relation (x N\ ¥) N\ z = x N\ (¥ *z) holds in @3N (V). Indeed, for x = 1, we get
0=0;for y=1wegetx~z=x~Nz and forz=1we get x~y =x~ y. Wedo
the same thing with the 27 others and quickly find that the augmented dendriform-
Nijenhuis algebra @.N (V). is still a dendriform-Nijenhuis algebra.
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Secondly, we show that this choice is coherent. Let x1,x2,Xx3,V1,¥2,V3 € DN (V).
We have to show that, for instance,

((rey) ~ (x2©32)) N (x38y3) = (x191) N ((x2®@2) *(x3013)).  (8.13)

Indeed, if there exists a unique y; = 1, the other variables belonging to &N (V), then by
definition we get

(x1xx2%x3) ® (V1 N 2) N y3= (X1 *x2%x3) @ Y1 N (V2 %3), (8.14)

which always holds since our choice of the unit action is compatible. The same holds
for yiy =y, =y3=11f y1 =1=1y, and y3 € DN(V), we get 0 = 0 and similarly if
yi=1=1y3and y, € IN(V). If y; € DN(V) and y» = 1 = 3, the two hand sides
of (8.13) are equal to (x; *x»*x3) ® y1. Therefore, (8.13) holds in IN(V)®1-kek -
1@ BN(V) & DBN(V) @ DN(V). Checking the same thing with the 27 other relations
shows that our choice of the unit action is coherent. As our choice is coherent and
from Theorem 8.1, we obtain a connected Hopf algebra structure on the augmented
free dendriform-Nijenhuis algebra. For the last claim, observe that our choice is in
agreement with the symmetry relations defining a commutative dendriform-Nijenhuis
algebra since, for instance, x "°? 1 :=1 N~ x:= x and 1 \°P x := x N\ 1 := x, for all
X € BN (V). O

9. Conclusion. There exists another way to produce Nijenhuis operators by defining
another type of bialgebras. Instead of defining the coproduct A by A(ab) := A(a)b +
alA(b) — u(A(a)) ® b on an associative algebra (A, u), the following definition can be
chosen: A(ab) := A(a)b+aA(b) —a®u(A(b)). The generalization of what was written
is straightforward by observing that the right shift f becomes a TD-operator, whereas
the left shift y becomes a Nijenhuis operator.

We have linked via a bialgebraic framework dendriform trialgebras, closely related to
rooted planar trees with Nijenhuis operators, closely related to differential geometry
through two shift operators  and y which place a given linear map to the right- or
the left-hand side of the convolution product associated with the underling bialgebra.
Studying certain combinations of these placing operators leads to defining exotic as-
sociative algebras whose associative product splits into several (nine) operations and
whose sum operations present particular symmetries. In particular, these lead to the
construction of a connected Hopf algebra on the augmented free algebra described by
the placing operators 8 and y.
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