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BOUNDEDNESS OF MULTILINEAR OPERATORS
ON TRIEBEL-LIZORKIN SPACES
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The purpose of this paper is to study the boundedness in the context of Triebel-Lizorkin
spaces for some multilinear operators related to certain convolution operators. The opera-
tors include Littlewood-Paley operator, Marcinkiewicz integral, and Bochner-Riesz operator.
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1. Introduction. Let T be a Calderon-Zygmund operator. A well-known result of Coif-
man et al. [6] states that the commutator [b,T] = T(bf) — bT f (Where b € BMO) is
bounded on L? (R") for 1 < p < oo; Chanillo [1] proves a similar result when T is re-
placed by the fractional integral operator. In [7, 9], Janson and Paluszynski extend
these results to the Triebel-Lizorkin spaces and the case b € Lipf (where Lip S is the
homogeneous Lipschitz space). The main purpose of this paper is to discuss the bound-
edness of some multilinear operators related to certain convolution operators in the
context of Triebel-Lizorkin spaces. In fact, we will establish the boundedness on the
Triebel-Lizorkin spaces for some multilinear operators related to certain convolution
operator only under certain conditions on the size of the operators. As applications, we
obtain the boundedness of the multilinear operators related to the Marcinkiewicz inte-
gral, Littlewood-Paley operator, and Bochner-Riesz operator in the context of Triebel-
Lizorkin spaces.

2. Preliminaries. Throughout this paper, M(f) will denote the Hardy-Littlewood
maximal function of f, M, f = (M(f*?))!/? for p > 0, and Q will denote a cube of R"
with sides parallel to the axes. For a cube Q, let fo = |Q|~! fo(x)dx and f*(x) =
SuPyeq Q1! o If () = foldy. For B > 0 and p > 1, let F,"” be the homogeneous
Triebel-Lizorkin space. The Lipschitz space Ag is the space of functions f such that

Ay ()|
”f”AB = x,SI/LL;l[l:)R" T < 00, (2.1)
h=0

where AX denotes the kth difference operator (see [9]).
The operators considered in this paper are following several sublinear operators.
Let m be a positive integer and let A be a function on R". We denote

Rins1(A;x,y) = Ax)— > %D“A(y)(x—y)‘*. (2.2)

lx|<=m
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DEFINITION 2.1. Let € > 0 and let ¢ be a fixed function which satisfies the following
properties:

(D) [px)] < CA+|[x])~ D),

Q) lpx+y)-wx)| < Cly|f(1+|x])~" %9 when 2|y| < |x]|.
The multilinear Littlewood-Paley operator is defined by

g$<f><x>:(j |FA) (x >|2"”) , 2.3)

where

RmH(A X, y)
[x

and @ (x) =t "w(x/t) for t > 0. Denote F;(f) = ¢ * f. Also define

FACP) (x) = j Welx—) FO)dy (2.4)

gt = (] IFt<f><x>|2””) @.5)

which is the Littlewood-Paley g function (see [10]).
Let H be the space H = {h: ||hll = (J5 |h(t)|?dt/t)'/? < co}. Then, for each fixed
x € R", F{‘ (f) (x) may be viewed as a mapping from [0, +) to H, and it is clear that

v () =F(H O, gy ()0 = [[FA 0] (2.6)

DEFINITION 2.2. Let 0 < y < 1 and let Q be homogeneous of degree zero on R"
such that [¢n-1 Q(x")do (x’) = 0. Assume that Q € Lip, (S"1), that is, there exists a
constant M > 0 such that for any x,y € $* 1, |Q(x) —Q(¥)| < M|x — y|¥. The multi-
linear Marcinkiewicz integral operator is defined by

00 1/2
ué(f)(m:(jo |Ff‘(f)<x>|2%) , 2.7)
where
Qx-y) Rp1(4;x,y)
FA = dvy. 2.8
AP () LHM e B S f (y)dy 2.8)
Denote
_ Qx-y)
Fu(f)(x) = LH‘Q o )dy. (2.9)
Also define
ug<f><x>=(f |Ft<f>(x>|2””) (2.10)

which is the Marcinkiewicz integral (see [11]).
Let H be the space H = {h:||hll = (J5 |h(t)|?dt/t3)!/? < oo}, Then, it is clear that

() () =[[F(NH ), g () x) = [[FAS) ()] (2.11)
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DEFINITION 2.3. Let BY (f)(E) = (1—t2|€|2)% f(E). Denote

Rini1(A;x,y)

B (NG = [ B ey Bt

SfOady, (2.12)

where Bf (z) =t "B%(z/t) for t > 0. The maximal multilinear Bochner-Riesz operator
is defined by

By, (f)(x) = sup | B3 (f)(x)]. (2.13)
t>
Also define

B2(f)(x) = sup |BS(f)(x)] (2.14)

which is the Bochner-Riesz operator (see [7, 8]).
Let H be the space H = {h: ||h]| = sup;.q |h(t)] < co}, then it is clear that

BN (x) = IB2(NH 0, B () (x0) =B (N ). (2.15)

More generally, we consider the following multilinear operators related to certain
convolution operators.

DEFINITION 2.4. Let K(x,t) be defined on R" x [0, +). Denote that

Kef (0 = | KGe-,0f()d,

Rins+1(A;x,5)
Rn X —y[m

(2.16)
K f(x) = K(x—y,0 f(»)dy.

Let H be the normed space H = {h : ||h| < ~}. For each fixed x € R", K;f(x) and
K{‘( f)(x) are viewed as a mapping from [0, + ) to H. Then, the multilinear operators
related to K; is defined by

Taf(x) = |[KA () 0]; (2.17)

also define T f(x) = ||K¢.f(x)].

It is clear that Definitions 2.1, 2.2, and 2.3 are the particular examples of Definition
2.4. Note that when m = 0, T, is just the commutator of K; and A. It is well known that
multilinear operators are of great interest in harmonic analysis and have been widely
studied by many authors (see [2, 3, 4, 5]). The main purpose of this paper is to consider
the continuity of the multilinear operators on Triebel-Lizorkin spaces. We will prove
the following theorems in Section 3.

THEOREM 2.5. Let g@ be the multilinear Littlewood-Paley operator as in Definition 2.1
and let 0 < f <min(1,¢),1 < p < co, and D*A € Ag for |x| = m. Then

(a) gi is bounded from LP (R") to F™ (R"),

(b) qu, is bounded from L¥ (R") to L4(R™) for1/p—1/q=B/n and 1/p > B/n.
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THEOREM 2.6. Let ufy be the multilinear Marcinkiewicz integral operator as in Defini-
tion2.2andlet0 <y <1,0< B <min(1/2,y), 1 <p < o, and D*A € Ag for |x| =m
Then

(@) pg is bounded from LP (R™) to E;'™ (R™),
(b) ug is bounded from L? (R™) to L4(R™) for 1/p—1/q=B/nand1/p > B/n.

THEOREM 2.7. Let BQ* be the maximal multilinear Bochner-Riesz operator as in
Definition 2.3 and let 6 > (n—1)/2, 0 < f <min(1,6 - (n—-1)/2), 1 < p < oo, and
D%A € Ag for |&| = m. Then

(a) BS, is bounded from L¥ (R") to Fp'™ (R™);

(b) Bg* is bounded from L¥ (R") to L2(R™) for1/p—1/q=B/n and 1/p > B/n.

3. Main theorem and proof. First, we will establish the following theorem.

THEOREM 3.1. Let0<fB <1,1<p <o, and D*A € Ag for |x| =m. Let K;, T, and
T4 be the same as in Definition 2.4. If T is bounded on L41(R™) for q € (1,+00) and Ty
satisfies the size condition

IKE () =K (F) (xo)[| <€ 3 [ID*A]|;,1QIPM(f) (x) 3.1)

la|=m

for any cube Q with supp f C (2Q)¢ and x € Q, then
(@) T4 is bounded from LP (R™) to Fﬁ'“(R"),
(b) T4 is bounded from L? (R™) to L4(R") for 1/p—1/q=B/mnand1/p > B/n.

To prove the theorem, we need the following lemmas.

LEMMA 3.2 (see [9]). ForO<f<landl<p < o,

1
11l e supmf £ - foldx
’ @ o (3.2)
suplnf |Q|1+B/nj | f(x)—c|dx
L
LEMMA 3.3 (see [9]). ForO<f<landl <p < o,
1flliy ~ sup#J | £ foldx
B ‘Q‘1+B/n 53
_ 14
5w i (7 Jo 1) el ax)’
LEMMA 3.4 (see [1]). For1l <r <o and 6 > 0, let
1/p
Moy (P)G0) = sup {15557 G |, [Fo7ay) (3.4)

Suppose thatr <p <6/nandl/q=1/p—356/n. Then [Ms,(f)llta < CIl fllrr.
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LEMMA 3.5 (see [9]). Let Q1 C Q2. Then

| for —fau | < ClIfig Q2P (3.5)

LEMMA 3.6 (see [4]). Let A be a function on R" and D*A € L1(R") for |x| = m and
some q > n. Then

1/aq
1
Ry (A; x, <Clx—-y|™ —_ D%A(z)|%d , 3.6

where Q (x,y) is the cube centered at x and having side length 5/1|x — y|.

PROOF OF THEOREM 3.1. (a) Fix a cube Q = Q(xy,l) and X € Q. Let Q = 5./nQ and
A(x) = A(X) = X ja=m (1/ o) (D¥A) 5x%, then Ry (A;x,y) = Ry (A;x,y) and D*A =
D*A—(D*A)q for |a| = m. For f1 = fxa and fo = fXgn\4,

Roni1(A;x,5)
lx —y|m
_J Rini1(A;x,y)
e Ix—ym
+J R (A;x,y)
Rn X —y|m

K(x—-vy,t )
_|D(|Z:m0(l JRn =~ |i}_;(|):n ) D*A(y) fi(y)dy,

KA (x) = K(x-y,t)f(y)dy
K(x-y,0)f(y)dy

(3.7)
K(x-y,t)fi(y)dy

then

| TA(f)(x) = T (f2) (x0) | = K () Ol = [IKE (f2) (x0) ]|
Ry (A;x,
s\m(iw ﬁ)(x)H
1 « 3.8
- 3 qlk(Romesan)ef 09

+IKE (f2) (20) =K (f2) (x0) ]|
=A(x)+B(x)+C(x).

Thus,

|Q|1+B/nj | Taf (x) = Ti(f)(x0) |dx
J AX)AX + ———

J B(x)dx+———7— J C(x)dx (3.9)

< g
1= [+II+LL

|Q|l+ﬂ/n \Q\“B/"
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Now, we estimate I, II, and III, respectively. First, for x € Q and vy € Q, using Lemmas
3.3 and 3.6, we get

IRm(A;x,y)| <Clx—y™ > sup|D*A(x) - (D%A);|
|o|=m X€Q

<Clx-yI™QlF™ > |ID*All;,-

la|=m

(3.10)

Thus, by Holder’s inequality and the L boundedness of T for 1 < < p, we obtain

t=c S ptally g |, 1T G0 ax

la|l=m

=C 3 IDA[ T ()1l
|x|=m 3.11)
<C > |Ip*All; Al Q1"

la|l=m

<C > [[D¥All;, My (f) ().

la|l=m

Secondly, for 1 < ¥ < g, using the inequality (see [9])
ID*A—~(D*A) 5 fXqllr =< ClQIM MDAl My (f) (), (3.12)

and similar to the proof of I, we obtain

C
HsWwzzmHT((D“A—(D“A)Q)fxa)llLr\Q\l’”’
<ClQI ™t X |[(D¥A—(D*A) ) fXg|1r (3.13)

la|l=m

<C S (IDVAl, My () ().

lo|=m

For III, using the size condition of T4, we have

m=<C > ID*Al; M (f) (%) (3.14)

laj=m

Putting these estimates together, taking the supremum over all Q such that X € Q, and
using the LY boundedness of M, for v < p, we obtain

ITA(Dlgpe = C 2 IDAJ[5, 1L £ llr (3.15)

|ax|=m
This completes the proof of (a).

(b) By the same argument as in the proof of (a), we have

ﬁJQ’TA(f)(X)*TA(fZ)(XO)\dXSC S D AlL, (M (F) +Mpi (F), (3.16)

|x|=m
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thus,

(Ta(f))* = C D [ID*Al[;, (Mp,r () +Mp1 (). (3.17)

la|=m

Now, using Lemma 3.4, we obtain

ITa(Plza = CITAC) lza

1
<C 3 DAl (Mg (Pl + IMp (Pllga) < Clfllr. O
|ax|=m
This completes the proof of (b) and the theorem. |

To prove Theorems 2.5, 2.6, and 2.7, it suffices to verify that gg‘,, ué, and Bg‘_* satisfy
the size condition in the Theorem 3.1.

Suppose supp f € Q¢ and x € Q = Q(xp,1). Note that |xo— |~ |x — y| for y € Q°.

For gy, we write

FA(f) () = FA(f) (x0)

:J |:Wt(x_y) _Wilx0-y)
g | Ix=yIm | xo—y ™

+J wt(xO—y)f(y)[
R™\G

}Rm(A;x,y)f(y)dy

R (A;x,5) — Ry (A;x0, ) ]dy

|xo—y|™ (3.19)
e 1 [wt(xy)(xy)“ - wt(xOy)(xOy)“}
|a|=m o! RW\Q |X7y|m |X0_.y|m
xD*A(y) f(y)dy
=Il+12+13.

By the condition of ¢, we obtain

) LXOVLI R (A;x,9) [ | f ()]
R"MQ |x0— Y|

1/2
® tdt
X J dy
( 0 (t+|><o—y|)2("“))

CJ ) |x_—xo|mI[Rim(fi;x,y)l | f) ]
RM\Q | X0~ |

y (Jw tdt )1/2dy
0 (t+ ’xO_y|)2(1’L+l+E)

| x — 0| [x—=x0[° 7.
= CJR"\Q( m+n+1 + y|m+n+e ||Rm(A’x!y) | \f(y) |dy

Infl=c

|x0—| | x0—
=C X DAl lQ1fm
|x|=m
i | x —x0| [x—x0]|°
Xk%)Lk“Q\ZkHQ<|XO—y|nH + |x07y|n+s |f(y)|dy
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<C > |ID%A||;, 1QIFM S (27K 4 27ke)

1
lal=m B P} |2kQ| JZ"Q |f(y) |dy

00

<C X ID*All; QIfm 3 (2 K 27K ) M (f) ()

la|=m k=1
<C 3 ID*A[l;,1Q1F "M (f) (x).
|x|=m
(3.20)
For I, by the formula (see [4])
A 3 1 -
Rin (A5, 7) = R (A;x0,7) = 1 Rmeinl (D745, x0) (o = )" (3.21)

[nl<m

and Lemma 3.6, we get

|Rm(Aley)_[Rm(AyX01y)| <C Z ||D0‘A||AB|Q|B/n|X_XO| |X0—y{m_1. (322)

la|=m

Thus, similar to the proof of I,

el <c|,,  [BnnA - Ballx0d)l py) g,
™ |x0—]
X —-x
<C > |p*All, IQI’S/”zJkHQ\ZkQﬁU(J’HdJ’ (3.23)
lx|=m -

<C X |ID*All;, 1QIF " M(f)(x).

la|=m

For I3, by Lemma 3.5, we get
| DA~ (D*A)g | < [IDAI|; ;| x0-¥1". (3.24)

Thus, similar to the proof of I, we obtain

[ x —xo0| |x—x0]° ) .
Lj=C + TE D*A d
bize S [ (ke B ) o 0o ay
<C D [ID*A|l;, 1QIF!m 3 (2MF=D 4 2KE=) M (f) () (3.25)
l|=m k=1

<C X ID*All;, 1QIF " M(f) (x).

la|=m

So,

IFA )0 =FA ) (xo)l[ <€ 3 (IDAL,1QIF™M(f) (x). (3.26)

|a|l=m
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For ud '
ug, we write

IFACF) (x) = FAC) (x0) |

; ( [

J Q(x — YR (A;x,7)
[x-yl<t

|X,y|m+n—1 f(y)dy

_I Q(x0—¥)Rm (A;x0,¥)
Ixo-yl=<t

m+n-1 f(y)dy
|x0—]
+C > (IO

|a|l=m

5 1/2
dt
3

J (Q(x—y)(x—y)“
|x—yl|<t Ix—yl"“”*l

_J Q(xo—y)(XO—J’)a)
Ixo—y|<t |x0_y|m+n—1

2
Zar\
13

A 1/2

< Jm [J [Q(x =) | | Rm (A;x,y) | \f(y)|dyrdt
< 0 |x-yl<t,|xg—y|>t |x —y|m+n-1 3
(1)
" (‘[0 [JXJ’lﬁt,Xoylst

2, 172
t
X If(y)Idy] tg)

XD*A(y) f(y)dy

~ ) 1/2

[x=yI>t,1x0-yI=t [x0—y t3

|x_y|m+n—1 |x0_y|m+n—1

Qx - Y)Ru(4;x,y) Q(xo—y)Rm(A;xO,y)‘

J (Q(x—y)(x—y)‘X
|x—y|<t Ix—ylm“H

e (I

_J Q(xo—y)(xo—y)“>
xo-vlst  |xg—y|™ !

5 1/2
XD*A(y) f(y)dy g)

=1 +J2+J3+ 4.
(3.27)
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Thus
~ 1/2
<C O R (A5x,5) | J at) 4y
~Jrma |x —y|min-l lx-ylst<xo-y| 13
<CJ SO ] [Rm (A;x, ) | |x0—x|1/2dy
- R™M\O |X_y|m+n71 |x_y|3/2

(3.28)
<¢ 3 DAl 32k 2] g 1701y

|axl=m
<C 3 DAl 1QIF M M(f) ().

|a|l=m

Similarly, we have Jo < C 3| q_pm IDAll 14 1QIFMM(f) (x).
For J3, by the inequality (see [11])

Qx-y) Q(xo—v)
|x_y‘m+n—1 {xo_y|m+n—l

[x =] | x—xo|”
( |X0_y~m+n |x0_y|m+n—l+y y (329)

we obtain

X —Xo]| |x—x0|”
B<C S Ipeal, el | ( | " L
3 Z || ||/\B RM\G |X0_y|n |x0—y|" T+y

lx|=m
1/2
dat
x (J ) |f()|dy

xo-y|<t, |x—y|=<t t3

(3.30)
<C X ID*All; 1QIFm 3 (2 K+ 277 )M (f) (x)
lx|=m k=1
<C X |ID*All;, QI M(f)(x).
|ax|=m
For J4, similar to the proof of Ji, J2, and J3, we obtain
| x —x0| |X*Xo|l/2 lx—xo|’/
ey | ( s .
\a\zzm Rma \ [xo-y " |xo—y " [xo- "
X | DA || f(»)|dy
<C D*A|; 1Q[F/m
> [IDall;,lQ o)

lof=m

ST (2KB-D) 4 ok(B=1/2) 4 pkip-y)y L

k=1 |2kQ |

<C D [IDAll;, Q1M (f) (x).

lx|=m

Me

Jk.lf(y)ldy
2t
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For By ,, we write

B3, (f)(x) =B, (f) (x0)

=f [Bf(x—y)_B?(xo—y)
rma | Ix=yIm xo-»|™

]Rm(ﬁ;x,y)f(y)dy

+JR m[ugm(&x,y)—[Rm(A?XO,J’)]f(J’)dJ’

mao |xo—y|™ (3.32)
oy L (Bf(x—y)(X—y)“ Bf(xo—y)(xO—y)“>
jai=m & JRMQ Ix—yim |x0—3]™
XDA(y) f(y)dy

=Li+L>+Ls.
We consider the following two cases.
CASE 1 (0 <t <1). In this case, notice that (see [8])

—(0+(n+1)/2)

|B(2)| <c(1+]z]) (3.33)

We obtain

p— |FO) R (A5x,5) |
HLIH—Ct JDK"\Q {Xo—_’y|m (

<C D [ID¥A|| QI (k1P D2

|a|l=m

1 + |X_y|/t)*(5+(7l+1)/2)dy

< 1
« S ok(n-1)/2-8) _1_ I FO) ldy
,; 5G] Joig 11

<C 3 [ID¥All; 1QIF MM (f) (),

|a|l=m

. )| R (A5, ) = Ryn (A; x0, )
HL2||§Ct IRn\Q|f(y || (|x)0(_.);2|m ( Xo y)| (334)

X (Lt Ix=yl/t)” " ay

<C 3 [ID%A[[; QI e/ po b

|al=m
> 1
% 2k((n—1)/2—5) _ J f( Y| d
2 25 Jusg S

<C 3 [IDAll;, Q1P M(f) ().

lx|=m
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For L3, similar to the proof of L;, we get

ILsll <€ X [IDA[] 1QIFm (/1o =D

la|=m

S 1
« S ok(B-o+n-1/2) 1 J v |d
s 25 Jorg 114

<C X |ID*All;, Q1P "M (f)(x).

la|=m

(3.35)

CASE 2 (t > ). In this case, we choose dy such that f+ (n—1)/2 < §g < min(d, (n+

1)/2). Notice that (see [8])

|(8/02)B%(2)| = C(1+]z[) @D/,

Similar to the proof of Case 1, we obtain

LSO ][ Rm (A5x,) |

m+1

||L1||scr"j .
R™MQ | x0— |

X |xo—x|(1+ |x0_y|/t)—(5o+<n+1)/2>dy

+Ct—n—lj Lf O [ Rm (Aix, ) |
RMQ |xo-y|™

X |x0—x| (1+ |xo—y]|/t) Cr™ /2 gy

<C 3 (IDYA[|;, Q1B (16 D200

|ax|=m
< 1
« S k((n=1)/2-50) _ J fold
Z 25 Jusg 112

<C D [IDAll;, Q1M (f) (x),

lof=m

1|l < Ct‘"J O R (Aix, ) = R (A0, ) |
RMQ |x0- |

X (1+ |x07y|/t)*(60+(n+1)/2}dy

<C > |ID¥AJl;, 1QIFm )bzt
lx|=m
N 1
<Samvs L {1y
kgl ~2kQ| 2kQ| |

<C X ID*All;, 1QIF " M(f)(x),

la|=m

(3.36)
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ILsl[<C > HDD‘AHAﬁ|Q|’S/”(l/t)("“)/2*50

|x|=m

S 1
S pk(B+(n-1)/2-50) __L1_ J FO)|dy
,; 26G] b 1

<C > [IDAll;, 1QIF "M (f) (x).

la|=m

(3.37)

These yield the desired results.
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