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DIFFERENTIAL RESOLVENTS OF MINIMAL ORDER AND WEIGHT
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We will determine the number of powers of « that appear with nonzero coefficient in an
«x-power linear differential resolvent of smallest possible order of a univariate polynomial
P(t) whose coefficients lie in an ordinary differential field and whose distinct roots are
differentially independent over constants. We will then give an upper bound on the weight
of an «-resolvent of smallest possible weight. We will then compute the indicial equation,
apparent singularities, and Wronskian of the Cockle x-resolvent of a trinomial and finish
with a related determinantal formula.
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1. Introduction. Itis the purpose of this paper to prove two theorems giving, respec-
tively, a lower bound (Theorem 8.3) on the number of nonzero terms (more precisely
called coefficient-functions in Definition 6.2) which must appear in a linear differen-
tial resolvent and an upper bound (Theorem 9.1) on the smallest possible weight of
a resolvent for polynomials whose distinct roots are differentially independent over
constants. Such polynomials are called differentially transcendental polynomials. They
may be differentially specialized, meaning if z — ¢»(z), then Dz — ¢p(Dz), to any poly-
nomial whose roots have the same multiplicities. Therefore, it is reasonable to begin
the investigation of the bounds on the weight of and number of nonzero terms in re-
solvents for arbitrary polynomials with the investigation of these bounds on resolvents
of differentially transcendental polynomials.

A differential x-resolvent of a polynomial is itself a polynomial in «. The author
first recognized this fact by examining the partial differential equations of Mellin [16],
who chose the letter «. The author’s powersum formula [21] for computing resolvents
relies on the fact that an «-resolvent of a polynomial is itself a polynomial in «. The
author asserts in [19, Theorem 4.1] that the powersum formula for x-resolvents does
not vanish identically for differentially transcendental polynomials.

In Theorem 8.3 we will determine the number of nonzero coefficients of « in an nth-
order o-resolvent of a differentially transcendental polynomial with n distinct roots.
The author calls these coefficients of « the coefficient-functions of the resolvent to
suggest that they are not necessarily constant. In Theorem 9.1 we will determine an
upper bound on the weight, given by Definition 5.1, of these coefficient-functions for
any integral x-resolvent. It is important to determine the upper bound on the weight
of a particular resolvent in [17] in order to assess how much factoring must be done.

2. Definitions and notation. Let Z denote the integers, let N denote the positive
integers, let Ny denote the nonnegative integers, let Q denote the rational numbers.
For any ring R, let R* denote the nonzero elements of R.
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DEFINITION 2.1. For each m € N, define [m]={keN>1 <k <m}.
DEFINITION 2.2. For each m € Ny, define [m]p={keNy>0=<k <m}.

DEFINITION 2.3. For any variable or differential operator v and any m € N and
r € Q, define

m

Wmy = [[(0=(k=1)-7), Wor=1, (V)m=@)m1. (2.1)
k=1

Definition 2.3 will be used extensively in the proof of Theorem 11.9.

DEFINITION 2.4. Define the function 6;; =1 if i = j and 6;; = 0 if i # j. Denote a
square matrix M whose entry in the ith row and jth column is some function M(i, j) of
i and j by [M(i,j)]ix; and its determinant by det[M(, j) Jix;.

We will follow the notation in [13] for the adjunction of differential elements to dif-
ferential rings and fields. Let ® denote an element or a set of elements in a differential
ring extension of a differential ring or field R. Brackets R[@] will denote the polynomial
ring generated by © over R. Braces R{®} will denote the differential ring generated by
O over R, which is just the polynomial ring generated by infinitely many derivatives of
O over R. Only when R is a field, parentheses R(®) will denote the field generated by ©
over R. Only when R is a differential field, arrows R(®) will denote the differential field
generated by © over R, which is just the field generated by infinitely many derivatives
of ® over R. Finally, with a slight addition to Kolchin’s notation, for each m € Ny, let
R{O®},, denote the ordinary (nondifferential) ring generated by R and the first m deriva-
tives of ©®. Only when R is a field, let R(®),, denote the ordinary (nondifferential) field
generated by R and the first m derivatives of ®. We remind the reader that differential
rings and fields must contain infinitely many derivatives of all their elements.

We always have the following four set-theoretic inclusions and two equalities:

R{O}m CR{O},  R(O)m CR(®), R{O}pn CR(O)m, R{O} CR(O),

(2.2)

R{®}y = R[O], R(B®)p = R(®).
DEFINITION 2.5. Let P(t) = XY (=1)N~ley_;-ti = [[™, (t —z;)™ € F[t] be a monic
univariate polynomial in ¢ of degree N = X' | 7r; with n distinct roots {z;}!~, whose

coefficients e = {e;}Y  lie in an ordinary differential field F with derivation D.

Thus the e are the first N elementary symmetric functions of the roots of P count-
ing their multiplicities {rr;}}* ;. Henceforth, we will consider only the various differen-
tial subfields of F = Q(z1,...,zx)(x). Let {f;}/_, be the irreducible factors of P over
the base field Q(e), also called the coefficient field of P. Then P(t) = Hlefi“, where
{37, c{m}t,. We call Q(e), the mth order coefficient field of P, Q(e) the differen-
tial coefficient field of P, Z[e] the coefficient ring of P, Z{e},, the mth order coefficient
ring of P, and Z{e} the differential coefficient ring of P.

DEFINITION 2.6. Define the monic univariate polynomial P(t) = [[i-,(t — z;) =
S o(=1)""ig, ; -t with the same roots as P but all simple.
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Thus the coefficients é = {é;}]", of t'in P in Definition 2.6 are the first n elementary
symmetric functions of the roots of P not counting their multiplicities. Since char(F) =0,
F is a perfect field, so P is a separable polynomial, so each of the irreducible factors
of P has simple roots, so P(t) = [[}_; fi- Since there exist only finitely many nonzero
elementary symmetric functions of the roots of P, with or without multiplicities, it is
understood that adjunction of e and their derivatives means adjunction of the N ele-
ments eq,...,ey, and adjunction of é and their derivatives means adjunction of the n
elements éy,...,é,. Thus, the definitions of Q(¢é), Q(é)., Q(é), Z[é], Z{é},, and Z{é}
are clear. In contrast, there are infinitely many nonzero powersums (see formulae (4.1)-
(4.4)) and Schur functions (see Definition 4.2). So, when we wish to adjoin finitely many
powersums to a field, we must specify which powersums we are adjoining.

DEFINITION 2.7. Define A = [];.;(z;—z;)* to be the discriminant of P. Note that
A # 0 and A lies in Z[é].

LEMMA 2.8. Let e and é be given by Definitions 2.5 and 2.6. Then the inclusion
Q(é)m C Q(e)m holds.

PROOF. If P(t) = []i_,(fi(t))i is the irreducible factorization of P(t) over Q(e),
then each f;(t) liesin Q(e)[t]. So P(t) = [i_, fi(t) € Q(e)[t]. Since {é;}1, are defined
by P(t) = 3%, (-1)""te,_; - t!, it follows that ¢ C Q(e). Hence Q{€),, C Q(e)m. O

No immediate inclusion like the inclusion in Lemma 2.8 is possible between the rings
7{é},, and Z{e},,. However, Lemma 4.3 gives us a partial inclusion.

DEFINITION 2.9. Let & be transcendental over Q(e) with D« = 0. For each root z, let
v denote a nonzero solution of z-Dy — -y -Dz = 0. Call v an x-power of the root z
of P and denote it by y = z%. Thus, v is unique up to a constant multiple, and a unique
z corresponds to each y.

DEFINITION 2.10. Let a maximum of o of the «x-powers of the roots be linearly inde-
pendent over constants. Order the roots such that {y; = z*}¢_, are linearly independent
over constants.

3. Partitions of integers. In this section we will use the definitions and some of the
notation as in [14, page 1]. We must use the letters i and m elsewhere in this paper, so,
in place of these letters in Macdonald’s definitions, we will use the letters k and 7.

DEFINITION 3.1. For our purposes, a partition A is a finite decreasing sequence of
nonnegative integers A; > A, > - - - > Ay, called the parts of A.

DEFINITION 3.2. The number of positive parts £ is the length of A. To emphasize
the particular partition, write £(A) for the length of A.

DEFINITION 3.3. For each k € [n], define 7, € Ny to be the number of parts of A
equal to k. Call v the multiplicity of k in A.

It is convenient not to deal directly with the individual parts A, of a partition A, but
rather with these multiplicities and write A = (171272 ... n"). Hence £ = >}, 1%.
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DEFINITION 3.4. Define |A| to be the sum of the parts of A and call it the weight
of A. Hence, |A| = >}_; k- 7y. Call A is a partition of the integer |A|. Extend Macdonald’s
definitions slightly to allow zero parts and to define A = (0) to be the unique partition
of zero.

We will use partitions of integers in two ways. In the first way in Section 4 and
Lemma 4.3 in particular the kth part Ay of the partition A is the power of zx. Thus
1 = 0 for all k > n since all parts of A are less than or equal to n. So £(A) < n. The
weight w (5)) of the Schur polynomial 5, which is the common notion of isobaric weight
or total degree given by Definition 5.1, equals |A|.

In the second way in Section 7 and formula (7.2) in particular the multiplicity 7y is
the power of the kth derivative of z;, so |A| = m, the total differential order of the Bell
polynomial By, x{z;}, and the length £(A) of A equals the weight of w (B, x{z1}) given
by Definition 5.1. Although we will need to consider only m < n in Theorem 9.1, one
can differentiate infinitely many times, so in principle there is no upper bound on m,
and therefore no upper bound exists on |A| and £(A) in this application of partitions
of integers.

From Definitions 3.1, 3.2, 3.3, and 3.4, it follows that 1 < £(A) < m for all partitions
A of a positive integer m. Note the following two extreme cases on £(A).

ASSERTION 3.5. There exists exactly one partition A such that £(A) = 1, namely,
A= (m!). Thus r,,, = 1 and 7 = 0 for all k # m.

ASSERTION 3.6. There exists exactly one partition A such that £(A) = m, namely,
A= (1™). Thus r; =m and ry = 0 for all k # 1.
4. Powersums

DEFINITION 4.1. Define the gth powersum of the roots of P as p; = Z}‘:l T - z?, for
all g € 7.

Itis well-known that p; € Z[ey,...,emin(g,n) ], forallg € Ng,and e; € Q[ p1,..., Pming,n) ],
for all g € Ny, with formulae given by [14, page 28]

2 .0

pq = det €2 el Vq e N, wheree; =0, Vg > N, 4.1)
- - .. 1
q.eq eq71 el

P1 1 0 0
0
eq= q—det ) ) VgeN. 4.2)

Pg Pg-1 - p1
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When g > N, formula (4.2) yields zero for e,. For reference, we note that

[ e, 1 0 0]
28> e, .0
pq = det Vq €N, where e; =0, Vg > n, 4.3)
. . ", 1
qa-é; ég1 - e

8, = — det ' VqeN. (4.4)

When g > n, formula (4.4) yields zero for ¢,. Formulae (4.1) through (4.4) immediately
imply the equalities and inclusions Q{e);, = Q(p1,...,pN)m, Q(e) = Q(p1,...,pN),
Z{p1,...,PNIm C Z{elm C Qlelm = Qip1,....,PN}m, Z{p1,...,pN} C Z{e} C Qfe} =
Q{p1,...,pn} and the same with ¢é in place of e and p,...,p, in place of p1,...,pn.

For the proof of Theorem 9.1, we wish to find an element U € Z[e], preferably of
lowest possible weight when weight is defined, such that U - P € Z[e,t]. Because it
is so easy to do so, we will prove something a little stronger. Let S,, denote the full
symmetric group on the n roots of P. Let A,, denote the alternating subgroup con-
sisting of all even permutations in S,,. We say that a polynomial n € Z[z,,...,z,] is
antisymmetric in the roots if g(n) = n, for every g € A,, and h(n) = —n, for ev-
ery h € S, h ¢ A,. Let 6 denote the partition 6 = (n - 1,n - 2,...,1,0). For any
partition u = (uy,...,u4n) of length £(u) < n, define the antisymmetric polynomial
Ay =Y gen, [ 24 — Ygesngean L1im1 Zo(;)- Then p may be written as a determinant,
ay = det[zfj ]i,jern]- Then the Vandermonde determinant form of the discriminant of
P may be expressed as A = a(Z;.

DEFINITION 4.2. Define the Schur function indexed by the partition A to be §, =
ax+s + as. The Schur function 3, is a homogeneous symmetric polynomial in
Z[zy,...,zn] whose weight w (3)) equals |A| by Definition 5.1. The bar reminds us that
) is symmetric in the roots of P, not counting multiplicities.

Note that if any two parts of y are equal, then a, = 0, which is the only element both
symmetric and antisymmetric. Hence, we may assume u has distinct parts and write it
as u = A+ 0, where A is the partition whose parts are defined by A; = y; —n+1.

LEMMA 4.3. Define U = (]_[?:1 ;) - A. Let e and é be given by Definitions 2.5 and 2.6.
Then U -7Z[é] Cc Z[e] and U € Z[e].
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PROOF. We have

n
U-35) = (HTTJ'-A) Ao _ (1_[7‘(, a(s) C AN+

; Agtn—k
=det[m;-2}];,; - det [ijm Lk

n
— det [ z 1+)\k+n k:|
=1 ixk

=det[pisag+n—klixk € Zlel.

(4.5)

By [14, formula (3.3), page 41], any h € Z[&] can be written as a finite sum of Schur

functions over Z, h = >y by -3y with by € Z. So, U -h = >, by - (U -35)) € Z[e]. This
proves the first assertion.

If welet A =(0),wegetU =U-1=U -5 € Z[e]. This proves the second assertion.

O

COROLLARY 4.4. Lete and P be given by Definitions 2.5 and 2.6. ThenU -P € Z[e, t].

Since the gth powersum Z;‘:l T - z? is not fixed under action by S, for arbitrary mul-
tiplicities 17;, we cannot say anything about the action of S, on the ring Q[p1,...,pn] =
Q[e]. So we cannot use S, directly, nor the Galois group of P, for the final symmetriza-
tion of the resolvent of P to a resolvent of P in Theorems 8.3 and 9.1. Instead we will
apply Lemma 4.5.

LEMMA 4.5. Leto € [n]. Let n be a linear combination of antisymmetric polynomials
inZ(zy,...,zn] over the ring Z{e},[x]. Then U - (n++/A) € Z{e},[x].

PROOE. By [14, page 40] we may write n = >, hy-a, with h, € Z{e},[«]. Thus
U-(/VB) =3, hy - (U-(au/VA) =3, hy - (U-3,-5) € Z{e}o[ ] since U -3,_s € Z[¢]
by Lemma 4.3. O

5. Weight of rational functions

DEFINITION 5.1. Define the weight of a monomial h = s - [T,.0 [1j_1 (D™z;)"im - o,
with s € Z* in the ring Z{z1,...,zx}[a], by w(h) = 3,00 X2 Vjm-

Thus weight is defined so that w(z;) = 1, for all [ € [n], w(h) = 0, for all h €
(Z[x])*, derivation leaves weight unchanged, and the weight of a polynomial h €
Z7{z1,...,zn}[ ] is defined such that each of the coefficients in Z{z,,...,z,} of the sep-
arate powers of « has the same weight.

DEFINITION 5.2. The weight of a monomial i = s - [T, [TL, (D™p,)Vem - f, with
s € 7* in the ring Z{p1,...,pq} o, is defined by w(h) = 3,20 >0, (- vim-

Weight is well defined if any finite linear relation of these monomials can be decom-
posed as the sum of homogeneous finite linear relations of monomials. This means that
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if any monomial can be expressed as a linear combination over Z# of other monomials,
then that monomial can be expressed as a linear combination over Z# of monomials of
the same weight.

Let h be a sum of monomials in Z{zy,...,z, }[«] all of the same weight. Then we call h
a homogeneous polynomial of that weight. The discriminant A of P, for instance, is a ho-
mogeneous polynomial in Z[é] of weight n? —n. Clearly any homogeneous polynomial
in Z{py,...,pq}[«] is a homogeneous polynomial in Z{zy,...,z,}[«].

A ratio of two homogeneous polynomials, which need not have the same weight, is
called a homogeneous rational function. Let h,b € 7{z,,...,zy}[x] be homogeneous
polynomials of weights w(h) and w (b), respectively. Then the weight of the rational
function h/b € Q(z4,...,z») () is defined to be w(h) —w (b). It follows that if h and b
have the same weight, then either h — b is a nonzero homogeneous rational function of
weight w(h) = w(b), or h—b = 0. The sum or difference of two homogeneous rational
functions is not a homogeneous rational function if the weights of the summands are
different. We define w(0) = « so that Definitions 5.1 and 5.2 are consistent with the
property w(0) =w(0-h) =w(0) +w(h), for all h € Q{z1,...,zn) (x).

DEFINITION 5.3. Call the distinct roots of P differentially independent over constants
if no finite sum of distinct nonzero monomials in Z{zi,...,z,} equals 0. Then call P
a differentially transcendental polynomial. Therefore define a differentially transcen-
dental polynomial as one whose distinct roots satisfy the following: the field Q(z,...,
Zn)m has transcendence degree n - (m+1) over Q for every m € Ny.

6. Definition and existence of resolvents

DEFINITION 6.1. Define a nonzero homogeneous linear ordinary differential equa-
tion of finite order Ry = X ,cn, Sieng ¥iom - &' - D™y = 0 to be an «-resolvent of P if
each o-power y € {y;}1*, of the roots of P satisfies this equation, if R is polynomial
in «, and if each 7;,, lies in the differential coefficient field Q(e) of P.

DEFINITION 6.2. Call 7,4, the (i,m)th coefficient-function of R.

DEFINITION 6.3. Call the coefficient Ry, = 3 jcn, ¥iym - & of D™y in R the mth term
of R.

DEFINITION 6.4. Call R homogeneous of weight w if every r;,, has weight w in the
field Q(e) whenever the weight of elements in Q(e) is well defined.

DEFINITION 6.5. If the indeterminate power « is replaced with an integer power g,
then call R a g-resolvent. Technically, R could be called a resolvent if the terms R, lie
in Q{e) (). However, for purposes of computing R with the powersum formula [21],
define resolvents as being polynomials in «.

DEFINITION 6.6. When the coefficient-functions #; ,, lie in the differential coefficient
ring Z{e}, call the resolvent integral.

Since the differential coefficient field of P lies in the differential coefficient field of
P by Lemma 2.8, and P and P have the same roots modulo multiplicity, an «-resolvent
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of P will be an «-resolvent for P. However, an integral «-resolvent of P will not be an
integral x-resolvent of P.

Clearly, linear combinations of the derivatives of resolvents over the ring Q(e)[«]
are resolvents. We prefer that resolvents satisfy the following three conditions.

CONDITION 6.7. Resolvents should be of minimal order o.

CONDITION 6.8. Resolvents should have the fewest possible number of nonzero
coefficient-functions.

CONDITION 6.9. Resolvents should be integral and have minimal weight.

A slight modification of the basic theory of homogeneous linear ordinary differential
equationsin[17, Theorem A2] guarantees the existence of resolvents, and not just linear
ordinary differential equations whose terms lie in an arbitrary field, of oth order, where
o0 is given by Definition 2.10. We will see that Condition 6.7 implies that the terms of
integral oth-order x-resolvents lie in the smallest possible ring Z{e},[«]. The author
asserts in [20, Theorems 18 and 19] that if no root is a constant multiple of another,
then o = n for indeterminate « and all but finitely many integers « = q.

Among those resolvents which satisfy Condition 6.7, we will find those which sat-
isfy Condition 6.8 in Theorem 8.3 and prove their uniqueness up to Q({e)-multiples in
Theorem 10.1.

We may multiply a nonintegral resolvent which satisfies Conditions 6.7 and 6.8 by
an appropriate factor in Q(e) to obtain an integral resolvent. We may also multiply
an integral resolvent by an appropriate factor in Q(e) to obtain a possibly noninte-
gral resolvent but of zero weight, so as to make one of the coefficient-functions equal
to 1. Hence, minimizing the weight of resolvents in Condition 6.9 makes sense only for
integral resolvents.

THEOREM 6.10. Define Q =o0-(0—1)/2+ 1. There exists an x-resolvent of P of the
form X%, o S5 0 - ol -D™y; =0 for some nonzero 0;,, € Z{e}, except 0y = 0.

REMARK 6.11. Theorem 6.10 was originally proved as [18, Theorem 37, page 67]. It
has been published in [17, Theorem A.2].

THEOREM 6.12. If‘R is a resolvent of P, then R may be expressed as a sum of homo-
geneous resolvents.

REMARK 6.13. Theorem 6.12 was originally [18, Theorem 3, page 25].
Therefore, Theorems 6.10 and 6.12 imply the following theorem.

THEOREM 6.14. There exists an integral x-resolvent of P of the form > %, oS 5-0™ 0; 1 -
«l-D™y =0 for some nonzero 0; m € Z{e}, of minimal weight except 0y = 0.

DEFINITION 6.15. Call the resolvent in Theorem 6.14 the Cohnian of P. Hence, the
Cohnian is the «- or g-resolvent which satisfies Conditions 6.7, 6.8, and 6.9 in that
order. Hereafter, the symbol 6;,, will be used to represent the coefficient-functions of
the Cohnian of P.
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7. Bell polynomials. For this section, we follow the notation of [14, page 30].

DEFINITION 7.1. The partial Bell polynomial By, x{z1} € Z{z1}m of the derivatives of
a single root z; of P is defined for each m,k € Ny to be the coefficient of z[k in the
expansion of (D™1y;)/y; as a polynomial in «.

Let m € N. Then D"y, = v, - St B iz} - () - zl‘k with (), given by Definition
2.3. Extend the definition of By, k{z;} to m = 0 and k = 0 to be consistent with y; =
D%y,. So

m
D™y =y > Bmplzi} - (0k- 2% 7.1)
k=0

One immediately sees that By, 0{z;} = 0 for each m € N, By x{z;} =0 for each k € N,
Booizi} =1, and By iz} = 0 for all m,k € Ny with k > m. When the choice of root z;
is understood, we will shorten By, x{z;} t0O By k-

We have the following formula for By, x on [14, page 31]:

m

Bmx=y.cr-[[(DIz)", (7.2)

A j=1

where the sum is over all partitions A = (1"t - - - n') of m of length k, and ¢y = m! =+
[T72: (- (j)"7) € N. This implies z™ - (D™y/y) € Z{z}m[].

Formula (7.2) allows us to make the following two assertions about By, k. If the distinct
roots are differentially independent over constants, then any one root z; and its deriva-
tives are algebraically independent over constants. Therefore, monomials in the for-
mula for By, x indexed by distinct partitions A # A’ cannot cancel. Therefore we have the
following.

ASSERTION 7.2. If we can prove the existence of a certain partition A of m of length
k, then we have proven that a certain monomial exists in the expansion of D™y with
nonzero integer coefficient c,.

The weight of By, k, by Definition 5.1, equals Z;"zl ¥; = k, the length of the partitions A
appearing in (7.2). Since k € [m] implies (m—k) € [m—1]p and Z;”ZZ (J-1)-rj=m-k,
we can find a partition A of m of length k givenby 1, = k—1 and 7,1 = 1 if k < m.
Therefore we have the following.

ASSERTION 7.3. The degree of Dz; in By, 1 {z;} equals k—1 and By, x{z;} # O for each
k € [m—1].For k = m, by Assertion 3.5, there exists only one partition of m of length 1,
namely, the partition A = (m') = (m). For this partition of m, cy = m! = ((¥1)(1)") =
m!+ ((m!)(1)™) = 1. Therefore we have the following.

ASSERTION 7.4. For each m € Ny, we have By, = (Dz))™ # 0.
8. Form of resolvents of minimal order. The following quantities play a critical role
in the form of an x-resolvent of order o.

DEFINITION 8.1. Define Q = (02 —0+2)/2 as in Theorem 6.10.
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DEFINITION 8.2. Define¥=n-Q=n-(02-0+2)/2.

THEOREM 8.3. Let P be a differentially transcendental polynomial given by Defini-
tions 2.5 and 5.3. Then there exists an integral x-resolvent 3%, _o 3™ 0, - o - D™y =
0 of P of minimal order which has all nonzero coefficient-functions 6;,, # 0 except
000 = 0. The number ® of nonzero coefficient-functions 0; ,, appearing in this equation
is(m3—-n?+2n+2)/2.

PROOF. Set up the Wronskian form of a differential equation

Yoo Mo t
W)= : o (8.1)
D%y, .-+ D%, D°

where W, (y) = 0 when t is replaced with any y. We emphasize that the coefficients of
D™t in W4 (t) do not lie in Q(e)[ ] because this definition of W (t) is not symmetric in
all of the roots of P counting their multiplicities. Hence Wy is not an x-resolvent for P.
We will multiply W, by the appropriate factor later to make it a resolvent of P.

DEFINITION 8.4. Define A,, to be the coefficient of D™t in W,(t). Thus

Am = (=1)"det[D™ ] o’ . (8.2)

m
m’#m,m’€[o]o,l€[0]
We need to prove the following two conditions hold.

CONDITION 8.5. The coefficient of & in A,, is not zero foro—1+68,0<i<Q-m+
(0—1) form € [o]p.

CONDITION 8.6. The coefficient of o in A, is zero for i € [0 —2 + §m0]o for m €
[o]o.

We first prove Condition 8.5 holds. For each k € N, by formula (7.1), we have Dm/yl =
V- zl‘ml S B iz} - (a)kzlm"k for each m’ € [0]p. So

m' -1
D™y =ypoz;™ ((a)m' -(Dz)™ + > Bmuafzi}- ((X)kZlm’k>, (8.3)
k=1

where By k{iz1} - ((x)kz}""k € Z[x]{z} for k € [m’' — 1] is a polynomial in « of de-
gree k, which is less than or equal to m’ — 1, and a polynomial in Dz; of degree
k —1 by Assertion 7.3. Note that By {1z} - (a)kzlm,’k is a homogeneous polynomial
in Z{z;}m [] of weight m’. Since no monomial in By, x{z;} - (a)kzlm"k for k < m’
contains (Dz;)™ , each monomial of Bk - ((x)kzlm"k for k < m’ must contain one
of the derivatives of z; higher than one. Therefore, by (8.2) and (8.3), terms in A,,
involving only the zeroth and first derivatives of the roots come only from the term
det[y; - zl’m’ () - (Dz)™ 11 - Therefore, to prove Condition 8.5 holds for A,,, it
is sufficient to prove Condition 8.5 holds for det[ (), -u{"’] Ixm’ where

lefo]l,m’'€lo]g,m'+m

the u; are defined by u; = Dz;/z;.
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We have
[
det[ () - up™ ] Ixm’ =[] (e det[u] Ixm’ . (84)
lelo]l,m'€lo]g,m'+m i=0 lelol,m’€lo]lg,m'#m
itm

Since the z; are differentially independent over Q, the u; are algebraically independent
over Q. Since the powers on the u; in each row of [u{"'] Iscm’ are distinct,
. ’ lelo]l,m’€lo]g,m'+m
it follows that det[u}" ] o’ £0. 0

le[o],m’'€[o]g,m'#m

For each m € [0]g, we have Hm _o (X)mr = H ((x—j)”JFM, where njm =0—-1-j
m’'+m
for j <m and nj, = o—j for j = m. Therefore the degree of « in [1% -0 () equals
m’'#m

anm_Z(o 1-)+ > (0—J)

Jj<m j=m
= 0-(0+1) (6:3)
= Y (0-j)—#ljelm-1l} = =5 -

For each m € [0], we may factor «"0m = x°~! from Hom’zo (). For m = 0, we may

m'+m
factor 0.0 = x° from Hgn’:l (). Note thato-(0+1)/2-m—(0—1+Omyp) = Q—
m— 6m‘0_ So, H?;é (o(_j)nj,m = 0 1+0mpo . Z?:fom—ém,o (—I)Q’m"smﬁ’ipi i (Xi, where p;

is the (Q —m — 80 — i)th elementary symmetric function of the positive integers,
Jj € [o—1], where j has multiplicity ;. Therefore, p; > 0 for all i € [Q—m — 6m,0]0,

for all m € [0]y. Therefore, Condition 8.5 holds for det[ () -u{"']le[o],mrg[o]o,m/#m.

By earlier remarks Condition 8.5 holds for A,,. b’

We next prove Condition 8.6 holds.If m’ € [0], then the lowest power of «xin pm V=
Vi Sty B kizi} - (g - 27 is 1 with coefficient y; - ¢p 1, where

’

Sim' = O Bwglzi) - z7%- (DM Nk -1 e Z{zi}[ 2] (8.6)
k=1

By Assertion 7.2, since the roots are differentially independent over constants, we
need to find only one k € [m’] and one partition of m’ of length k in formula (8.6) for
GLm’ to prove that ¢, # 0. By Assertion 7.4, the partition A = (m’)! corresponding
to By {21} # 0 will suffice. If m’ = 0, then D™y, = y; # 0. Therefore, we may write
D™ yp =y (& 7Om 0 - g1y +Opr (2)), where Oy (&?) are terms in Z{z;}[z; !, o] of
degree in « strictly greater than 1.

Therefore, for m € [0]o, we may pull out one power of & from the m’th column
of A,, = det[D™ ] IXT’ = det[y;- (o' 0m"0 - Gpr + Oy (62))] sz’ except the Oth

column, unless m = 0, in which case we may pull out one power of « from each of
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the o columns. Thus

0
Am = (nyl> . ( 1_[ 0(1_57",'0) . <det [gl‘m,] l>§m’ +O(0())
=1 m’€lo]g,m’+m m'#m

0 (8.7)
= (HJ’[) x0TI+ Omo (det [Stm ] Ixm’ +O(0()>,
=1 m'#+m

where O(«x) are terms in Z{zy,...,2,} [zl’l, ...,z ', o] of degree in « strictly greater than
Zero.
We must now prove that det[G;m'] ixm’ # 0 in (8.7). The highest-order derivative of
m’'+m

z; which appears with nonzero coefficient in g; v is m” when k = 1 by formula (8.6) and

Assertion 3.6. It is therefore easy to see that det[G;m' ] ixm’ = det[D™ z1/z1] 1 +X
m’+m m'+m
in (8.7), where X € Z{zl,...,zo}[zfl,...,zgl] has differential order strictly less than

the differential order of det[D™ z;/z;] ixm’ - Therefore X cannot possibly cancel with
m’'+m

det[D™ z;/z] ixm’ 1N (8.7) since the roots are differentially independent over con-

stants. So, detle,::r] Do/ # 0. Therefore, by (8.7), the lowest power of « with nonzero
coefficient in A,, is (;n flm+ Om,0- Therefore the lowest power of « with nonzero coeffi-
cientin A, + &®~ 1 is 8y 0.

We must now symmetrize A,, with respect to all N roots of P including their multi-
plicities. First we specialize o — n (see Remarks 9.2) so that Q - n-(n—1)/2+1, then
multiply A,, by enough powers of é,, and the square root of A until we get a differential
equation whose coefficient-functions lie in Z{e},,. Specifically, if we define R,, by (9.9)
(see the proof of Theorem 9.1), then X}, _o Ry - D™y = 0 will be an integral resolvent
of P. After factoring out any other possible factors in Z{e},, the resulting resolvent
will be the Cohnian. The Cohnian will be a Q(é, e) (+/A)-multiple of W (t) and therefore
have the same number of nonzero coefficient-functions for the same powers of « as
Wy (t) does. This number equals —1 + anzo (Q+1—m), where the leading —1 accounts
for the fact that 0y = 0 and Q + 1 — m equals the number of elements in [Q —m]o,
representing the distinct powers of « in the mth term of the resolvent. Thus

P=-1+> (Q+1-m)=-1+(Q+1)-n+1)- > m
m=0 m=0 (8.8)

=n-Q+Q+n—w=n-Q+Q—M=n-Q+1=‘I’+1.

REMARK 8.7. Theorem 8.3 was originally [18, Theorem 40, page 71].

DEFINITION 8.8. Define I' = {(i,m) 2 i+m € [Q],m € [n]y,i = 0} to be the set
of pairs (i,m), which index the nonzero coefficients 0;,, of « in the Cohnian of a
differentially transcendental polynomial. By Theorem 8.3 and Definition 8.1, the size
of T equals &.
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9. Upper bound on the weight of the Cohnian

THEOREM 9.1. Let the x-powers { i}, of the n distinct roots of P given by Definition
2.5 be linearly independent over constants (so o = n). Then there exists an x-resolvent
Sm—oRm D™y =0 of P with terms Ry, € Z{e},[] of weight w(Ry,,) = n - (4n? —
5n+3)/2ifn=NandwRy) =n-8n>-9n+3)/2 ifn <N.

PROOF. If n < N, then, by Corollary 4.4, we have U = (]_[’f:1 ;) - A such that U €
Zlel, U-P(t) € Z[e,t], and w(U) = n® —n. If n = N, then we know P(t) = P(t). We
may combine these two cases as U!=%nN . P(t) € Z[e,t], where w (U %nN) = (n? —n) -
(1 -38p.n). Define S(&) = 9P /0t to be the separant of P. Then U'~9nN . S(t) € Z[e,t].
Since S_(zj) # 0, the formulae in [12, pages 203-204] can be used to find polynomials
T (t) € Z{e},,[t] such that

Tm (Zj)
(U5 (2,

D™z = vjeln], (9.1)

with weight w (T, (zj)) =1+(2m—-1)-(n—-1)- (n+1-05,,N) since W(S(Zj)) =n-1
and w(U) =n-(n-1). Then

D"Myj=D"z}=y;- > B ,k{Zj}'(D()k-ZJTk

k

m
=Y chf\
A

D zJ -(0()k-zJT

:yj.§.2c ﬁ( Tl(z_j) ))le> '(O()k'sz 9.2)
Py )

k=0 1=0 \ (U'™0nN - §(z;
m 1 m
=y e[ (Tz))™ - (k- z7%
J ,;(Ul 6nN S( ))Zl 1(2[ 1)- Tl% ll_([) J J
-3 1 MMZmﬂn%>wmfﬁ
koo (UTonN - $(z A 1=0

where A= (1" ---n"), S =k and X%, -1 =m
We defined A,, in Definition 8.4 and gave a determinantal formula for it in (8.2).
Combining formula (8.2) with formula (9.2) yields

Jjxm’
m'#m,m’ €[o]o,jelo]

(9.3)

m m'

1 _

A=ty S el
k=0 U nN . S A 1=0

The greatest negative power of Ul=9nnN . S(z ) appearing in the jth column of the
determinantal formula (9.3) for A,, is 20 — 1 and occurs when m’ = 0 and k = 0 if
m # o, and is 20 — 3 and occurs when m’ = 0 — 1 and k = 0 if m = 0. The greatest
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negative power of z; appearing in the jth column of the determinantal formula (9.3)
for A,, is o and occurs when k = m’ = o0 if m # o, and is 0 — 1 and occurs when
k=m'=o0-1 if m = 0. Therefore we will multiply formula (9.3) for A,, by

U 2o-1D-(1=8,n) . (ﬁﬁ) ) (ﬁ (g(zj))20—1> - (ﬁ z}") (9.4)
j=1 Jj=1 Jj=1

so that the product will lie in the ring Z{z;,...,z, }[«].

So we define
) (n S 1).Am+(nzg)
=1 j=1 (9.5)

= det [Hm’,j] jxm’ y

m’'#m,m’€[o]g,jElo]

HmEU(ZO 1)-(1=6n,N) . (

n:]a

where we define

’

= Z (U085 (2)) 7 RS e TT(T ) (k297K (9.6)
k=0 A =0

It is important to note that Hy, ; belongs to Z{e}w [«, z;].
Let € = [[;_, Tk so that U = & - A. See Remarks 9.2 to explain why we must now
specialize 0 — n. Then

H,, = UCn=D0=6ux) . (ﬁzy) . (ﬁ (S-'(Zj))zn_]) A+ (ﬁ zj‘)

j=1

n
_ 8(21’171)-(17(5"'1\])A(anl)-(lftsnyN) . e—n . Aanl Am - (1_[ Z;X) (97)

The weight of H,, equals the weight of A@n=D@=0nN) . a1 A, = (T]_; 2§) which equals

W(Hp)=2n-1)-n-(n—1)-2-86yn) +n°+w(Ap) —a-n 08
=4n® -5n’+2n-6un-2n—-1)-n-(n-1). :8)

Then H,,, being a Vandermonde-type determinant by formula (9.2), becomes a linear
combination over Z{e}, [ «] of antisymmetric polynomialsin Z[ z4,...,z,].If n = N, then
we may symmetrize H,, by dividing by +/A. If n < N, then we must apply Lemma 4.5
which guarantees that Hy, - (U =+/A) lies in Z{e} [ «]. We may combine these two cases
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by defining
B Ul*(sn'N
Rn=(-1)"-Hp- T
A (9.9)
— (_1)m ) EZn-(lfﬁn,N)A4n7172n-6n,N .é;}:ll ) ni;ﬂ’l - H Z;X ,
104 A i1

where Condition 8.6 (after specializing 0 — n) guarantees that we may divide A,, by
™! and still leave a polynomial in «. We grouped the terms in (9.9) as we did in order
to emphasize that Ay, + (" ' VAT]}, z¢) belongs to Z{zi,...,zn}l27%, ...,z o] and
is symmetrical in the roots not counting multiplicities. Thus > };,_o Ry - D™y = 0 is an
integral «-resolvent of P and

A
w(Rm)=w(Hm)+(1—5n,N)-w(U)—%
=4n® -5’ +2n-6un-2n—-1)-n-(n-1)
+(1—6n,N)-n-(n—1)—%
2 _
_n.(mf,’/l”))_an(n_l).én,N (9-10)
2 _
:n.<w> if n <N,
2 _
:n.(4n 5n+3> =N
2 O

REMARKS 9.2. Theorem 9.1 was originally [18, Theorem 46, page 95]. At the point
in the proof just before we specialized o — n, we would normally apply each element
g of the Galois group G of P to Hy, and then add up the g(H,,) over G in order to
make the coefficient-functions of the differential equation symmetrical with respect to
the roots of P including their multiplicities. However, there is no guarantee the result
H,, = dec g (Hy,) will not be identically zero for each m € [0],. We can only guarantee
that if H, = 0, then H,, = 0, for all m € [0]o, by the linear independence of {y;}?_,,
since Y _oHm - (-=1)™D™y = 0.

The upper bound @ (n) = n - (4n® —5n + 3)/2 in Theorem 9.1 is not sharp on the
weight of the Cohnian for a quadratic and a cubic with distinct roots. The Cohnian of
the quadratic, given in [17] and [18, page 131], has weight 7, yet @ (2) = 9. The Cohnian
of the cubic has weight 24, as demonstrated by indirect computer calculations in [18],
yet @ (3) = 36.

The proof of Theorem 9.1 suggests that exactly one power of the discriminant A of
P divides the leading term of the Cohnian in the ring Z{e}[«] and none of the other
terms. The discriminant in the leading term and not in the others has been observed in
every resolvent of every polynomial the author has tested. This pattern seems to have
been missed by Belardinelli in [1], Cayley in [2], and Cockle in [3, 4, 5, 6, 7]. It is consis-
tent with the fact that the singularities of the resolvent occur at values of the implicit
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independent variable x which make two or more of the roots of the polynomial equal.
A purely algebraic proof that exactly one more power of A divides H, rather than H,,
for m < o would require more than the Wronskian-type formulae used in the proof of
Theorem 9.1.

10. Uniqueness of resolvents up to a multiple. For Theorem 10.1, we may assume
Q=n-n-1)/2+1,¥Y=n-Q,and ® =Y +1.

THEOREM 10.1. Let P be a differentially transcendental polynomial given by Defini-
tions 2.5 and 5.3 with n distinct roots. Let Ry = > _, Z?;Om Vim0l -D™y =0 be any
nth-order x-resolvent of P whose mth term has degree in « less than or equal to Q —m.
Then all vy, + 0 except roo = 0.

PROOF. If we specialize the x-resolvent R to a g-resolvent by « — g, then, sum-
ming over the roots counting multiplicities, we get >\ Z?;Om Yim-q'-D™pg =0 for

each g € [¥]. The rank of the ¥ x ® matrix [g'-D™p,] gxi@m) is ¥ because Fy =
qelY], (i,;m)er

(=1)senO[gt.DMp. 1 guiim) #+ 0 by [19, Theorem 4.1]. Also the ® coefficient-
qel¥], (i,m)#(1,0)

functions 0;,, satisfy the same system of ¥ linear equations 3 1_o > %" Oim - 4" -
D™p,; = 0 for each g € [¥]. Therefore, ¥im = 71,0 - (Fiym + F1,0) = 11,0 - (Oi;m + 010),
for all (i,m) €T, by Definition 8.8. By Theorem 8.3, (6, + 61,0) # 0, for all (i,m) €T.
Thus, either 7;,, # 0, for all (i,m) €T, or 7;,, =0, for all (i,m) € I. But the latter case
violates the definition of a resolvent. Therefore 7;,, # 0, for all (i,m) €T. O

REMARKS 10.2. Theorem 10.1 implies that any nth-order «-resolvent of P with
coefficient-functions indexed by I' is a Q(e)-multiple of the Cohnian. The author made
this claim in [19, Theorem 4.1] by referring to [18, Theorem 40, page 71]. However,
the author has not presented the argument in Theorem 10.1 in a published form.
Therefore, Theorem 10.1 has been presented here to fill this gap. The reader may be
interested to know why the proof of Theorem 10.1 had to use the powersums, im-
plying the use of the powersum formula, instead of just using the system of ¥ lin-
ear g-resolvents X yuyer ¥ijm - qt -sz? =0 for j € [n], g € [Q]. The reason is that

rank[q’ -szjq.] (i,m)x (jrd) < ¥, and therefore this matrix could not be used to
) _ Gmel, (aenixiQ] ) )
determine uniqueness of the coefficient-functions up to a common multiple.

11. Indicial equation of the trinomial resolvent. Cockle in [4] and Belardinelli in [1]
used the Lagrange inversion formula

® (_1)k w_l
Z X n . xk (11.1)
k=1 k-1

z%=1+

SR

to compute a particular «-resolvent of P(t) = t" + x - t? — 1. Egorychev in [9] provides
an easily accessible reference for the Lagrange inversion formula. We will now show
how their resolvent also follows from the toric partial differential equations (11.4) of
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Mayr [15] and Sturmfels [23] and the Euler homogeneity partial differential equations
(11.2) and (11.3), which are special cases of the A-hypergeometric partial differential
equations of Gel'fand in [10, page 404].

DEFINITION 11.1. Let ('}) denote the binomial coefficient m!/((m—j)!- j!).

DEFINITION 11.2. Define the shift operator T as in [22, formula (3), page 2] to be
Tf(t)=f(t+1)— f(t) on any polynomial f(t) of t.

DEFINITION 11.3. Similar to Definition 2.3, for any variable or operator v, any m €
N, and any 7 € Q, define (V) = [[;2; (v + (k—1) -7) as in [8]. Define (V)og = 1.

DEFINITION 11.4. Define 7" f(t)|;—o to be f(t) operated on by the shift operator
T, m times, then evaluated at t = 0. Define T0f (£)|;-¢ = £(0).

DEFINITION 11.5. Given a set of n + 1 indeterminates {ay}}_, for each k € [n]o, the
operator 0y denotes the partial derivative 0/0ay with respect to ay holding all other
aitk fixed.

The a-power z* of any root z of the polynomial P (t) = > oai-t! satisfies the partial
differential equations defined by (11.2), (11.3), and (11.4).

DEFINITION 11.6. The first Euler homogeneity partial differential equation is given
by

M=

ag-oxz%=0. (11.2)

k=0

It is easy to prove (11.2) by applying the operator > ;_,d -0k to > ya; -zt = 0.

DEFINITION 11.7. The second Euler homogeneity partial differential equation is
given by

n
zk-ak-akz"‘+0(-z°‘:0. (11.3)
k=0

It is easy to prove (11.3) by applying >;_ok-ay -0 to > ga;-z' = 0.

DEFINITION 11.8. The toric partial differential equation homogeneous in weight and
total order of partial derivatives is given for each p € [n]y by

onz* = 0404 2" (11.4)

THEOREM 11.9. LetP(t) = t" +x -t —1 be a trinomial with roots {zy}}_,. Letq = n—
p,x€Z,Dx =1,andy = z*. Then Cockle’s [6, formula (vi), page 186] and Belardinelli’s
[1, formula (8), page 467] x-resolvent D"y = (—=p)Pq/n" - {x -D+ &/p)pn/p{x D —
&/q)gn/qy of P follows from (11.2), (11.3), and (11.4) by differential specialization.



2884 JOHN MICHAEL NAHAY

PROOF. Leta; — 0fori¢ {0,p,n} and a, — x in the polynomial P(¢) = Z’i’zo a;-tt.
Then (11.3) specializes to

(p-x-0p+n-an-on)y+a-y=0. (11.5)

Therefore
(n-an-0n)y=(-p-x-0p—)y. (11.6)

Therefore
(n-an-0n)y,y=(-p x0p—0), - (11.7)

By the identity (=v)m, = (=1)™(V)m, Withv =p-x-0p, +&, m = p, and v = n, we
have

(n-an-0n),,y=DP(p-x-0p+0),,. (11.8)
By the identity (¥ - V)my =¥ (V) m,1 With v = ay - 0y, m = p, and ¥ = n, we have
nP - (an-0n),,1y = (DP(p-x-0p+ ), ). (11.9)
By the differential identity (ay - 0n)p,1 = ah - 0, we have
aﬂ-aﬁy:(—n)””-(p-x-ap+0()p’ny. (11.10)

Similarly, the identity (11.2) specializes to (ao - 0o + X - 0p + an - 0n)y = 0. Therefore

(n-ap-d)y=(-n-x-0p—n-an-on)y. (11.11)
Therefore
(n-ag-00)gny =(-n-Xx0p—N-An0n)y,Y- (11.12)
By (11.5), we have
(n-aop-00)gny =(-n"X0p+p-X-0p+&),,V- (11.13)
Therefore
(n-ag-00)yny =(=-a-x0p+&) ;Y- (11.14)

By the identity (—=v)m, = (=1)" (V) Withv =g-x-0p —x, m = q, and v = n, we
have

(n-ag-00)y,y = (=1)4q-x-0p— 00, (11.15)
By the identity (v - V)m, = 7" (V)m,1 With v = ap - 9y, m = q, and v = n, we have

n-(ao-00) 4,y =(-1D%Nq-x-0p - ), (11.16)
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By the differential identity (ao - o) ,.1 = a¢ - 3¢, we have
(ag-03)y = (—n) g -x-0p— )y - (11.17)

We now choose the particular toric identity o,y = on ag v in (11.4) and multiply it on
the left by a, - al to get the identity

ah-al-ony =ah-al-0n0ly = (ah-oh)(af-3])y. (11.18)

Note that ag and 05 commute in (11.18) because the partial derivative d, has no
effect on ap. By (11.10) and (11.17), the identity (11.18) becomes

an-ag-opy=(=n)"P-(—n)"Up-x-0p+ &), (q-X-0p— &)y, (11.19)

Since 0, is the only partial derivation operator in (11.19), we may replace it with the
ordinary derivation operator D. Specializing a,, — 1 and a¢o — —1 in (11.19) gives us

(-DP-D"y=n""-(p-x-D+X)pn{d-Xx-D—X)gny. (11.20)

Dividing both sides by (—1)7 - p? - g% yields the resolvent in the form given in [1]

(=p)Pq1
pry = T

P/l pnip alanip 0

How do we know that there does not exist a resolvent for z"* +x - z” — 1 = 0 of order
less than n? Let d = gcd(n,p) denote the greatest common divisor of n and p. The
discriminant A of this trinomial is given by [10, page 406] as

Alx) = (_1)(n+2)-(n—1)/2 . (nn/d_ (_p)p/dqq/dxn/d)d. (11.22)

THEOREM 11.10. The indicial equation for Cockle’s resolvent of the trinomial z™ +
x-zV-1=0isI(§) = (§)n which has roots [n—1]o.

PROOE. First we will express Cockle’s resolvent in the form > ) x*- C;(x) - Diy = 0,
where C;(x) € Q(x). To do this, we use Cockle’s resolvent as expressed in the form
(11.21). By the Gregory-Newton series [22, formula (44), page 9], we have

<v+%>p‘n/p<v72‘>q’n/q= ici,f-(v)i, (11.23)

i=0

where

f=fw)= <v * %>p,n/q <v - %>q’"/q’
,l-rif(v)lvﬂ()EQ[‘X]'

il

(11.24)
Ci,f =
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Replacing v with x - D, using the fact that (x - D); = x'- D', and multiplying (11.21) by
(_1)(n+2)-(n—1)/2 -n" gives us

n
0= (_1)(n+2)-(n—1)/2 i (n”D”y— (_p)pqq Z ci,f-xi -Diy> (11.25)
i=0

which has the leading term A (x) = (—=1)"+2)-=D/2 (1 — (—p)Pgicy, ;- x™).

By [22, Example 1.41, page 25], it is easy to compute ¢y, r = T"f(V)|y—o +n! =nl=+
n! = 1. Therefore, by (11.22), the leading term equals A(x) if d were 1. Hence we denote
itby A1(x). So A1 (x) = (=1)+2-n=D/2 . (yn _ (_p)Pqix™). Therefore

n-1
0=A(x)-D"y— (1) =D2(_pypg? 3 ¢ p-x'-Diy. (11.26)
i=0

Multiplying (11.26) by x™ + A1 (x) and defining

(=1)(m+2)-(n=D/2, pPqd-x" o
A (x) "

Ci(x) = — (11.27)

for i e [n—1]p and Cy,(x) = 1, yields a resolvent of the form >, x?- Ci(x)-Dy = 0.
These rational functions are clearly all analytic at x = 0. According to [11, page 397], the
indicial equation of this ordinary differential equation is I(§) = X1, (£); - Ci(0) = (&)
which has roots [n—1]p. O

12. Apparent singularities. We will now prove that linear relations of {z{}}* | for a
trinomial hold only for a finite set of integers «, and we will find this set.

DEFINITION 12.1. Define g = 2™ V-1/(n/d)
DEFINITION 12.2. Define w = 2™ V-1/n,
DEFINITION 12.3. Define w; = w! for each I € [n].

THEOREM 12.4. letn=>=3,p €[n—-1],andd = gcd(n,p). Then Cockle’s x-resolvent
(11.26) 0 = Ay(x) - D"y — (=1)(+2- =172 . (_pypga S te; ooxt-Diy of P(t) =
t" —x - t? —1 has the set {z{}", as a fundamental system of n solutions, that is, the
{zX} | are linearly independent over Q if and only ifd = 1 and « ¢ {0} uUn LU k-
n—m-p). The Cockle resolvent has actual singularities at the points x € {n-(—p)~?/".
q-am. o-f}j:i?/d and apparent singularities at the points x € {n - (—p)?/" . q=a/".
wj}j::l, where j is not divisible by d.

PROOF. By astandard resultin the theory of ordinary differential equations, found in
[11, page 119] for example, there exist n solutions {u;}!", of (11.26) which are linearly
independent over the subfield of constants Q. The x-powers of the roots z% of P(t) =
t"™ —x - t? — 1 are certain linear combinations of {u;}}" ; and hence may not be linearly
independent over Q.
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The discriminant A(x) has roots x € {n-(-p) P/m.q-a/n. O'A"}j:j”d by inspection of
(11.22). These are the actual singularities of the trinomial. The leading term A; (x) of
the resolvent (11.26) has singularities x € {n-(-p) P/".q-a/". wj}j:z’f by inspection of
(11.22) with d = 1. Pulling out those singularities which are actual singularities leaves
the apparent singularities.

Let W(x) denote the Wronskian of the Cockle resolvent of P(t). We will now prove
that W(0) # 0 under the conditions on d and « stated in the theorem. This will be
sufficient to prove that W(x) is not identically zero for these d and «, and thus the
theorem will be proved. Let Ly (x) be the series given by the Lagrange inversion formula
(11.1). Then v = Ly(x) is a solution for z%, where z" — x - z¥ — 1 = 0. As Mellin noted
in [16], w; -Ll(wf - x) generates all the n distinct roots of z" —x-z7 —1 =0 as we let |
range over [n]. Since L, (0) = L,(0) =1 for all @ € Z by (11.1), it follows that L; (x) and
L« (x) represent different powers of the same root z; (x). Therefore, Ly(x) = (L1(x))%.
Therefore z% = (w - L1 (w?x))* = w*- (L1 (wPx))% = w* - Ly(wPXx).

Suppress the subscript [ on w; in formula (12.1) and (12.2). For m € [n—1],

P -m+«
A™w*Ly(wPx) @ (DM [
dxm x 07(0 n"t T
- m-—1
_wepm® oy (pemira-n)/n),, (12.1)
w " ((m-1))) =)
zw,,.mmg<p-m+o<—n)
n n m-1
For m = 0, we have
mya . P
d ‘”den(w X)’ L, =0 La(0) = 0 £0 Ve (12.2)
X m—0
Therefore
W(0) = det [—dm‘”ﬂ“(‘”?") }
dxm x—-0dIxm

L (12.3)
m o 1Y “m+e-n
o™ flar 1 (5 (2220 )
m-—1

=1 m=1

where m runs over [n— 1]y and [ runs over [n] in the determinant on the left in (12.3).

If p and n are relatively prime, n > 3, and p € [n — 1], then det[wf"m]lxm = =+
det[w]"]ixm = +./X, where x = (—1)""'n" is the discriminant of x™ — 1. Also, [T}1; w{* =
(—=1)% =1 _Furthermore, the product on the right in (12.3) equals

1 -1m-2
(p-m+(xn> _h"ﬁ p-m+a-—n-k-n
m-1  m=2 k=0 n

> n
(12.4)

n

l—f(p-mﬂxn) _
n m-—1

m=1

n

3
i



2888 JOHN MICHAEL NAHAY

or

nmel o, omta—k-n (31 nolm-1
[ ]_[ - ). l_[ []p-m+a—k-n). (12.5)
m=2 k=1 m=2 k=1

Note that the first equality in (12.4) holds because ((p-m+&—n)/n);-1 = ((p + x—
n)/n)o =1 when m = 1 in the first product on the left in (12.4).

Finally, multiply (12.5) by +./X- (= 1)* (=D 7Y (a0/m) == (=1) (= D/2pn/2 (1) (n-D).
o~ In-m-1 g get

n-1m-1

W(0) = +(—1)=D/2pn/2 (L)) g1y =D ="5D TT T (p-m+a—k-n)
m=2 k=1

(12.6)

or

n-1m-
W(0) = £(—1)RerD=D/2, gn-ly-nn=2)/2 TT ]‘[ (p-m+oa—k-n). (12.7)

m=2

Therefore, when ged(p,n) =1, W(0) = 0 if and only if x € {0, k- n—-m-p 3k €
[m—1], 2 <m <n-1}, aset of at most (n?—3n+4)/2 distinct integers. If p and n
are not relatively prime, then det[wf"m]lxm = 0 implies W(0) = 0, so the Wronskian is
identically zero. |

13. Computation of the Wronskian of the trinomial resolvent. If one wants the
Wronskian at other points x of the Cockle resolvent of t" + x - t¥? — 1, and p and «
satisfy the conditions of Theorem 12.4, one can use the Abel formula

W(x) =W(0) -exp< gncl (é,)) d?;) (13.1)

as noted in [11, page 119] to get W(x).

ExXAMPLE 13.1. For completeness, we compute the Wronskian W (x) of Cockle’s re-
solvent of the trinomial z" + x - z” — 1 = 0 using Abel’s formula when d = 1. It is easy
to deduce that C,,(x) =1 from (11.3), (11.4), and (11.5) since the degree of v in f(v)
is n. To compute Cy, 1 (x), we need to compute c,_1, 5 = (T 1 f(v))|v-o+(n—1). Since
7MYk = 0 = 7" (V) for any k € [m — 1]y, we may ignore all powers of v lower than
n —1 when we apply the difference operator T to any polynomial in v.

The coefficient of v ! in f(v) is just the negative of the first elementary symmetric
function of the roots of f(v)

{_5_-.E}”_01U{E_i.ﬁ}q_l (13.2)
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which is just the negative of their sum

'« n\ T/ « n
(—+i-—)+Z(——+i-—>
izo \P P/ 4 1 (13.3)
n pp-H _.na@-1) _n-(p+ta) n*

S 2 a2 2 2"

The coefficient of v™ in f(v) is just 1. Therefore, ¢,_1, = (T" 1 (v +n% - v""1/2)) |40
+(mn-1DL Now (T" (v 1))|,.0+ (n—-1)! =1 by [22, Problem 1.41, page 25], and
(T L. (v™))|y~o+ (n—1)!is the Stirling number of the second kind S}*_; in the notation
in [22, formula (31), page 7] which equals n - (n—1)/2. One can determine this by [14,
Example 11b, page 31], which says that S;!_; equals the first complete symmetric func-
tion of the integers [n — 1], which is just their sum. So, ¢,—1,f =n-(n-1)/2 +n?/2 =
n-(2n-1)/2. Notice that ¢,y > 0 for all n € N.

Substituting these expressions for C,_;(C) and C,(Z) into Abel’s formula (13.1)
yields

W(x)=W(0)-exp <(_1)p+1ppqqn-(2n—1)r 1
2 o (

n-1 13.4
(—v)”qu"—n")C dC) 134

which can be integrated to

W(x) = W(0) - exp (- (2n-1) 1n((_p)pqqxn_"")). (13.5)
2 —nn
So
—-(2n-1) 5
W(x) = W(0) - <\/1—(—p)f’qqn*"x"> =W(0) k- (VA) e, (13.6)

(n(nz+l))

where k = (\/(—1)
(11.22).

-n—n)~@n=D W (0) is given by (12.6), and A(x) is given by

14. Determinantal formula. Finally, we prove that the only algebraic condition
among the roots {z,...,z,} of a polynomial P which implies that there exists lin-
ear relations among the n! n!-tuples of the form (1,z1,2%,...,z1 1, 22,21 - 22,..., 2} 1 -

Zo,y., 2zt Zi72 0 Zh ) over Q is that two of the roots are equal.

LEMMA 14.1. Let {z1,...,z,} be a set of n algebraically independent indeterminates
over Z. Let G = S, be the full symmetric group on {z,...,zn}. Let I = (i1,...,in) € N§
be an n-tuple with iy € [n—k]o, for all k € [n]. LetE be the set of n! monomials in the
polynomial ring Z[z,,...,zn] of the form {z' =[;_, z,i"}. Let M,, be the n! x n! matrix
[9(t)](gec)x1- Let dn = det(My,). Let A = [, (zi—z;)2. Then dyn = +(~/A)"/2,

PROOF. The term d, is a polynomial in {z,...,z,} over Z of homogeneous degree.
Therefore, either d,, = 0 or the total degree in {z,,...,z,} of d, is just the sum of the
degrees in {z1,...,zn} of z! over all z! € E. We will next compute this degree. We will
prove later that d,, # 0.
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Since i, takes on each value of [n — 1] exactly n!+n times among all the monomials
in E, and i, takes on each value of [n — 2], exactly n!+ (n —1) times among all the
monomials in E,..., and i, takes on the value of 0 exactly n!+ 1 times among all the
monomials in E, the total degree in {z,...,z,} of d, is the sum

n n-1 nl n-2 nl 0
=D e Dt > iy
n 2o 1

n-1 7= in=0

1nn-1) 1 n-1)(n-2) 11-0)
=nl-|= e 14.1
" (n 2 "1 2 Tt (14.1)
_Z!_"ilk_i!_—n(n—l)
2 g 2 2

The total degree in {z1,...,z,} of VA is n-(n—1)/2, so the total degree in {z1,...,z}
of (VAY™2is (n!/2)-(n-(n—-1)/2).

Now we will prove that (~/A)™/2 divides d,, in the polynomial ring Z[z1,...,z,]. Pick
any u,v € {zi,...,z,} with u # v. Express S, as the disjoint union of the n!/2 cosets Cy
in S, of the subgroup {1, (uv)}.So, S, = ]_[’,:':/12 Ck. Perform the following elementary row
operations on M,,. Let Cx = {0k, ok}, where oy = (uv) o 0 for each k € [n!/2]. Let ROy
be the row {0 (z!)};cE in M,,. Let Roy be the row {0 (z7) }1eg = {((uv) 0 Ox) (2)) }jeE =
{(uwv) o (0x(z"))}1er in My,. Replace row ROy with ROy — Roy. Since (1 —v) factors out
of every entry in the row R0y — Roy, and there are n!/2 such rows, we conclude that
(u —v)"™2 factors out of d,, = det(My,). Since the choice of u,v € {zi,...,z,} was
arbitrary, we conclude that [];.;(z; —z;)""/? divides d, in Z[z,...,zx].

We will now prove that d,, # 0 by induction on n. Assume the same definitions for
M,,_1 and d,,—, = detM,,_; as for M,, and d,, with n — 1 replacing n and {z1,...,zn-1}
replacing {zi,...,z,} in the statement of Lemma 14.1. Assume that d,,_; # 0. It will be
sufficient to show that the coefficient of the monomial 1™ = [}, z,((k*”'"” %in d,, is not
zero. The matrix M,, has the following form. Exactly (n—1)! rows and (n—1)! columns
have (n—1) as the maximal power of z,, among all their entries. Furthermore, the entries
in these rows and columns possessing z!*~! form an (n—1)!x (n—1)! submatrix V,_;
of M,, which is simply the matrix formed from M,,_; by multiplying every entry in M,,_;
by zi-1.

Repeat this procedure on the submatrix of M,, formed by blocking out the submatrix
Vyn-1. Exactly (n—1)! rows and (n—1)! columns have (n —2) as the maximal power of
z,, among all their entries. They form an (n—1)!x (n—1)! submatrix V,,_» of M,, which
is simply the matrix formed from M, _; by multiplying every entry in M,,_; by z*~2.

Repeating this procedure, we create a finite sequence of (n—1)!x (n—1)! submatrices
{(Vi}iZd of My, with vy = det(Vy) = (2K) D' det(My,_1) = (zn)K D' d, ) # 0. The
monomial 1, possessing the highest degree in z,, among all the monomials in d,, can
come only from

= (n-1)1-SP 0k \ \
n ve=dl | -zn k0K _gn L zm-Din(=1)2) _gn L ont((e1/2) £ (14.2)
k=0

Therefore, the monomial 71 appears with nonzero coefficient in d,,. So d,, # 0. |
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EXAMPLE 14.2. Let {u,v,w} be algebraically independent over Z. Let E = {1,u,
u?,v,uv,u’v}, where u = z3, v = z,and w = z; as in Lemma 14.1.If M3 = [g(2") 1«1,
then

1T w u? v uv u*v]
1 v v w vw viw
1 w w? u wu wu
M; = , , (14.3)
1 v v u vu vu
1 w w? v wv w*v
11 u u? w uw uw)|

Rows 1 and 6, respectively columns 3 and 6, have 2 as the maximal power of u in
their entries. Among the entries in the 4 x4 submatrix formed by deleting rows 1 and
6 and columns 3 and 6, keeping the original numbering of rows and columns of the
original 6 X 6 matrix M3, rows 3 and 4 and columns 4 and 5 have 1 as the maximal
power of u in their entries. The 2 x 2 submatrix formed by deleting rows 1, 3, 4, 6 and
columns 3, 4, 5, 6 has 0 as the maximal power of u among its entries. We form the
(n—-1)!'x(n—-1)!=2x2 submatrices {Vk}i:o in the following manner. Let a; ; denote
the (i,j) entry of M3. Then

v [ai3 aig| [u®> u?v
) = -
| a3 aee | |u? ulw]|’
[as4 azs|] [u wu
Vi= = s (14.4)
| A44 A4 | |ju vu
_az,l az,z_ _1 v
Vo = = .
| A5,1  As.2 | _1 w

Then det(V>) = +u* - d», det(Vy) = +u? - dp, and det(Vy) = +ul - d,, where d, =
det(M;) = =(v —w) # 0 like the induction hypothesis used in the proof of Lemma 14.1.
The only place that u® appears in d3 is in the polynomial det(Vy) - det(V;) - det(V») =
+ub(v —w)3 # 0. Therefore, d3 # 0.

To help visualize the fact that (v —w)3 divides d3 in the polynomial ring Z[u,v,w],
perform the following elementary row operations on M3. Replace R; with R, — Rg, re-
place R, with R, — Rs, and R3 with R3 — R4. Then the top three rows of M3 become

0 0 0 (v-—w) u-(v-w) u?-(v-w)

0 (v—-w) wv+w)-v-w) —-(v-w) 0 vw-(v-w)

0 —-(v—-w) —-(v+w)-(v-w) 0 -u-wv-w) -u-(v+w)-(v-w)
(14.5)

each of which has (v —w) as a factor.

15. Conclusions. Much work must be done to find formulae for the Cohnian of arbi-
trary, not just differentially transcendental, univariate polynomials over a differential
field, in addition to determining their weight. The author’s powersum formula [21] for



2892 JOHN MICHAEL NAHAY

aresolvent is guaranteed to yield a nonzero resolvent only for polynomials whose dis-
tinct roots are differentially independent by [19]. But the powersum formula has always
worked for any polynomial the author has tested. Unfortunately, for differentially tran-
scendental polynomials, the powersum formula yields a resolvent whose weight equals
Y- (¥-1)/2,whichis sextic in the number n of distinct roots of the polynomial. Clearly,
a huge amount of factoring must be done on this formula to recover the Cohnian. The
author has made some progress in factoring some of the terms of an «x-resolvent of a
differentially transcendental polynomial in [17].
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