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1. Introduction. The Painlevé equations were discovered by Painlevé and Gambier
at the beginning of our century. They studied equations of the form

y'=F(z,y,") (1.1)

without moveable singularities except poles. Here F is rational in " and y with coef-
ficients locally analytic in z. Among fifty different types of equations of the form (1.1),
there are six distinguished Painlevé equations (PI-PVI) which are not reducible to linear
equations, Riccati equations, or equations whose solutions are elliptic functions. The
detailed discussion can be found in [16], [12], or [15]. During the last thirty years there
has been considerable interest in the Painlevé equations because of their importance
in physical applications, for example, fluid dynamics, quantum spin systems, relativ-
ity, and so forth; see the monograph of Ablowitz and Segur [5]. For the survey on the
Painlevé equations, see the article of Kruskal and Clarkson [26].
The general second Painlevé (PII) equation is given by

d?y

Tz =2v3+zy+b (1.2)

with b an arbitrary complex constant.

Equation (1.2) is connected with the Korteweg-de Vries equation, which is one of the
well-known equations solvable by inverse scattering methods [6, 7, 19, 24, 27].

One of the main achievements in the theory of Painlevé equations is connection for-
mulas, which were formally derived using the isomonodromy method [10, 20, 21, 22,
23, 28]. There are three approaches to justification of connection formulas. The first
one is based on the independent local asymptotic analysis of the Painlevé equations
[19]. The second approach, proposed by Kitaev [25], is based on the Brouwer fixed
point theorem, and utilizes the solvability of the inverse monodromy problem. The
third approach which has been developed by Deift and Zhou [8] is based on the direct
asymptotic analysis of the relevant oscillatory Riemann-Hilbert (RH) problems. The rig-
orous methodology for studying the RH problems associated with certain nonlinear
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ordinary differential equations in the case of Painlevé II and Painlevé IV and was intro-
duced earlier by Fokas and Zhou [11]. The detailed discussion of all three approaches
is given in the paper by Its et al. [18].

A remarkable recent survey by Its [17] gives a detailed discussion of the RH ap-
proach to different applications, including integrable systems, where nonlinear differ-
ential equations, including Painlevé equations, arise as a compatibility condition.

The method developed in this article allows to prove existence of pure imaginary
solutions for the general second Painlevé equation and the differentiability of the ob-
tained asymptotics, which is very important for applications. If one can prove exis-
tence of local asymptotics and obtain those, then the proof of global asymptotics and
connection formulas can be simplified dramatically [19]. This proof does not use the
isomonodromy method. Moreover, a method of the article can be extended to a more
general (nonintegrable) type of nonlinearity [1, 2, 3].

The structure of the paper is as follows. In the introduction we formulate the main
result. Section 2.1 discusses a phase of WKB solution. Section 2.2 is devoted to the proof
of the main result. All the auxiliary results can be found in the appendix.

We will consider a case of (1.2) with b = i, « € R, for the real values of x:

d?y

W:2y3+xy+i(x. (1.3)

The following is the main theorem of the paper.

THEOREM 1.1. There exists a two-parametric family v (x;B,co) of solutions of (1.3)
such that the following asymptotics hold as x — oo:

y(x;B,c0) = J_ri,ngriB(Zx)‘”‘1 singq(x)+0(x71), (1.4)
3/2
cpo(x)=%+%alnx—%ﬁzlnx+co+0(x‘3/2) (1.5)

(co and B are arbitrary constants). These asymptotics are infinitely differentiable, for
example,

' (x;B,c0) = iB(2x)* cos o (x) + O (x7/?). (1.6)

REMARK 1.2. There are two values of 8 for which the remainder in formula (1.4) will
have the order O(x 1Inx). See Lemmas 2.1 and 2.2.

REMARK 1.3. The structure of the asymptotic formula (1.4) is as follows. The term
+1i4/x /2 is the asymptotic behavior of two roots of the polynomial equation

293 +xy+ix=0 (1.7)

as x — o. The phase @ (x) of the second term iB(2x) '/#singq(x) consists of two
parts: 2+/2x3/2/3 4+ (3/2)xInx and —(3/2)B%Inx. The first part of the phase @q(x),

3/2
72\@; +%(xlnx, (1.8)
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results from WKB approximation for linear equation
u’ (x)+Q(x)u=0, (1.9)

where Q (x) is given by formula (2.8) as x — c. The second part of the phase @¢(x),
3 2
_EB Inx, (1.10)

is obtained as a result of nonlinearity of (2.7).

REMARK 1.4. Formulas (1.4) and (1.5) are the special case of [24, formula (26)] (the
proofis not published) and coincide with [18, formula (1.12)] when & = 0. Much stronger
results concerning global behavior of solutions of PIl were obtained by Its et al. [18], and
by Deift and Zhou [8], using the isomonodromy method and RH method, respectively.

REMARK 1.5. See also an excellent paper of Hastings and McLeod [14], which has
simple and elegant proof of the asymptotic formulas for real solutions of the second
Painlevé equation.

The method used in this paper is a further development of the method used in [1, 2,
3, 4] for the second, third, and fourth Painlevé equations, respectively.
2. Main part

2.1. Heuristic considerations. Stability near parabola w = i/x/2. We consider a
second Painlevé equation given by

V' =xy+2yi+ix (2.1)
as x — o. The substitution
X
y(x) = -1 +w(x) (2.2)
leads to
w' =P(w,x), (2.3)
where
2
Plx,w) = 2w3 —6iSw? + (x—6°‘—)w+2iﬁ(1+a2). (2.4)
X x? x3

The right-hand side of (2.3) is a polynomial in w with three roots:

w(x) — 0, wo (x) —»i\/§+%i(xx’l+0(x’5/2),

wi(x) = —i\/§+ %io‘x’l +0(x7/?)

as X — 00,
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We will study stability of solutions only near parabola w = iy/x/2; the stability of
solutions near parabola w = —iy/x/2 can be studied exactly the same way. The main

theorem is formulated for both cases.
After the substitution

w(x) =wa(x)+u(x),
equation (2.3) becomes
u’ (x)+Q(x)u = go(x) + g1 (x)u?+ go (x)u?,

where

L _-3/2 -3
4\/§x +0(x77),

gl(x):\/7 X2 4 3icx L+ 0(x7?), go(x) =2, asx — .

Q(x)=2x+ 6—\/%)(’”2 +0(x7?), golx)=

Below we will seek a solution of (2.7) in the form of (2.9) and (2.10):
w(x) =Ax"Y4sin¢p(x) +Bx"'cos2¢(x) +Cx7L,

where A =2-1/4iB B, C, and B are some constants,

P(x) = 2\/— X302+ lnX+w(x)
where
, flpx)) 1
W(X)=T, §+J/>0,

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

y is a constant and f(¢(x)) is some function differentiable and bounded on (xg, ).
After substituting (2.9) and (2.10) into (2.7) and taking into account (2.11), we get

%6Ax’9/4 sing +V2A(f' (p) cosdp —2f(Pp) singp) x4y

FAS(f (@) cosd—f()sinp)x 52— (4 y ) Af () cospr I

+ % V2Bsin2¢px 32 = 22B{f}, sin2¢p + 4 f () cos2¢p}x 1127V

o b
—6Bcos2¢+2C+ —Bx3%cos?2 +—Cx’3/2

L ABX’3/4 sing cos2¢ +

ﬁAzsn qS+ 7

+2A%x 34 sin3 p+ 0 (x73/?).

121

7 = ACx3*sing

(2.12)
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Equalizing constant terms will get

2C —6Bcos2¢ = \ﬁ 2sin° ¢, (2.13)
or
3i A2, i
B=—=A". 2.14
C= 2\/_ >3 (2.14)

Since the highest power of x in the left-hand side is equal to (1/4 — y) and the power of
x in the right-hand side equals —3/4, we have 1/4 —y = —3/4 whence y = 1. Therefore,
discarding the terms of the order O(x~3/?) and higher, and replacing ¢ by @, we
obtain the equation

cos Qo —2fsingq = 6iBsin@ycos2@g +6iCsinpg + sin® @y .
Fio 2fsi 6iBsi 2 6iCsi V2A?sin® (2.15)

or
Soo COS@o—2f sin@g = C1 sin@g + Ca sin® o, (2.16)
where
12 8
Ci=-—72A?=6B%  Cr=-——=A=-4p° 2.17
1 \/7 B 2 \/§ B ( )

whose all bounded solutions according to Lemma A.1 are given by the formula

f (o) = —%BZ—%BZCOSZ%. (2.18)

From (2.18), (2.10), and (2.11), we obtain the integral equation
2\f X312

B? * cos2o(t)

> : dt, (2.19)

Po(x) = + 2cxlnx lenx+cof

where c¢( is a some constant. According to Lemma A.3 there exists the unique smooth
solution of the integral equation (2.19) and that solution has the form

2\/> 3/2

Polx) = + 2(xlnx lenx+co+0(x’3/2), (2.20)

@y (x) =\/§x1/2+0(x‘1). (2.21)

2.2. Asymptotics of solutions of the second Painlevé equation. We will seek the
solutions of (2.7) in the form

u(x) =uo(x) +wi(x), (2.22)



2994 ALISHER S. ABDULLAYEV

where ug(x) = i(2x) '/*Bsin@y(x) and @o(x) is the solution of the integral equation
(2.18). Then (2.6) takes the form

w” (x) +F(x)w = fo(x) + fr(x)w? + fo(x)w?, (2.23)
where
1/4 3\/— 1/2
F(x) =2x +6V2Bx *sin@q(x) + == B2(1 - cos2@o(x))x
_3ip? 32
Jolx) = > (1-cos2@o(x))+0(x~°"%), (2.24)
filx) = 6i\/§+6i(2x)‘1/4ﬁsin(po(x),
fo(x)=2 asx — .
We need the following two lemmas.
LEMMA 2.1. The equation
¥ +F(x)y =0, (2.25)

where F(x) is defined by (2.24), has a fundamental system of solutions {y1(x),y»(x)}
of the form

—1/4+p

yi(x) =x —cos(t+2¢ - 0) +sint+0(x3/?)],

~1/4+p

yi(x) =x sin(t +2y —0) +cost +0(x3/?)],

(2.26)

cos(t+2y+0) +sint + 0 (x3/?)],

ya(x) =x"t4P
Yh(x) =x"V4P[ —sin(t + 2y + 0) + cost + O (x3/%)]

[
[
[
[

as x — «. Here

2\/?)(3/2

t= +apfInx +co+0(x73/4),

\/7 3/2

t+2y = +a1f2Inx +cy +0(x734), (2.27)

5 2 T
=a’~= >0, O0=arctan—, 0<60<—,
P=a oy /5 2
ao, a1, Co, C1 are some constants.

LEMMA 2.2. There exists a solution y,(x) of the equation
' +F(x)y = fo(x), (2.28)

where F(x) and fy(x) are defined by (2.24), such that yo(x) = O(x™1), y5(x) = O(x1)
when p # 3/4 and yo(x) = O(x'Inx), y5(x) = O(x~'Inx) when p =3/4 as x — .
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PROOF OF THEOREM 1.1. The integral equation that corresponds to the differential
equation (2.23) has the form

w(x) = ¥o(x)+cy (x)J V2 (D[ fi(Dw? + fo(m)w3]dT

x x (2.29)
—cyz(X)U yl(T)fl(T)wsz‘l'J yl(T)fZ(T)wng],
X1 X2
where ¢ is some constant. By the substitution w(x) = x 'z (x), we get
X
z(x) :zo(X)+cxy1(x)J Yo (D[ AT T 222+ fo(T)T 323 ]dT
" (2.30)

- nyz(x)[ (D) filto)T22%dt+| n (T)fz(T)T*zadT].
X1 X2

Here zp(x) = xyo(x). From now on we will assume that p does not equal 3/4. Due
to Lemma 2.2 it follows that if x; > x¢ > 0, then |zo| < by and |z;| < by, where by is
some positive constant. We are going to show the existence of a solution of (2.30) by
the method of successive approximations. We rewrite (2.30) in the form

z(x) =2z9(x)+K(x,z), (2.31)

where K (x,z) is the integral operator

K(x,z) = cxy, (x)J Yo (D) [ ()T 222+ fo(T)T323]dT

x x (2.32)
*nyz(X)[ yi(T) fi(m)T%2%dT + yl(T)fz(T)T’323dT].
X1 X2
According to the method of successive approximations, we define
z1(x) =0,
2o(x) = zo(x), (2.33)
Zn(x) = 20(x) +K(x,zp-1(x)), n=1,2,....
Then
z1(x) —zo(x) = K(x,2z0(x)), (2.34)
where
K(x,zp(x)) = cxy (X)J Vo (D[ f1 ()T 225 + fo(T)T 323 ]dT
~ (2.35)

—cxy2(x) U i (T)fi(t)T2z5dT +J b2 (T)fz(T)T’3ZSdT].
X1 X2

We note that the order of the integral operator K(x, z) is equal to the order of its first
term. To find the order of the first term we use integration by parts, taking into account
that

fl(x) =632ix"*Bcospo(x) + 0 (x1/?) (2.36)
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and, utilizing formulas (2.24) and (2.26), we get

cxyl(x)J Vo (T) fr(T)T2Z3dT

x 22
=ch1(x)J T‘9/4‘p[cos< 3/2+(x1321n'r+c1>

+sm< 2v2 3/2+o<OBZInT+Co>]f1(T)T‘2 2d
—0(x )
—ny](X)J:%[ ( 22 32 4+ len'r+c1>
—cos(%—73/2+a032ln1-+c0>](%[
=0(x73?)
e [ (=4 )T A
L. (22 1312 2
x\/?[sm( +0o B lnT+c1)
fcos(T[T3/2+0(0B21n'r+co)]d'r
_CXyl(X)JXT_”M_p
i . 2f 3/2 2
x\/?[sm( + 0B lnT+c1>
*COS(TITB/Z+0(0ﬁ21nT+Co):|%[fl(T)Z(Z)(T)]dT
Since
1 . 1
T3 A LA = | LA+ 22z ]|

AT AP Z5(T)]dT

<6lO(t7 ) +1]bgT!/? < 7b5T'?,

then the absolute value of the above term is less than

Similarly

56¢
bZ —1/2
S5+4p °

‘nyz(x)J yi(T)fi(t)T%z8dT| <
X1

56

5+4

b2 —1/2

(2.37)

(2.38)

(2.39)

(2.40)



PURE IMAGINARY SOLUTIONS OF THE SECOND PAINLEVE EQUATION 2997

Here x, = o if the corresponding integral [ v, (T) f1 (T)T2dT < o and x| = xy if this
integral is divergent. The orders of the other terms are higher than O (x~'/?). Therefore

56 .
[z1(x)—zo(x) | <gx'2, |z1(x)| <bg+qx~'?, gq= 5+:p 2. (2.41a)
Similarly, one can show that
|z1(x)—zo(x) | <qx7V?, |zi(x)| <bo+qx~'/? (2.41b)
with the same g. We show by induction that
|20 (X) — 201 ()| = 7’;{ | Zn1 () = Zna (0 | + | 25 1 () 24 ()|}, (2.42a)
|z, (x) =z, 1 (x)]| < \/—kY{ [Zn-1(x) —zn2(x)| + |z 1 (X) =z o (x) |}, (2.42b)
and also
i & n-1 , L i & n-1
[zn(x)—zn1(x)| < ﬁ(ﬁ) , |z (x)—z_1(x)] < ﬁ(ﬁ) , (2.43a)
q 1-Q2k//x)" , q 1-(2k//x)"
| zn(x) | Sb0+\/§71—2k/\/§ , |z (x)] Sb0+\/§—1—2k/\/7 ,  (2.43b)

for n > 1 with k = (72/(5+4p))boc. Formulas (2.43) follow from (2.42) using (2.41).
Formulas (2.42) and (2.43) are true for n = 1. We assume that they are true for n and
will prove them for (n+1). Indeed,

| Zna1 (%) —zn(x) | = K(x,2n(x)) =K (x,25-1(x)), (2.44)

where
K(x,zn(x)) —K(x,zn-1(x))
=cxy1(x) J V2 (T) 1 ()T (20 (T) = 201 (T)) (20 (T) + Zn-1 (T))dT

—cxya(x) J Y1) LT T2 (20 (T) = Zn-1 () (20 (T) + 201 (1)) AT + O (x3/?).
X1
(2.45)
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To find the order of the first term on the right-hand side of (2.45) we integrate by parts
and see that the term equals

exn () | 3T (E () -2 ()T
=cxyy(x) J:: T l4=p [cos <2\3—ET3/2 + o B%InT +c1>

+sin (¥T3/2+(XOBZIHT+CQ>:|f1 (T)T2(25(T) - 22, (T))dT
=0(x7%) (zn(x) = zn-1(x)) (zn(X) + Zp-1(x))

(\/_3/2

+cxy1(x)J \/_sm + o BZII’IT+C1)ddT

X [T WA £ (1) (25 (1) — 251 (1)) ]dT
X1 <2f 3/2

—cxy(x TCOS i
X [T f (1) (25 (T) =25, (1)) ]dT
=0(x732) (zn(x) = 2n-1(x)) (zn (X) + Zn_1 (x))
XMT—ISM—p
V2

><sin(%§'r3/2 +0(1321n1'+c1)f1(1')(zi('r) -z2 [ (T))dT

—cxy (X)J 7(71127‘0) T15/4-p

X COS (%51'3/2 +o(oB21nT+c0>f1(T)(z,21(T) -z2 [ (T))dT

+xof’InT +co)

+cxy1(x)

+cxyr (x)JX%-,-fn/z;—p
X sin (%573/2 +1f%InT +c1) (;i_r[fl('r)(zfl('r) -z2 (1))]dT
—exyi(x) [ e

d [A(T)(Z2(T) =22, (T))]dT

2.2 .. .
XCOS(;—/—T3/2+D(0BZIHT+C0)

dt
(2.46)
Since
% [f1(T) (20 (T) = 2n=1(T)) (20 (T) + 241 (T)) ]
= f1(T)(zn(T) = 2p-1 (1)) (2 (T) + 21 (T)) (2.47)

+ 1(T) (2 (T) =23, 1 (1)) (20 (T) + 241 (T))

+ (T (20 (T) = 2p-1(T)) (2, (T) + 21 (T)),
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then

1 d
N [f1 T)(Z2(T) =22, (T))] (2.48)

< 18borl/2{|zn(r) —zp 1 (D) [+ ] (23 (1) =z, (1) ] }.

Therefore the absolute value of the whole expression (2.45) is less than
k.
NET

and also taking into account (2.43a) we get

(|zn(x) =zp1 () | + [ (zp (%) =z, (X)) ]), (2.49)

|Zn+1(x)| < |Zn+1(x)*zn(x)| + |Zn(x)<

a (2k\" a 1-Qk/yx)"
Sﬁ(ﬁc) thot T ok ux (2.50)
4 1= (2K
TR 1-2k/Ux

Similarly,
Zyi1 (X) =z, (%)
= cxyp(x) J V2T LT T (20 (T) = Zn-1(T)) (zn(T) + Zn-1 (T))dT

—cxyy(x) | (D AT 2(20(T) = 2n-1(T)) (20 (T) + Zp-1 (T))dT + O (x3/2).
x1

(2.51)
So
|z (X) =z, () | < |Zn X) = 2zn1 () | + [ (2 (x) =z (X)) ]), (2.52)
and also taking into account (2.43b) we get
|20 )| < |20y () =20 () | + | 2, () | sbw%%. (2.53)
This completes the proof of (2.42) and (2.43) by induction. Now one can show that
[z(x) | = |zo(x)+ (z21(x) —2o(x)) +- - - + (zn(x) —Zn1 (X)) + - |
< bo+%§0(2k/ﬁ)” b0+7 - 2k/f < 2by, (&34
and similarly
|2/ (x)| = |zo(x) + (21 (x) = 2{(x)) ++ -+ (zZp(x) —zZ)_1 (X)) + -+ - |
<by+— Z FT TN LAy T S— < 2by, (2:39)

\/En . f1 2K/ /X



3000 ALISHER S. ABDULLAYEV

therefore {z,(x)} is a fundamental in C'[xy, o) and partial sums {z, (x)} and {z},(x)}
uniformly converge to z(x) and z' (x), respectively. Thus we proved that z(x) = zo(x) +
O(x~1?) and 2’ (x) = zy(x) + O(x1?), or w(x) = O(x7!) and w'(x) = O(x~1). Now
from formulas (2.22), (2.19), and (2.20) we will get the statement of the main theorem.

O

REMARK 2.3. If p =3/4, then w(x) = O(x 'Inx) and w’(x) = O(x !lnx).
Appendix. We consider the following first-order linear ordinary differential equa-

tion:

%Coscp—Zfsinqo = aod* 1 sin* @, (A1)

where 0 < @ < ®, ag, d are some constants and integer k > 1.

LEMMA A.1. Equation (A.1) has bounded solutions if and only if k is odd, k = 2s + 1,
s =1,2,.... All bounded solutions are given by the formulas

s 2s
_ ) . _ aod
f@) = TA5+TJZCJCOS(ZJ¢J), T=35 "% (A.2)
where
N
A = z (~n™2=2mC(s+1,m+1)C2m,m) —C(s+1,1),
" (A.3)
cj= > (=1)mt1272mHC(s +1,m+1)C(2m,m— j).
m=j
PROOF. The general solution of (A.1) has the form
k-1

f(p)=Ccos™> @+ dod sin**! p cos? @. (A.4)

k+1

The function f() is bounded for all ¢ if and only if k = 2s +1, s = 1,2,..., and
C+T = 0. In this case,

s+1

f(@)=(C+T)cos>@+T > (-1)"C(s+1,n)cos’™ V. (A.5)
n=1
Therefore
S
f(@)=-Cs+1,D)T+T > (-1)"1C(s+1,m+1)cos’™ . (A.6)
m=1
Since
m—1
cos®™ @ =272 N cos2(m—j)p +272"C(2m,m), (A7)
j=0

then formulas (A.2) and (A.3) follow. O
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We consider the following initial value problem on R, = (0, ):

dp cos @ (x)
E—f(X)-i-bT, (AS)
@ (x0) = o, (A.9)
where f(x) is from the C®[x(, ) class and b, y are constants.
LEMMA A.2. If the function f(x) in (A.8) meets the asymptotics
f(m)(x) - (Xlx/2+1)(m) as X — oo (A.10)

form =0,1,2,..., where « is a constant such that x/2+1 > 0, x/2+y >0,y > 1/2— /4,
then for xo > 0 there exists the unique solution @ (x) € C®[xg,) of the initial value
problem (A.8)-(A.9).

PROOF. After the following change of variables:

1
L= mx"‘/“l, I’l=X_D(/2(P, (All)

the problem (A.8)-(A.9) takes the form
h'(t) = F(t,h(1)), h(to) = ho. (A.12)
Since f’(x) ~ (/2 +1)x*/? for large x, then

h COS[(((X/2+1)t)BI’L]

= _fB= -B
F(t,h) Bt +b (@21 00" +0(t7P), (A.13)
where
o« _20+2y
B_(x+2’ ) (A.14)

The derivative of F(t,h) with respect to h is

oF B sin[((a/2+1)t)ﬁh]

g _o_P_y , (A.15)
oh 't ((@/2+1)t)°
where
_ x+2y
0= w2 (A.16)

Since &/2+1 >0 and «/2+y > 0, then [0F/0oh| < C for 0 < tp < t. So there exists a
unique smooth solution h(t) for the initial value problem (A.12). The corresponding
@ (x) is the unique smooth solution of (A.8)-(A.9). O
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We reduce the problem (A.8)-(A.9) to the equivalent integral equation. Integrating (A.8),
we get that

X
P(x) = f(x)=f(x0) +@(x0) +b | tYcosp(t)dt, (A17)
X0
where x¢ > 0. Further,

X 00 X
J tYcosp(t)dt = J t‘ycosqo(t)dt+I t Y cosp(t)dt. (A.18)
X0 [

X0

The first integral in the right-hand side equals

00

0 X1
J t Y cosp(t)dt = J t‘ycosm(t)dt+J t Y cosp(t)dt. (A.19)
X0 X0 X1

The integral jjfol t~Ycos@(t)dt clearly converges. To prove that the second integral also
converges, we observe that from (A.8) we have

Q'(x) = f(x)+0(x77). (A.20)
Since «/2 +y > 0, then for x > x; > 1, one has
0<Cix%? < |@'(x)] < Cox™/2. (A.21)

Using integration by parts, we see that

© sinp(t) |® r" . , -1
tYcosp(t)dt=—"7""—-| - sin@ (t)d(tY ' (t . A.22
| treospwar= TR~ [ singwd (e o) (A.22)
Since /2 +y > 0, then
sin@(t)
tlglity(p’(t) = (A.23)
Using (A.8) we can get that
da 1
“ -n
‘ dt [ty(p’(t)] ‘ =Gt A-24)
where n =min{x/2+y+1,x/2+2y} and
J sincp(t)d(ty(p’(t))f1 ‘ < ng t"dt < . (A.25)
X1 X1

Therefore f; t~Ycos(t)dt converges, as well as the integral f;z t~Ycos@(t)dt. Finally
we get

Qp(x) =f(x)+c+bjxt’ycos¢(t)dt, (A.26)

where c is some constant. The following lemma is true.
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LEMMA A.3. Under the conditions of Lemma A.2 there exists a unique smooth solution
@ (x) of the integral equation (A.26) such that

QX)) =fxX)+c+0(x7Y),  @'(x)=f(x)+0(x7Y). (A.27)

We need the following.

THEOREM A.4. The differential equation

a?x ( sincp(t))XZO,

e NG (A.28)

where @ (t) =t+y(t), ¢y (t) = xlnt, and x and a are some constants, has a fundamental
system of solutions {x1(t),x»(t)} satisfying the following asymptotics ast — oo:

x1(t) =tP[—cos(t+2y —0) +sint](1+& (1)),
x1(t) =tP[sin(t +2@ —0) +cost](1+& (1)),
Xo(t) =t P[cos(t+2y@+0) +sint](1+&2(t)),
x5 (t) =t P[—sin(t + 2@ +0) +cost] (1 +&2(t)).

(A.29)

Here p = a?(\/5/24), 0 = arctan2/+/5,0 < 0 < /2, and €;(t) = o(1) for j = 1,2.

PROOF. The proof of Theorem A.4 is similar to the one given by Harris and Lutz [13,
page 579] for (A.28) with @(t) =t and a = 1. We cannot use their result because the
integral ft°° T7-12siny(7)dT is not conditionally integrable. But we can still utilize their
technique. The differential equation (A.28) is transformed by means of the substitution

. |1 i exp(it) 0 R
x_[i 1][ 0 exp(—it)}y’ (A-30)

where X = (1) and ¥ = ( ;},) map into the two-dimensional system

ay sin@ (t) i —exp(-2it) | .
— =a——" . A.31
at ~ Yot [—exp(Zit) N R A.30)
Letting Q = (qij), where i,j = 1,2, g11 = g22 = 0,
tsing(T) ) tsing(T) )
qi2(t) = —aL Texp(—ZlT)dT, a1 (t) = —aL Texp(ZIT)dT,
(A.32)
we observe that
Qo () = ——— (e—iu—wm) _ le—ustw(t))) Lo(t32),
4Vt : (A33)

q12(t) = 41 (%ei@twm) _ei<t—w<t>>) +0(t73?),

=
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Therefore Q(t) = O(t'/2) as t — o, and the transformation y = [I + Q ()], where

i = (), leads to the differential system

du | iasing(t) (1 0 .
At —[ N (0 1 +A(t)+V(t)+R(t) |u, (A.34)
where
_ la” 41 b oip 4 ip 1 —2i(p>
A(t)-thdag( 3+3e +e '3 e 3)e ,
> 0 _62iw+ée—2it_le—i(4t+2w) (A.35)
a 3 3
V(t)=— ,
8t _e-2iw %eZit_ %61(4”2(/;) 0

and the absolutely integrable matrix-function R(t) has the form

i3 1( 19£+ §82up+ 1e 21(]7) e2i(p_ge—2it+$e—i(4t+2w)
R(t) = (e'? —e™'?)

e
6413/ e—Zi(p _ %eZit + éei(4t+2(p) l( _ E + leZiq) + %e—Zi(p)

9
+0(t7°1%).
(A.36)
Since
iacosQ _ iacosQ .
EXp<7zﬁ ) 1+ ——— N +0(t™) ast — oo, (A.37)
then the transformations
. . 1 (! iasing(T) 1 (! iasing(T) .
u—exp[d1ag<2L N dT,—2 N d‘r)]w,
P2 ot ) N P ‘ )
—exp[dlag(lla6 J T‘l(%e21¢’+e‘2"p)d1' —% T‘l(e21¢+%e‘21q’>d'r)]z’,
(A.38)
where Z = (I+5(t))v with S(£) = (sij), S11 =522 =0,
a* (' (4 o 1 4T+2ll}) a* (' 71(4 vit L iariog)
S12 = — 3 T (3e —3e ar, o1 = 8 T ge —ge )d'r,
(A.39)
lead to the differential system
i L s
dv | a? 3 ¢ a* 0 —e¥ sy | e
dt |4t _ L2 i 6412 \—e 2w 0 +O(™F) 0. (A40)
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The matrix
_t _1 i
3 2 (A.41)
_ le—zw L
2 3

has eigenvalues ++/5/6 with the corresponding eigenvectors

-8 i D]

1 1

Hence the substitution

o 3(1-_@)621‘(1; 3<i+£> 2ip |
Uv=Pw=|3 2 3 2 w (A.43)
1 1
leads to an L-diagonal system
V5 35 45 2.
ao_|a|g O | at 6 15 3! +O(t5?) | & (A44)
dt | 4t 0 V5| 64t? _4¢§_gi 35 '
6 15 3 6

to which Levinson’s fundamental theorem [9] can be applied. Thus for the system cor-
responding to the original differential equation, we obtain a solution matrix X () which
satisfies as t — oo the asymptotics

1 i)\ [eit 0 P 0
X(t) = (i 1) (0 e”) (I+o(1))P<O tp>' (A.45)
That is, we got a fundamental system of solutions {x;(t), x2(t)} of (A.28) which satis-
fies (A.29). O

AMPLIFICATION A.5. Under the conditions of Theorem A.4 for j =1,2,¢;(t)=0 (thH
ast — o,

PROOF. For the proof, we need the following result (see [9]). We consider a linear
system of two differential equations
ay .
T = WO +RD)Y, (A.46)
where t >ty > 0 and A(t) = diag{A;(t),A>(t)} satisfies the following conditions:
(1) Ar(t)—Ax(t) = 0;
(2) [iy A1 (1) =A2(1))dt = oo
(3) R(t) is absolutely integrable.
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Then there exist solutions y; (t), y2(t) of (A.46) such that
t
yj(t):exp(J Aj(t)dt)(éjJré), j=12, (A.47)
to

where € = (222) ) = ((1)), e = ((IJ), and &1 (t), £ (t) meet the following estimates:

t
20| <C [_[IRer)Jar,
. . « . (A.48)
el =c| [ exo([ (u-rtsnas)Rllar+ [ IRellar],

0 T @

where C is some constant. In our case A; (t) = a2+/5/24t, A»(t) = —a?+/5/24t, and all
the elements of the matrix R(t) are of order O(t2). So

t
le(t)| < cj O(t-2)dt = 0(th),

ler(t)] < C[L: exp (E affds)O(T’z)dTJrO(t’l)]

(A.49)

—cfeine [ s oy
to
=0(t™h).

The amplification is proved. |

PROOF OF LEMMA 2.1. The Liouville-Green transformation,

t= JX JE(mdr, z=3iFx)y, (A.50)
X0

takes (2.25) into

2
%+(l+q(t))z=0, (A.51)

where
q(t) = aw +0(t™"), @) =alnt, a=c3B, x=cyf? (A.52)

and c3, ¢4 are some constants. Now applying Theorem A.4 and Amplification A.5 we
get formulas (2.26). O

PROOF OF LEMMA 2.2. Using Lemma 2.1 one can show that the solution yy(x) of
(2.28) is representable in the form

Yo(x) = 1 (x)j Y2 (T) fo(T)dT - y2(x) L Y1 (1) fo(T)dr, (A53)
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where {y;(x),y2(x)} is a fundamental system of solution of (2.25). Using formulas

(2.26), we will find that the order of the first term in the right-hand side of (A.53)
equals

i (x)J y2(T) fo(T)dT

:O(x’”‘“p)rc

9]

T 1/4-p [cos(zf 372 +a1B21n-r+cl)
+sin(2\Tﬁ'r3/2

X
+O(x’”4*")J T4 Po (%) o(dT

=0(x1).

+a0,821n'r+c0)]0(1)(1 —cos2@(T))dT

(A.54)

To estimate the second term we should consider three cases and take into account that
p > 0 and the remainders in the formulas (2.26) have the order of O (x3/2).

CASE 1. Let p < 3/4. Then we will take b = 0 and the order of the second term can
be estimated as

V2 (")L YD) fo(T)dT

= O(x‘1/4‘P)JX

[

T/4+p [cos <—2\3/§-r3/2 +a1,821n-r+c1>

+sm( 2v2 3/2+a0[321n'r+co)]0(1)(1—cos2<po('r))d'r

X
+O(x’1/4’p)J PO (1) o(dT
=0(x1).

(A.55)

Here the first integral in the right-hand side is estimated using integration by parts, and

the second integral, which involves the remainder from the formula (2.26), is estimated
directly.

CASE 2. Let p > 3/4. In this case we will take b = x( and

vz (X)L, () fo(T)dT

P
=0(x"14r) J T4+ [cos (—Zme +a18%°Int +c1>
X0

+sin (Z\TETW +aoB’lnT +c0)]0(1)(1 —c0s2@o(T))dT
+O(x’”4’p)J T AP0 (T 0()dT
X0
=0(x7).

(A.56)
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CASE 3. Let p = 3/4. We will take again b = xy. Then

X
V2(x) Jb Y1(1T) fo(T)dT =0 (x tInx). (A.57)
Similarly one can show that y{(x) = O(x~!) when p + 3/4 and y;(x) = O(x 'Inx)
when p = 3/4. Lemma 2.2 is proved. O
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