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HYPERSYMMETRIC FUNCTIONS AND POCHHAMMERS
OF 2 x2 NONAUTONOMOUS MATRICES
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We introduce the hypersymmetric functions of 2 x 2 nonautonomous matrices and show
that they are related, by simple expressions, to the Pochhammers (factorial polynomials) of
these matrices. The hypersymmetric functions are generalizations of the associated elemen-
tary symmetric functions, and for a specific class of 2 x 2 matrices, having a high degree of
symmetry, they reduce to these latter functions. This class of matrices includes rotations,
Lorentz boosts, and discrete time generators for the harmonic oscillators. The hypersym-
metric functions are defined over four sets of independent indeterminates using a triplet
of interrelated binary partitions. We work out the algebra of this triplet of partitions and
then make use of the results in order to simplify the expressions for the hypersymmetric
functions for a special class of matrices. In addition to their obvious applications in matrix
theory, in coupled difference equations, and in the theory of symmetric functions, the re-
sults obtained here also have useful applications in problems involving successive rotations,
successive Lorentz transformations, discrete harmonic oscillators, and linear two-state sys-
tems.

2000 Mathematics Subject Classification: 15A24, 05E05, 39A10.

1. Introduction. In a previous article [4], we introduced the associated elementary
symmetric functions U}, (x;,¥;; j € Nyn), and showed that, combined with the ordinary
elementary symmetric functions T}, (x;; j € Ny), they provide the native mathematical
language of trigonometry, and more generally polygonometry. In this paper, we in-
troduce the hypersymmetric functions W} («;,Bj,y;,nj; J € Np) = Wi (w(j); j € Ny),
where w(j) is a 2 X 2 nonautonomous matrix whose elements are {«;,B;,y;,n;}, and
show that they are related by simple expressions to the Pochhammers (factorial poly-
nomials) of the matrix w/(j). For a specific class of matrices having a high degree of
symmetry, the hypersymmetric functions reduce to the associated elementary symmet-
ric function. This class of matrices includes rotations, Lorentz boosts, and discrete time
generators for the harmonic oscillator.

The hypersymmetric functions are defined over four sets of independent indeter-
minates using the binary partition ¥, of m into n parts, where £ = {{1,{>,...,4,} and
£; € {0,1}, as well as its associated dual partitions h and k. The algebra of the resulting
triplet of interrelated binary partitions £, h, and & is worked out in Appendix B, and
the results are used to simplify the expressions for the hypersymmetric functions for a
special class of matrices.

The results obtained here have bearing on matrix theory, coupled difference equa-
tions [3, 5, 12], and symmetric functions [16, 18]. They also have useful applications in
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problems involving successive rotations, successive Lorentz transformations [2], dis-
crete harmonic oscillators [6], and linear two-state systems. They are based on the
analytic solution for two coupled first-order difference equations with variable coeffi-
cients [3, 5], which, in turn, is based on the discrete path approach to linear recursion
relations [1] (see also [7, 9, 10]).

In Section 2, we introduce the triplet of binary associated partitions underlying the
definition of the hypersymmetric functions. In Section 3, we introduce the hypersym-
metric functions. In Section 4, we derive an expression for the Pochhammers of 2 x 2
nonautonomous matrices in terms of the hypersymmetric functions. In Section 5, we
apply the above expression to a class of matrices with a high degree of symmetry.
Appendix A deals with integer decomposition. Appendix B gives proofs of the main re-
sults on the interrelated triplet of partitions. Appendix C sets out the notation, and lists
the needed identities, for the symmetric functions. Appendix D sets out the notation
for Pochhammers and for the Pauli matrices.

2. Associated ordered partitions

2.1. The general case. Let N; = {1,2,...,q} denote, as usual, the set of the first g
positive integers, with Ny = &, and let A(n,m,q) denote an ordered partition of m into
n parts belonging to the set {0,Ng}. That is

n
An,m,q) = (A1,A2,...,4n), m=>A; A;€{0,1,2,...,q}. (2.1)
i=1

Corresponding to every ordered partition A(n,m,q), we introduce g + 1 associated
partitions h(A,n,q,s) defined by

J
h(A,n,q,s) = (hy,ha,...,hy), hjz(s+z/\i)mod(q+l), $s=0,1,2,...,q. (2.2

i=1
The ordered partition A(n,m,q), combined with its g + 1 associated ordered partitions
h(A,n,q,s), constitute a g + 2 multiplet of interrelated ordered partitions.

2.2. The case g = 1: the triplet of partitions. In the special case g = 1, we use the
simplified notation £ = A(n,m, 1), h = h(£,n,1,0), and h = h(£,n,1,1), so that

= (b, 0s,....,00), > li=m, {;€{0,1}, (2.3)
i=1
J

h=(hi,ha,...,hy), hj—<Z€i)mod2, h; € {0,1}, (2.4)
i=1

J
h=(hi,hs,... "), hj—<1+2€i)mod2, hi€{0,1}. (2.5)
i=1
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It is easy to see that the two associated partitions h and h are dual to each other,
and that their components obey the relations

hihi=0, hij+h;=1. (2.6)
Hence, they are also orthogonal,

heh=> hihi=0 2.7)

M=

i=1

and, making use of identity (B.2) of Appendix B, the sum of the squares of their norms
is given by

n
h’h-‘rl;L'l:L:Z(hi-Fl;Li):n. (2.8)
i=1

Furthermore, we have the following two important identities:

y-h:éﬂth [mZHJ,
. 2.9)
%hzzam:t%]

i=1

The proofs of identities (2.9) are given in Appendix B, and they make use of the theorem
on integer decomposition derived in Appendix A.

3. Hypersymmetric functions. The hypersymmetric functions W, (x;j,B,Yj,0j; Jj €
N, ) and W;;,LL(O(J',BJ,}/j,éj; J € Ny) are defined over four sets of independent inde-
terminates s, = {X1,%2,...,%n}, Bn = {B1,B2,.-,Bn}, €n = {yl,yz_,...,)’n}, and @, =
{n1,n2,...,nn}, by using the triplet of ordered partitions ¥, h, and h, according to

n
L (1—€;)(A=hy) i (1-hy) _ Lih; _(1—;)h;
Wi (o, By, yi,ny5 J € Ny) = > [Tog 70 0By Mgy 0,
Ui+l +-+lp=m i=1
0y €{0,1}
! N (3.1)
- L (1-4;)(1=hy) ,€;(0=hy) _ Lih;  (1—€;)h;
Wy (e, Bj,yjnjs J€Ny) = > [Tey YB Vyitmy U,
O+l +-+lp=m i=1
{ye{0,1}

where h = {hy,hy,...,h,} and h = {h,,h,,...,h,} are defined by (2.4) and (2.5), respec-
tively. We will also make use of the more compact notation

Wi (e, Bj,yinj; J€Ny) =Wh(w(j); jeNy),
Wi (&, B1,¥j:nj; J € Nu) = Wi (w(j); j € Ny),
where the matrix w(j) is given by

wm=<w m) (3.3)
Yi nj
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4. Matrix Pochhammers

4.1. Pochhammers in terms of the evolution matrix. In [5], the Pochhammers (fac-
torial polynomials) of a 2 X 2 nonautonomous matrix M (n) were obtained in terms of
the evolution matrix S(n,ng) according to

M)]" ™ = Mm)Mn-1)---M(ng+1) = S(n,no), (4.1)

where the elements of the evolution matrix S(n,ng) are given in terms of the structure
functions B} (n,m) by [5]

n-no n-no
Si‘,'(n,no) :61",' Z B;L0 (nf’}’lo,m)+(176ij) Z BA?O(nfno,m) (4.2)
mmei(e)n nngd

and the structure functions B;”’ (n,m) are defined by

n 14
B}’ (n,m) = > ]_[ng(no+p,(jl+2€5)mod2) (4.3)

01+ +lp=m p=1 s=1
v e{0,1}

with the transmission coefficients Fp(p,h) given by

Fo(p,h) = [Mis1 ner ()] IMis1 201", €=0,1, h=0,1. (4.4)

4.2. Pochhammers in terms of the hypersymmetric functions. It is not difficult to
show that the transmission coefficients (4.4) can alternatively be rewritten as

Fo(p,h) = My ()] M1 (0)] 7 [ Moy ()] Moo ()]0,

(4.5)
£=0,1, h=0,1.

Combining identities (4.3) and (4.5) for the structure functions B;‘U (n,m), comparing
with definitions (3.1) for the hypersymmetric functions W} and W}, and making use of
the notation introduced in (3.2), we obtain

By (n,m) = Wy (M(no+p); p € Nn),
(4.6)
B’ (n,m) =W2(M(no+p); p €Ny).
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Substituting from identities (4.6) into identity (4.2), we obtain the elements of the evo-
lution matrix in terms of the hypersymmetric functions as

n-ngo
S (n,no) Z Wi " (M(no+p); p € Nnny), 4.7)

m even

n-ngo

S»(n,np) z Win " (M(no+p); P € Np_ng), (4.8)
meven
n-ny
S12(n,n9) Z Wi " (M(no+p); P € Nnong), (4.9)
o

n-ny
So1(n,no) Z Wi "(M(no+p); p € Npng), (4.10)

m odd

and due to identity (4.1), we finally obtain

[M(n)](n*"())
Mmn)Mmn-1)---M(ng+1)

_ "_Zno ( m O (M(no+p); p€Npny) 0 )
=0 0 Vi " (M(no+p); p € Nn_ny)
m even
Z" ( 0 Vm " (M(no+p); p € Nnno)>
0 \Wm " (M(no+p); p € Npny) 0 :
m
4.11)

4.3. Closure relations. The closure relations for the hypersymmetric functions can
be obtained via identities (4.7) through (4.10), by setting ny = 0 leading to

2 &  Bn (n) n
Z[( )] = > Winle,Biying J € N),
. (4.12)

2 (X B (n) n

Z[( " n)] = > Wh(e,Bjyjnj; j € Nn),
: o

or alternatively

2 o Ba) ] Z Wi (o, Bry Yis i k € Npp)
Z Z |:(Yn nn):| =2 {+W” (o, B, Yks ks k €N )} @13

i=1 j=1 ij m=0
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5. Matrices with a high degree of symmetry. In the special case n; = ax; and y; =
bg;, the matrix w(j) reduces to

@(j;a,b) = (;‘va Bj ) (5.1)
J

ax;

and the corresponding hypersymmetric functions reduce to

n
Wi (xj,B5,bBj,ac; j€Ny) = > ain 1-bohipSiy i T o =0 1,
Ui +00+- - +lp=m i=1
{y€{0,1}
' N (5.2)
Wi (e, Bj bBj,ac; j € Ny) = > aSit Otk p iy ki T o110 gl
Ly +ly+- -+ lp=m i=1
0, 10,1}

Making use of identities (2.8) and (2.9), the above identities (5.2) can be rewritten as

p\ Lm+1)/2] el T (1=£)) b
Wi (o, Bj,bBj,ac; j € Np) = (5) > a""[Teq "By,
Oy +lp+--+lp=m i=1
£ye(0,1}
i pylm/2l eh T (1=£)) b G-
Wi (e, Bj,bBj,act; j € Np) = (E) 2. a" [T "By
Oy +0o+--+lp=m i=1
fyef(0,1}

5.1. Pochhammers in terms of the associated elementary symmetric functions

5.1.1. The case a = 1. In the case a = 1, the matrix @ (j;a,b) further reduces to

@Gi1,b) = (b"gj f(il) (5.4)

and the hypersymmetric functions W} and W}, as given by identities (5.3), reduce to

n
) (A-;) pt;
Wi (e, B bBj, ojs J € Npp) = bLOm+172] 2. [Toi 8,
L1 +00+- -+ lp=m i=1
4y e{0,1}
v (5.5)

n
- . (=0 0
Wi (o, Bj,bBj, s j € Ny) = blm/2! >, |
L1+l +- - +lp=mi=1
£, c{0,1}

Due to definition (C.4) for the associated elementary symmetric functions U]l (see
Appendix C), the above identities (5.5) can be rewritten as

Wi (j,B5,bBj, 5 j € Np) = bLMDZIGH (B s j € Ny),

n : lm/2lrm . (5.6)
Wi («j,Bj,bBj,j; jEN,) =D Up (Bj,&j; j€Np).
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Consequently, identity (4.11) reduces to

o Bn (n—ng) _ nMo /plim+1)/2] 0 Un—nO(B o L ieN )
bBn o o 0 plm/2] ) =m no+jr Xng+js J n-ng

m even

n-ng 0 plmi2] o .
+ > plim+1)/2] 0 Umn "° (Bng+js ®ng+js J € Nuong)
m=0

M

m odd
(5.7)
and can be rewritten as
&n  Bn\ 1O Lmno)2l
n n _ )
=] Z ka;‘k n()(BnOH,(an”; JENp_n)
bBn  ctn k=0
[(n-ng-1)/2]
+(o b0 ) Y DU (Bngsis Cngsji § € Nnong)s
k=0

(5.8)

where I is the 2 x 2 identity matrix, o, and o_ are the standard linear combinations of
Pauli matrices as given by identities (D.2) and (D.3) of Appendix D.

5.1.2. The case a = b = 1. Inthe case a =b =1, @(j;a,b) takes the highly symmet-
ric form:

@ (j;1,1) = (“f Bf), (5.9)

Bi «;

and the hypersymmetric functions W}, and W2 become degenerate and both reduce to
the corresponding associated elementary symmetric functions U]},

Wi (&, B, Bjr ;s j € Nu) =W (e, Bj, B, &j; j € Np) = Ui (Bjy&xj; j €Ny), (5.10)

while identity (5.8) reduces to

o B (n-np) [ (n-ngp)/2]
|: ( . n) :| =1 Z U;k " (Bn0+j'0("0+j; J€E Nn—no)
Bn o k=0

(5.11)
L(n-np-1)/2]

n-n .
+ 01 z U2k+10 (B'I’l()+j! Kng+jy J € Nn—no),
k=0

where I is the 2 x 2 identity matrix, and o7 is the first Pauli matrix as defined by identity
(D.2) of Appendix D, and where we have also made use of identity (D.4) of this appendix.
The class of matrices @ (j;1,1) includes the Lorentz boosts. By imposing the group
property on successive collinear Lorentz boosts, and making use of identity (5.11), we
recover the relativistic law of addition of multiple collinear velocities derived in [2].
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5.1.3. The case a = —b = 1. In the case a = —b = 1, the matrix @ (j;a,b) takes the
asymmetric form

@(j;1,-1) = ( & Bj), (5.12)

—Bi &
and the hypersymmetric functions W and W% reduce, respectively, to

W (o, Bj,—Bjy &y J € Ny) = (=D)LMFVRIGR (B o j € Ny), (5.13)

Wi (e, Bj, —Bi, o J € Ny) = (=DIM2IUN (B, 0055 j € Ny), (5.14)

while identity (5.8) reduces to

1o B (n=mo)  L(n-ng)/2]
[ ( . n) } 1> (DRURT B s Cng s gi J € Nng)
7ﬁn on k=0

(5.15)
L(n-ng-1)/2]

+ioy > (=D*UL (Bugtjis Ongjs J € Npong),
k=0

where I is the 2 x 2 identity matrix, and o, is the second Pauli matrix as defined by
identity (D.2) of Appendix D, and where we have made use of identity (D.4) of this
appendix.

5.1.4. Successive rotations. The class of matrices (j;1,—1) includes the rotation
matrix R;(6x) by an angle 0y about the Z axis. In the case of successive rotations about
the same axis, we have

[R:(64)]™ = R:(04)Rz(0n-1) - - -R:(61) = R: ( i ek). (5.16)
k=1

Setting ny = 0 in identity (5.15), and combining it with identity (5.16), we obtain

cos(01+02+--+0y,) sin(01+02+---+0y)
—sin(01+02+-+-+0,) cos(01+02+---+0y)

B cosOr  sin0O )
| \-sin@; cosOy
In/2]

=1 > (-D*UZ(sin0;,cos0;; j €Ny)
k=0

(5.17)

[(n-1)/2]
+ioy > (-DXUR, (sin0;,co80j; jENy),
k=0
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leading to the following identities for the trigonometric functions of multiple distinct
angles:

[n/2]
cos(01+ 02+ -+0,) = > (-DXUZ(sin0j,cos0;; j€N,),
k=0 (5.18)
L(n-1)/2]
sin(01+0x+---+0,)= > (-DXUL,,(sin;,co80;; j€Ny),
k=0

which are identities (D.10) and (C.10), respectively, of [4].
5.2. Pochhammers in terms of the elementary symmetric functions
5.2.1. The case a =1 and «; = 1. In the case a = 1 and «; = 1, the matrix @ (j;a,b)

further reduces to

1 .
@5 1,b) | ooy = (ij li’) (5.19)

while W}t and W}, as given, respectively, by identities (5.6), reduce to

Wi (1,8, DB, 1; j € N) = b1 DIITR (B j € Ny),

_ (5.20)
Wi (1,B5,bBj,1; j €Ny) =b"™2ITR(B)5 j€N,),

where we have made use of definition (C.3), and identity (C.5), of Appendix C. Further-
more, and again due to identity (C.5) of Appendix C, identity (5.8) reduces to

1 B (n—ng) L(n-np)/2]
[( 1")} =1 > DT " (Bugesi € Nuong)

bBy —
k=0 (5.21)
L(n-nop-1)/2]
+(oy+bo.) > T3 1 (Brg+js 7 € Nnny)-
k=0

5.2.2. The simple harmonic oscillator. The formulation of Newton’s second law
of motion for the discretized one-dimensional harmonic oscillator, using the Euler
method, can be cast in the form of two coupled finite difference equations for the
position x, and the velocity v, (see [6, identity 27])

Xn 1 Aty Xn-1
(o) Cotae V) Cor)

where w = +/k/m is the classical angular frequency, k being the spring constant, and
m the oscillating mass, and where we have allowed for the possibility of using variable
time intervals. The matrix

1 Aty
H(AL,) = (_wZAt” ) ) (5.23)

in the above identity (5.22) advances the system forward one step in time (by an amount
Aty). H(Aty) is of the form of matrix @ (j;1,b) Iajzl, as given by identity (5.19), with
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Bj = At; and b = —w?. Hence, making use of identity (5.21), we obtain the solution for
the classical simple harmonic oscillator in the form

() [Cots )16

[n/2]
X . .
:( 0) > (1) T (At j€Ny) (5.24)
Yo/ ko

Vo [ (n-1)/2] .
: 2 n A
+ . § w)~T. Ati; JENy),
(—w2x0> = (1) ™ T3i 1y (ALj; j € Nn)

where we have made use of the identity
(s —w?0.) <X0> = ( vg ) (5.25)
Vo —wW"Xy
In the case of constant time intervals, identity (C.11) of Appendix C leads to
. n
T (AL; j€ENp) = (m) (an)m, (5.26)
consequently identity (5.24) reduces to
[n/2]
Xn\ _ (X0 k(T 2k
(on) = () & v () e

1 Vo l[(n-1)/2] . n -
. _ +
* w (—wzxo) ké) (=1 (2k+ 1) (Atcw)

(5.27)

which is equivalent to [6, identities (59) and (60)].

6. Conclusion. The main result of the paper is identity (4.11) expressing Pochham-
mers in terms of hypersymmetric functions. There are in addition a number of sec-
ondary results. Identities (2.9) concern the algebra of the triplet of partitions; identities
(5.10) and (5.13) give the reduction of the hypersymmetric functions to the associated
elementary symmetric functions; identities (5.20) give the reduction of the hypersym-
metric functions to the ordinary elementary symmetric functions. The applications are
to successive rotations (5.17), and to the time evolution of the discrete harmonic oscil-
lator (5.24). The main definitions are those of the hypersymmetric functions (3.1), and
the associated partitions (2.2) on which these functions are based.

The approach used here in the case of 2 x 2 matrices, whereby hypersymmetric func-
tions are first defined using associated partitions, and then related to Pochhammers,
may help indicate the way to obtaining similar analytic evaluations of Pochhammers of
M X 1 nonautonomous matrices.
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Appendices

A. Integer decomposition

THEOREM A.1. Given any two positive integers m and q,

g[m“J A1)

PROOF. m can be written as
m=kq+i, i€{0,1,2,....,q-1}, ke N={0,1,2,...}. (A.2)

Substituting the above expression for m into the sum on the right-hand side of identity

(A.1), we obtain
( [HJD kq+2[ J (A3)

We now make the change of variable j — j' = j— (g — 1) so that

R R E B C

—

_ a-

gl

Jj=0 1 =0 Jj=0

i=—a-n- 4 i=—@-n*- 4
But
-1 Iy i-1 .y
> {MJ ~o, S lMJ - i (A.5)
Je—@-p- 4 i—ob 4
Hence,
o
Z[—JJ:kq+i:m, (A.6)
jo- 4

which completes the proof of Theorem A.1. For the special case g = 2, identity (A.1)
gives

m:{ﬂJJ{m”J. (A.7E)I

B. The algebra of partitions. In this appendix, we study the algebra of a partition £ =
(£1,4>,...,4y) and its associated dual partitions h = (h1,ho,...,hy,) and h = (hy, ho, ...,
hy), where €;,h;, h; € {0,1} are binary variables defined by

n J J
> bi=m, hj= (Z&-) mod?2, hj= <1+Z€i)mod2. (B.1)

i=1 i=1

The dual associated partitions obey relations (2.6).
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TABLE B.1. Proof by cases of Lemma B.1.

(X1, i, i) (even,0) (even,1) (odd,0) (odd, 1)
h; according to definition (B.1) 0 0 1 1
hiy1 according to definition (B.1) 0 1 1 0
hi.y according to Lemma B.1 0 1 1 0

B.1. Binary identities. Let u = (uy, Uo,...,HUy) be an ordered set of independent in-
determinates y; belonging to {0,1}. Then, we have the following useful identities:

uit = i, (B.2)

pE=pep= 3 i, (B.3)
i=1

(1—pi)pi =0, (B.4)

(2ui = 1) pi = i, (B.5)

1—(=1)Hi —2u; = 0. (B.6)

Identities (B.3) through (B.5) follow directly from identity (B.2), while identity (B.6) can
be proved by inspection.

B.2. Recursive representations of the associated partitions
LEMMA B.1. The components of the associated partition h are given recursively by
Riv1=hi+ (=1)Ml,. (B.7)
PROOF. It is possible to give an analytic proof of this lemma by making use of the
results of Section B.1 above. On the other hand, the shortest proof is by cases, and it is

given in Table B.1. |

LEMMA B.2. The components of the associated partition h are given recursively by
he=> Ci(hi—hy). (B.8)
PROOF. We give a proof by induction. For k = 1, identity (B.8) reduces to

(l—gl)hlﬁ-ylfll:O. (B.9)

But from definition (B.1), we have h; = ¢, and h; = 1 — £;. Hence, the above equation
reduces to 2(1 —¥1)¥; = 0, and is satisfied due to identity (B.4). Hence, identity (B.8) is
valid for k = 1.
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Next, we assume that identity (B.8) is valid for k. Then, combining identities (B.7) and
(B.8) we obtain

hgi1 = Zﬂ +( 1)hk£k+1; (B.10)

which can be rewritten as

k+1
hk+1 z€ [( l)hk_(hkﬂ_hkﬂ)]gkﬂ, (B-ll)

or, more conveniently, as

k+1

hiser = > li(hi—hi) +R, (B.12)

where, making use of identity (2.6), R is given by

R=[1+(-1)"—2hp 1 ]lk1, (B.13)
and due to identities (B.2) and (B.7) reduces to

R=[1-(-1)™—2h;].1. (B.14)

Due to identity (B.6), R = 0, leading to
k+1

hier = > Li(hi—hy). (B.15)

Hence, identity (B.8) is valid for all integer k > 1, and the proof of Lemma B.2 is com-
plete. |

COROLLARY B.3. The components of the associated partition h are given recursively
by

k
he=> 4i(2h;-1). (B.16)
i=1
Identity (B.16) follows from Lemma B.2 and the fact that h; + i; = 1 (identity (2.6)).

COROLLARY B.4. The components of the associated partition h are given recursively
by

k-1
hy = 20~ ){ek Z£ (2h; - )} (B.17)

Identity (B.17) follows from Corollary B.3 by grouping together the terms containing
hy.
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B.3. Scalar products of partitions. The scalar products of h and h obey the identities
- n - - - n -
=> hihi=0, heh+heh=> (hi+h;)=n, (B.18)
i=1 i=1

where we have made use of identities (2.6) and (B.3).

LEMMA B.5. Let¥ = ({1,0>,...,¥¢y) be a partition of m into n parts, with > | £; =m
and ¥; € {0,1}. Let h = (hy,ho,...,hy) and h = (hy,ho,...,h,) be its associated dual
partitions. Let £ = (£1,05,...,0;) with 3", ¥; = m+1 and {; € {0,1} be a partition of
m+1 inton parts, obtained from the partition £ = ({1,¥>,...,¥y) by changing the value
of one £; from 0 to 1. Let this be £y = 0. Let h' = (h},h),...,h)) and ' = (h},h),...,}h},)
be the dual partitions associated with {’. Then,

{eh'=Leh, (B.19)
or, explicitly,
n _ n
Zﬂ;h; = Zyihi- (B.20)
i=1 i=1

PROOF. From the conditions of the lemma, we have

n
>li=m, {;€{0,1}, (B.21)
i=1
n
SUli=m+1, ¢ e{0,1}, (B.22)
i-1
U; fori#k, {p=0
0= Ak L (B.23)
1 fori=k, {x=0
, hi for i <k,
i~ , (B.24)
1-h; forizx=k.
Furthermore, due to identity (2.6), we have
h.+h. =1, (B.25)
and making use of identities (B.24) and (B.25), we obtain
h;=h; forj=k. (B.26)
Due to identities (B.23), (B.25), and (B.24), and the fact that £x = 0, we have
_ n B _ n _ B - n B
Ul => Uik =hj+ > il =hj+ Z i+ > Li(1-hy) (B.27)
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and due to identities (2.6) and (B.26), the above identity can be rewritten as

k-1 n
Ol =hi+ > 0i(1-hi)+ > Lih;. (B.28)
i=1 i=k
But
n k-1
> Llihi=Leh- > Lihy, (B.29)
i=k i=1
hence,
B k-1
Ceh' =Llon+hi+ > £i(1-2h), (B.30)

i=1

and due to identity (B.16), and the fact that £, = 0,

k-1
he+ > £i(1-2h;) = 0. (B.31)

i-1
Hence we recover identity (B.19), and the proof of Lemma B.5 is completed. O

THEOREM B.6. Let £ = ({1,{>,...,4,) be an ordered partition of m into n parts be-
longing to {0,1}, and let h = (hi,h,...,hy) be an associated partition given by hj =
(>]_, ¢i)mod2. Then, the scalar product of £ and h is given by

e-h=§eihi=[m;1J. (B.32)

PROOF. We prove Theorem B.6 by induction on m.
THE CASEm = 1. Form =1, ¥; = 6 for some value of k in therange k € {1,2,...,n},
and

J 0 forj<k,
=S¢ | mod2 = J (B.33)
i 1 forj=k.
Hence,
n n n
D lihi=>Lli=> =1, (B.34)
i=1 i=k i=k

which is the result predicted by | (m + 1) /2] evaluated at m = 1. Hence, Theorem B.6 is
valid for m = 1, for all positive integer values of n.
THE CASE m=n. Form=mn, ¥; =1 and

4 0 for j even,
hj=| > 6 |mod2 = jmod2={ "7 (B.35)
i 1 for j odd.
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Hence,
n n [n/2] [(n+1)/2] [(n+1)/2]
n+1
Z Z z hos + Z hos_1 = Z 1= [ > J (B.36)
i=1 i=1 s=1 s=1 s=1

and since m = n, then Theorem B.6 is also valid for the case m = n, for all positive
integer values of n.

THE CASE 1 <m < n—1. Next, we assume identity (B.32) to be valid for m <n—1,
and evaluate £’ e« h’, where £’ is a partition of m + 1 into n parts, as defined by (B.22)
and (B.23). Then, using identity (B.25), we have

n n n
Ueh' => Uh; Z{Z’ (1-h)) => ;- > L:h,. (B.37)
i=1 i=1 i=1
But according to Lemma B.5,
n B n
> U= Y ik, (B.38)
i=1 i=1

Hence, making use of identity (B.22), we have

=(m+1)-> {ih;. (B.39)

i=1

According to the induction hypothesis,

iﬁihi - [m”J. (B.40)

Hence,

#’oh’:(m+1)—[m+1J _ [m+2J’

> > (B.41)

where the last step follows from Theorem A.1 of Appendix A. Hence identity (B.32) is
also true for m + 1, and the above three results combined (for m = 1, m = n, and
1 <m < n—1), guarantee the validity of Theorem B.6 for all positive integer m < n.

O

THEOREM B.7. Let £ = ({1,0>,...,4,) be an ordered partition of m into n parts be-
longing to {0,1}, and let h = (hy,ho,...,hy,) be an associated partition given by h; =
(1+3)_, ¢;)mod?2. Then, the scalar product of £ and h is given by

Loh= ieihi: {EJ (B.42)
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PROOF.

M=

feh = Zgihi: Zgi(ljli+hi)—

i=1 i=1 i

lih;. (B.43)
1

But according to identities (B.1), (2.6), as well as Theorem B.6, we have

li=m, (hi+h)=1, Zeihi:[m—”J. (B.44)

1 i=1

13

Hence, making use of identity (A.7) of Appendix A, we have

#-h:m—[mgljﬂ%f (B.45)

This completes the proof of Theorem B.7. O

C. The symmetric functions. Let ¥, = {x,Xx2,...,X,} and Y,, = {¥1,)2,...,Vn} be
two sets of independent indeterminates, with ¥y = Yo = &. The constrained symmetric
functions Thq(xj; J € N ) are defined over ¥,, according to

n
. AL
Ty (xj; J € Nn) = T (%) = > [1xi", €D
A +Ap+---+Ap=m i=1
Ay €{0,1,2,....q}

where N, = {1,2,...,q} denotes the set of the first g positive integers, with Ny = &. The
elementary symmetric functions T, (xj; j € N,) are defined over ¥, by

Tnn1(xj; JjE€ Nn) = 17:11 (xj; JjE€ Nn)s (C.2)
or explicitly by
Th (xj; J € Np) = Tip (%n) = > [Ixi, (C.3)
O+l ++ - +lp=m i=1
0y e{0,1}

and the associated elementary symmetric functions U} (x;,Y; j € Ny) are defined over
% and %, according to [4]

n
. O 1-4;
UR(xj,vj; J€Np) = UL (%n,Yn) = > [T~ v (C.4)
1 +0r+- - +lp=m i=1
{,€{0,1}
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The sums in identities (C.3) and (C.4) are taken over all partitions of m into n parts
{l1,0>,...,0n} subject to the constraint £; € {0,1}. The variables n and m are non-
negative integers, and for m > n, T, = UJ}, = 0. It is easy to see that these symmetric
functions are related by [4]

Tr’;'lL(XI,XZI" ) U xllX2! Xn!llll ’1)1 (CS)

U (xj,v 7€ Np) {1_[ } V,JEN ) (C.6)

They obey the scaling laws

Th(axj; jeNy) =a™Th(xj; j€Ny), (C.7)
Up(ax;,byj; jENy) =am™b" "U} (xj,¥j; J € Ny), (C.8)

and the closure relations

:[:

[+ D™ =TT (xi+1) = S T (x5 j € N, (C.9)

0

?M:

J

U (5, Xj; J € Np).
0

Up (x5 J€Ng) =

n
j 0

[(xn+yn)]™ =TT (x5 +95) =
Jj=1

HANZE

3
I

(C.10)

When all the n variables (independent indeterminates) are identical, they collapse to

TR (X, X,...,X) = (n)xm, (C.11)
[ m
n
n _
U (X, X, 0,557,y V) = (m> xMynm, (C.12)
n n

Note that the closure relation (C.9), for the elementary symmetric functions T} (xj; j €
N, ), is a special case of the generating equation (see, e.g., [16]),

n n
[T(A+txi) = > t™TR(xj; j € Np). (C.13)
i=1

m=0

Furthermore, by combining identities (C.8) and (C.10), it is seen that the closure rela-
tion (C.10), for the associated elementary symmetric functions Uy}, (x;,Y;; j € Ny), is a
special case of the generating equation

n n
[](txj+syj)= > t™s" ™UR(x;,¥j; j €Np). (C.14)
j=1 m=0
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D. Notation

D.1. Notation for Pochhammers. We refer to expressions

Mm)]*® =Mm)Mn-1)---Mn-k+1), o)
D.1
IM)]™ =Mm)Mnm+1) - Mn+k-1),

as descending and (respectively) ascending matrix Pochhammers or matrix factorial
polynomials. When M (k) is a scalar discrete function My, they reduce to ordinary
Pochhammers, also called factorial polynomials and shifted factorials. If, in addition,
My, = k, they further reduce to ordinary factorials. For the different notations and defi-
nitions used in the literature, see Elaydi [13, pages 49-51], Hildebrand [14, pages 262-
264], Milne-Thomson [17, pages 25-27], Jordan [15, pages 45-56], Berge [11, pages 19-
24], and [8, Appendix A].

D.2. Notation for the Pauli matrices. The set {0y, 01,0%,03},

10 0 1 0 —i 1 0
‘T":I:(o 1)’ ‘71:(1 0)’ ‘72:(1: ol)’ ‘73:(0 —1)’ (b-2)

formed by the identity and the three Pauli matrices, provides a basis for the set of 2 x 2
matrices. It is also convenient to introduce the Pauli matrices 0. defined by

0 1 0 O
o, = (O'1+i0'2)—(0 0), 0'—;(0'1—1'0'2)—(1 O)' (D.3)

N | —

The identities inverse to (D.3) are

o= (0, +0.), iop = (0 —0.). (D.4)
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