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ON LOCAL SMOOTH SOLUTIONS FOR THE VLASOV EQUATION
WITH THE POTENTIAL OF INTERACTIONS +7~2
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For the initial value problem for the Vlasov equation with the potential of interactions +7 2,
we prove the existence and uniqueness of a local solution with values in the Schwartz space
S of infinitely differentiable functions rapidly decaying at infinity.
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1. Introduction, notation, and results. Vlasov equation and its various modifica-
tions are classical equations of physics. They appear in the mean-field approximations
of the dynamics of a large number of interacting classical particles (molecules). Cur-
rently, there is a numerous literature devoted to its mathematical treatments. In par-
ticular, in [2, 5, 7, 12] a well-posedness for this equation supplied with initial data and
its derivation from molecular dynamics are considered in the case when the potential
of interactions between particles is smooth and bounded. In [1, 3, 6, 8, 10, 11, 13, 15],
this equation is studied for the singular Coulomb potential U(r) = +r~! (in [6, 13], the
Vlasov-Maxwell system and the two-dimensional Vlasov-Poisson system are considered,
respectively). In [9], the local existence of smooth solutions in the case U(r) = +r 2 is
studied. We also mention paper [14] where a well-posedness of this equation supplied
with a joint distribution of particles at two moments of time is proved.

In the present paper, we consider the problem

%fﬂ) Vaf+Vof-E(x,t)=0, f=Ff(tx,v), teR, (x,v)eR>xR3, (1.1)

E(x,t) = J VUG- fyvdydy, Uk —klxl 2 k=<1,  (1.2)
R3xR3

fQ0,x,v) = folx,v), (1.3)

where all quantities are real, x,v € R3, k is a constant, V, and V, are the gradients
in x and v, respectively, v - V. f and V, f - E(x,t) are the scalar products in R3, and
f is an unknown function. For any fixed t, f(t,x,v) regarded as a function of (x,v)
has the sense of a distribution function of particles in (x,v) € R3 x R3. Therefore, the
following requirements are natural:

ft,-,-)=0, J3 3f(t,x,vu)ﬂlxalﬂu:I, vVt eR. (1.4)
RO xR

Generally speaking, it is known that proving the existence of a solution for problem
(1.1), (1.2), (1.3), and (1.4) is more difficult for a singular potential U than for a more
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regular one. Also, although the Vlasov equation appeared for the first time with the
Coulomb potential U(r) = +r~! for a description of plasma, it is well known that in
statistical physics potentials with higher singularities occur, for example, the follow-
ing one, the so-called Lennard-Jones potential, is known: U(r) = Ar~12 —Br~56. So, the
author of the present paper believes that considerations of Vlasov equations for po-
tentials with singularities of degrees higher than »~! make sense. Here we consider
the case U(r) = +r 2 proving the existence and uniqueness of a local smooth solution
of the problem (1.1), (1.2), (1.3), and (1.4). This case is critical in a sense. A treatment
of the problem in the case U(r) = 2% with a > 0 is still left open. As for the case
U(r) =r—2 with a € (1,2), here the problem becomes simpler, and our methods still
hold for it.

The existence and uniqueness of a smooth solution of problem (1.1), (1.2), (1.3), and
(1.4) is proved in [9]. In fact, we prove a similar result by using another method that
allows to treat the problem in a simpler and shorter way. We do not exploit the known
method of characteristics but we use an approach known in the theory of nonlinear
PDEs, too. Our results also hold for potentials of interaction of a more general kind
U(r) = kr—2+ U, (r), where U, (r) is a function continuously differentiable everywhere
except maybe the point ¥ = 0 where it may have a singularity of order |7|%~2 with
0 < a <2 and U, (r) must satisfy certain conditions of decay at infinity.

Now, we introduce some notation. Let

mi+mp
g v) eCH RIXRY) ki mi=0,1,2,..., sup |x[jple| P GV L
(x,v)eR3xR3 oxmigym:

(1.5)

The linear space S is equipped with a topology of open subsets becoming a complete
topological space. This topology is generated by the system of seminorms

3 o » 1/2
vk,m<g>={jmw(1+|x|2>k'(1+|v|2)k22(%) dxdv} .1

3 1/2
qk,m<g>={fmm3(1+|x|) (1+|vP?) Z( ”)) dxdv}, (1.7)

where k = (k1,k,) with k;,m = 0,1,2,.... By C(I;S), where I C R is an interval, we
denote the linear space of all continuous functions g : I — S such that each seminorm
Pim(g(t)) and gi,m(g(t)) is bounded uniformly in t € I.

Our main result here is the following.

THEOREM 1.1. Let fy € S and satisfy (1.4). Then, there exists T > 0 such that problem
(1.1),(1.2), (1.3), and (1.4) has a unique local solution f (t,x,v) satisfying f(t,-,-), f{(t,-, ")
e C([-T,TL;S).

REMARK 1.2. As is shown in [4], if k > 0, then problem (1.1), (1.2), (1.3), and (1.4)
possesses solutions blowing up in finite intervals of time. So, in this case, generally
speaking, solutions we consider can be not continuable onto the entire real line ¢t € R.
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2. Proof of the theorem. Let w(-) be a nonnegative even C*-function in R3 with a
compact support satisfying [zs w(x)dx =1 and let w,(x) = n3w(nx), n=1,2,3,....
Set Up (x) = (U * wy) (x), where the star means the convolution. Consider the following
sequence of regularizations of problem (1.1), (1.2), (1.3), and (1.4):

Jr+v -V f"+Vy f*En(x,t) =0, f"=f"(t,x,v), (2.1)
En(x,t) :JWX[RSVUn(x—y)f"(t,y,v)dydv, (2.2)

S =0 = fo €S, (2.3)

f™(t,-,-) =0, J[RSXRBf"(t,x,v)dxdv =1, n=1,2,3,.... (2.4)

The following statement is a corollary of results in [2, 5, 7, 12].

PROPOSITION 2.1. For eachn, problem (2.1), (2.2), (2.3), and (2.4) has a unique global
solution f"(t,x,v) that for any ty >0 belongs to C((—tg,to);S) together with ft"' (t,x,v).

Denote (T, g) (x) = [gsxgs VUn(x—»)g(y,v)dy dv, where g € S. Note that
0™ (Tng) (x) amg(x,-)
— e = | Ty | =— "= X), m=mq+my+ms. 2.5
0x, " 0xy "2 0xy " "\ axTaxy 2 oxi (x) ! 2 3 (2.5)
LEMMA 2.2. There exists C > 0 such that || (Tng) 1, wr3) < CP0,2),0(9) forallg € S
and n.

PROOF. As is well known, there exists C; > 0 such that

[ VU= yhpdy| <Gl Yhe S®). 2.6)
X

L2 (R3)

Also,
J VUn(x-y)g(y,v)dydv =J VU(x -y)(wn*xxg)(y,v)dydv (2.7)
R3 xR3 R3 xR3

and [[wy * ki, ®3) < 11, ws) forall h e S(R3). Hence, we have, for g € S,

SCl

Ly (R3)

[ V=g dydv [ atana
R3xR3 R3

Ly (R3)

=

J (1+v*)g(,v)dv
R3 (1+]v2)

1/2
gC{J (1+|v|2)2g2(x,v)dxdv}
Lo(R3) R3xR3

=Cpo,2),0(9).
(2.8)
O

Let [a] be the maximal integer not larger than a real a and let an integer m( > 0 be
such that each Sobolev space H'*™0 (R3 x R?) with a positive integer [ is embedded into
CH(R3 x R3) (in fact, mg > 3). Let m; = 2my + 2. Everywhere k denotes k; + k,. In what
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follows, we exploit the following embeddings (g € S):

2172
2yk1 2yk2 d'g
{Jﬂxﬁixu@ dxdv(1+1x]?)" (1+|v]*) (ax{tav;) }

< Clpro(@) +Pis(9) +aks(@)],
Prm(9) < CIP 0y m(9) +Poim(@)];
Qk,m(g) = C[Q(E,O),m(g) +q(0,f),m(g)]1 m= O’ 1’21"'!

(2.9)

L2 | otg(x,v
sup (1+1x12)72 (1 +v|2)*2/? % < Clpro(@) + Proms1(@) + Ams1(9)],
(x,v) X 0V;
al ( ) 2 1/2
2\ k1 2\ k2 g\x,v
sgp«“ﬂw(brxl ) (1+v]%) (axi"avj) dv]»
< Clpio(g) + Priem () + Ak i=m (9)],
where 0 <l=n+7r <s,1i,j=1,2,3, and m = mg,mo + 1,mg + 2,.... To prove them,

consider the partition of R3 x R3 by cubes K defined by 7;—1 < x; < 74, pi—1=<v;<pj
where 73, pj run over all integers. Observe that for any integer ki,k» = O there exist
0 < ¢ < C such that

2\ k1 2\ k2
< SUD (x,v)eKy (T+1x1?)" (1+v]?) -

=7 K Ky =
inf x vyery (1+1x12) (1 + v ][2)™

(2.10)

for all . Now, inequalities (2.9) follow by standard Sobolev embeddings applied to each
cube K, with further summing in «.

LEMMA 2.3. There exist T > 0 and C > 0 such that

p(zo,z),o(fn(t; ) +p(20,2),m1 (S (t,-,-)) Jr"1(2(),2);"11 (fm(t,-,))=cC (2.11)

forallt e [-T,T] and alln =1,2,3,....

PROOF. We derive our estimates only for t > 0 because the case t < 0 can be treated
by analogy. Integrating by parts in v using the independence of E,, (x,t) of v, estimat-
ing En(x,t) by po,2),0(f" (&, -,)) + P©0,2),m, (f*(t,-,-)) according to the Sobolev em-
bedding of H™!(R3) into C(R3), Lemma 2.2, and the fact that 0™ E, (x,t)/0x™ =
Tn (0™ f1(t,x,v)/0x™1), and applying Holder’s inequality, we have, from (2.1),

1d . .
§Epfo,2),o(f (t,-,+))

= —J o (1+|U|2)2f"(t,x,v)f5”(t,x,v)-En(x,t)dxdv
R3xR3 (2.12)

ZZJ (1+1v12)v - En(x,8) (f"(t,x,v))° dx dv
R3xR3

= Cp(ZO,Z),O(fn(tl ] )) [p(O,Z)YO (fn(t! Bl )) +p(0,2),m1 (fn(tv ] ))]
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Consider
PR M6 ) == [ dxdv(+ v P)? S A (1)
Zdt 0,2),mq T RIxR3 ~ X )
i,j=1
my l+1fn( ) om 1 (2.13)
0 t,x,v 1=
X E, i(x,t).
Eo( L ) dvjoxi  axm! i

To estimate the term with the (m; + 1)st derivative of f", we integrate by parts in v
and use the fact that E, (x,t) does not depend on v. Also, as above, we estimate the
uniform norm of E, (x,t) by p(0,2),0(f"(t,-,)) +P0,2),m, (f"(t,-,-)) and apply Holder’s
inequality. To estimate all other terms in the right-hand side of equation (2.13), ob-
serve that the order of one of the derivatives in (1 + \v|2)(al“f"(t,x,v)/avjaxé) and
(am*l/ax{"“l)ﬁn,j(x, t) is not larger than m( + 1 and therefore, either one has

mi—1 <Clpo2.0(f" () +Po02),m ("t )] (2.14)
C(R3)

H o™ lE, j(x,t)
0x;

or the estimate in the fourth string of (2.9) takes place; in addition, we estimate the
Lo-norm of the other cofactor with the derivative of order larger than my + 1 by the
same quantity corresponding to it. So, applying Holder’s inequality, we arrive at the
estimate

1d
2P U E0)

= Cp(O,Z),ml (fn(t! "y '))[P(O,Z),o(fn(t, 1)) +p 0,2),my (fn(t: "y ))]

mo+1 mp—1 3
JR3X3dxdv(Z + > ) 3 (1+1v12)* (")

1=0  l=mg+2/ i,j

+

oL fn(t,x,v) 0™ LE, j(x,t) (2.15)

) l ml—l
o0v;ox; ox|

) f2) (¢, x,v)

<Cpo,2),m, (f"(t,,+))
X [p0,2),0(f"(t,-,-)) +Po2),m (f"(E-))]
X [Po2),0 (™t ) +P02)m (")) +d0.2),m (7))

Finally, we deduce by complete analogy

1d

Zdt ml(f (tls')

= C[p(ZO,Z),O(fn(t! "y )) +p‘(20,2),m1 (fn(tl " )) +Q(20,2),m1 (fn(tl ) ))]
3
J[R%XR (1+v]?) ijzzllavjfa(mﬂ(t,x,v)f;&(rm)(t,x,v)En,j(x,t)dxdv
= C[p(ZO,Z),O(fn(ta “ )) +p(20,2),m1 (fn(tr ] )) +q(20,2),m1 (fn(tl " ))]
X [P0,2,0(f" () +P02),m (" (L)) +1].

+

(2.16)
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Now, in view of (2.12), (2.13), (2.14), (2.15), and (2.16), denoting A = p(zo‘z)’o(f”) +

Plo2ym (f™) and B = ply ) o (f™) + afo 2 m, ("), Where po2)0(f™) = d2,0(f™), we
obtain

Alt) < CL(1+A®) +B(1),

(2.17)
B(t) < C(1+A(t) +B(1))*',

and our claim is proved. |

LEMMA 2.4. There exist Cx > 0 such that pixm, (f"(t,-,*)) + qkm, (f"(E,-,-)) +
pro(f"(t,-,)) <Ck forallt € [-T,T] and all ky,k>,n = 1,2,3,....

PROOF. Again, we consider only the case t > 0. We have from (2.1)

1d
Eap(zk,()),ml (fn(t! ] ))

< Ck[ P30y my (F (85 )) + Doy (F7(E5,)) ]

3 mo+1 my—-1 . N
I[Rsms(“‘x'z)kx 2. fi‘i(m“u,-,-)( " )mw

Syl
e 0V;0x;

« 0™ LE, ;(x,t)

my -1
ox;

dxdv]|.

(2.18)

As earlier, we apply the embeddings (2.9) and Hoélder’s inequality and estimate the
uniform norm of those of two expressions (1 + [x[2)¥/2(3!*1 f(t,x,v)/0v;0x!) and
(6m1*lEn,j(x, t) /6xlmlfl), the order of the derivative in which is not larger than mg +1,
by Clp k0,0 (" (t, ;) +Pwk,0),m, (S (E ) +Aw,0),my (L)) Tor Clpo,2),0(f" (L, -, )

+P©0.2)m, (f(t,-,-))], respectively. In this way, applying (2.9), we obtain as when prov-
ing Lemma 2.3

1d
2 e Pleorm (F"(E0)

= Ck[p(zk,o),m1 (f™(t, )+ P(Zo,k),ml (fm(,-, ))]
+CP o my (L N [P0 () +Pieorm (f1(E, ) G199
+aw,0,m (" ()]

x[p0,2),0(f"(t,+,-)) +Po,2),m (f(E-))].
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By the complete analogy,

1d .
Eap%(),k),ml (f (t)'i'))

< Cepoim (S ) [Poro (") +Pokm (" (E--) (2.20)
+aok),m, (f"(t,-,)]
X[p0,2,0(f"(t, ) +Po0,2),m (F(E )],

Gy (F(6,720) = G [Py o (1) + Poso 0 (8, ) oo
@0y, my (7)) + @ gy (F1(E,,)) ],
A o, (P (1,,))
< G [P0 1)) + PRy p oy (F (0 )) + @2 g, (F7(E - 0) ] (222
+CRafo10m, ) [P02.0 (M (8 ,)) +Po2)m (f(E )],
%%pl%,o(fn(t: 2)) = G P g0 (F (e )) + 92 1 (11, ) |

(2.23)
X[po2,0(f"(t, ) +Po2).m (f (L) +1].

Now, in view of (2.18), (2.19), (2.20), (2.21), (2.22), (2.23), Lemma 2.3, and the embeddings
(2.9), our result follows. O

LEMMA 2.5. There exist Cy, > 0 such that pym, (f™(t,-,-)) + qm (f"(t,-,-)) < Ckom
foralln, k, m andt e [-T,T].

PROOF. Again, we establish all our estimates only for t > 0. Let m > 2mg + 3. It
follows from (2.1) that

= CE[I’EE,O),O(JC”“’ ) +p(20,z),0(f”(t, 5)) +’”?E,o),m(ﬁl(t’ )
+p(20®1m(f”(t, N '))]

3
" I[Rsms(1+‘X|2)k1(1+|“|2)k2 >, fAm(tx,v) (2.24)

Q=1
am+1fn [m/2] m-1
X WEnyj(x,t)*F Z + z

1=0 l=[m/2]+1

I+1 fn m-l .
() 2L 2 )|
0v;0x; ox;

The first term in the integrand in the right-hand side of this relation can be estimated
as when proving Lemma 2.3: we integrate by parts in v and apply the estimate

[[En,j (Ol cms) < Clpo2,0(f"(E, ) + P02y me (f (L)) ] (2.25)
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As for the other terms in the integrand in (2.24), again, the order of one of two deriva-
tives in (1 + |x|2)%1/2(1 + [v|2)k2/2 (@11 fn(t,x,v)/0v;0x!) and (9™ LEy ;(x,t)/dx™ "))
is not larger than [m/2] + 1 and so, the uniform norm of the corresponding expres-
sion can be estimated by C[pko(f"(t,-,-)) + Pkm-1(f"(t,+, ) + Qkm-1 (f"(L,-,-))] or
Clpo20(f"(t,,))+pPo2)m-1(f"(t,-,-))], respectively; the L,-norm of the other co-
factor can be estimated in a similar way. So, as earlier, applying Holder’s inequality, we
arrive at the estimate

1d
2.dt

— P ()
< Ci P20 (P (8- 0) + P2 1 o (F (-, )) + P2 o) (F(E )
12 o m (1) ]

+ CoPin (F" (8-, ) [P0,20,m0 (F7 (8 +,)) + 0,200 (f(E,+,0))]

+Coprgm (" () [Proo (F (&, ) + Prom—1 (F" (&, -, ) + Akom-1 (F (L, -, )]
X[Po02.0(f" () +Po2).m ([ (L, -))]

+Coprom (f" (&, ) [Pro (& 52)) + Prom (f (8-, ) + @rom (f (8, -,0)) ]

X [P0,2),0(f"(E, ) +P0.2),m-1(f"(E,-,))].

(2.26)
By complete analogy
1d "
Ed_ m ()
=< [ (ZE (fn(ty Tyt )+P(20‘E)‘O(f"(t,-,-))+q(2E’O)‘m(f"(t,-,-))
n 2.27
Ok)m(f (L, )] (220

+C|:Gl(k0 (f (tl [ )+Q(20,E)’m(fn(t;'1')):|
X[po2,0(f" () +P02).me (f(E, )]

Now, the statement of our lemma follows from (2.26), (2.27), and Lemmas 2.3 and 2.4
by induction. O

In view of Lemmas 2.2, 2.3, 2.4, and 2.5 and (2.1), the sequences {f"} and {d f"/dt}
are relatively compact in C([-T,T];S). Without loss of generality, we can accept that
these sequences converge and let f(t,x,v) and f;(t,x,v) be their limit points in this
sense. Clearly, f (t,x,v) = f1(t,x,v) and f satisfies problem (1.1), (1.2), (1.3), and (1.4).
Now, we prove the uniqueness of this solution. Assume the existence of two solutions
f1 and f> of the above class and set f = f; — f>. As earlier, we establish our estimates
only for t > 0. One can obtain, as when proving Lemmas 2.3 and 2.4,

d

Pl 0 (F(t1)) < Cpfy )0 (F(E,-,0)), (2.28)

therefore f(t,x,v) =0 for all t € [0, T], which completes our proof of the theorem.
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