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We investigate stagnation zones of flows of ideal incompressible fluid in narrow and long
bands. With the bandwidth being much less than its length, these flows are almost sta-
tionary over large subdomains, where their potential functions are almost constant. These
subdomains are called s-zones. We estimate the size and the location of these s-zones.
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1. Introduction. In this work, we investigate the flows of ideal incompressible fluid
in narrow and long bands on surfaces with almost Liouville line element. The inves-
tigation is motivated in part by the fact that, with the recent increasing interest in
areas such as microelectromechanical systems (MEMS) and nanoscale physiological pro-
cesses, there is a greater need to improve our understanding of fluid flows in the mi-
croscale and nanoscale regimes.

When the width of the band is much smaller than the length, the zones inside which
the flows are almost stationary, and consequently their potential functions are almost
constant, will be of sufficiently large size. Here, we study the size and location of these
stagnation zones, which we will call s-zones of ideal flows. At first sight, it seems that
the situation is of little interest. However, by remembering that minute change in poten-
tial function value occurs over a very long interval, it is clear that a better understanding
of such s-zones may allow one to better organize calculations and possible minimize
the amount of computation.

First, we define the following concept which will be key in this article.

DEFINITION 1.1. Let f:D — R be a continuous function. Fix a subdomain U ¢ D and
a constant s > 0. The subdomain U is said to be an s-zone of f if the oscillation of f
on U does not exceed the preassigned constant s.

For any given continuous function f :D — R, and for arbitrary s > 0, it is easy to see
that every point in D will have a neighborhood which is an s-zone. Here, we are mainly
interested in s-zones that are sufficiently large; intuitively, we are interested in s-zones
whose sizes or measures are of the same order as the size of D. The presence of such
s-zones can be an obstacle in numerical computation when, for example, the order s is
comparable with machine epsilon in the floating point system. A priori knowledge of the
size and location of s-zones in D allows one to better organize and focus computational
effort on regions where the solution is rapidly varying. It may also lead to significant
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reduction in the computational requirements of numerical solution of the boundary
value problem.

In this paper, we consider ideal incompressible flows in long and narrow bands over
surfaces with an almost Liouville line element (see, e.g., [5, Section 5.7.5]). Similar prob-
lems were studied over surfaces with line elements in [7, 8]. In these works, the s-zones
were shown to be related to some problems in the construction of conformal mappings
from long rectangles to a unit disk [4, 6, 11] and to some problems arising in econom-
ics [2, Chapter I]. In this paper, we provide estimates for the size of s-zones. The main
results are given in Section 3 and some examples are provided in the last section.

2. Boundary value problems. To begin our study, we first introduce some nota-
tions to define long and narrow bands and almost Liouville line elements and discuss
the boundary value problem associated with ideal incompressible flows in bands over
surfaces with almost Liouville line elements.

Let 0 : R2 — R be a given Lipschitz function. Let D be a domain in R? consisting of
points (x,y) such that 0 < 9(x,y) < 1, and with the property that for any bounded
subdomain D’ whose closure is contained in D,

essigf [VO(x,y)| >0. (2.1
ForO<T1<1,let
T={(x,¥) €D:0(x,y) =T}. (2.2)

We will assume the boundary curves I, and I; connected and of unlimited extent.
Let y(7) denote the connected component of the set

{(x,y)eD:y =1}, —00<T<+00, (2.3)

which separates the subregion of D with y ~ —co from the subregion of D with y ~ .
This would ensure the band described below to be well defined. For t > 0, a band of
width t is defined as the subdomain D (t) of D bounded by Iy, I';, y(—t) and y(t). The
band is long and narrow when the width is small compared to its length, that is, t < 1.

Let I (t) =T, nD(t), 0 < s < 1. In what follows, let § > 0 be a given parameter.

The model boundary value problems that we are interested in consist of an equa-
tion describing harmonic functions on surfaces with almost Liouville line elements and
either Dirichlet, Neumann, or mixed boundary conditions. Let D ¢ R? be a domain at
two-dimensional Euclidean plane with a coordinate system (x,y), and let A, B, and Q
be some functions on D. Suppose that A,B,Q > 0 everywhere on D. A line element of
the form

ds® = Q% (x,y) (A% (x)dx?+ B*(y)dy?), (x,y)eD, (2.4)

is called an almost Liouville line element. An area element on the surface % = (D, ds?)
is given by

do = Q%(x,y)A(x)B(y)dxdy. (2.5)
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In the case where Q (x,y) has the special form Q?(x,y) = a(x) —B(y), with &, B being
arbitrary functions such that « > 8, we recover the standard definition of a Liouville
line element (see, e.g., [5, Section 5.7.5]). An example of surfaces defined by an almost
Liouville line element is given by the class of second-order confocal surfaces [5, Section
3.7.3]. Further examples of almost Liouville line elements will be given in Section 7.

On surfaces with almost Liouville line elements, we consider the following Laplace-
Beltrami equation in a band D (f):

B (a0 L) +A<x>%(8(y>*1%) -0, (2.6)
and one of the following boundary conditions:
fln =0 (i=0,1); (2.7)
or
AT'Bfcosv+ABT fy sinvirp =0 (i=0,1); (2.8)
or
Sflo@ =0,  AT'Bficosv+AB'f} sinv|p g = 0. (2.9)

Here, v is an angle between a unit normal vector to 0D (f) and the x-axis, and A, B are
given functions related to the underlying line elements.

Note that on y(—B) uy(B), the solution value of f is not specified. We assume that
additional boundary conditions will be given so that the boundary value problem is
well posed.

3. Main results. We now state our main results. The proof will be given in Section 6.
The first theorem shows that, if the bandwidth is sufficiently small relative to its length,
the solution f to the boundary value problem discussed in the previous section will
have sufficiently large s-zones. By “solution” here we mean generalized local Lipschitz
solution, with the precise meaning to be stated in Section 4.

Let f be a Lipschitz function on a band D (). For an arbitrary t € (1,8), B > 1, we set

Q = oscy-puyp f(x,), (3.1)
e(t) :“Dm (§Q’i+%9’§,>dxdy, (3.2)
u(t) = maX{JJD* %dxdy,JJD** %dxdy}, (3.3)

where D¥ =Dn{-t<y<-t+1}and D** =Dn{t <y <t+1},

, O<p<qg<B. (3.4)
—q jy(y)Adx y)Adx}
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THEOREM 3.1. Let f be a solution of (2.6) on D (B) with one of conditions (2.7), (2.8),
or (2.9). For any given s > 0, if there exists t such that1 <t <  and

0?2 »

3
E(e(t”“(”)[(t,ﬁ) <s°, (3.5)
then the region D (t — 1) is an s-zone of f.
Now, we denote
i (BED B _
K(t) —mm{L(_t) 10 }, L(t) = N)A(x)dx. (3.6)

We also have the following related result not involving Q and I(¢, ).

THEOREM 3.2. Let f be a solution of (2.6) on D(f) satisfying either the boundary
condition (2.7) or (2.9), and let s > 0 be a given number. The region D(t —2) is an s-zone
of f if there exists t such that2 <t < B and

3

B-1 ,
m(a(t—1)+Il(l‘—1))exp{—CTrJ’ti1 K(T)dT} <2, (3.7)

where C = 2 for the Dirichlet condition (2.7) and C = 1 for the mixed boundary condition
(2.9).

These theorems provide estimates for the size, or more specifically, the width, of an

s-zone when the inequality (3.5) or (3.7) is satisfied.

4. Oscillation estimates. For an arbitrary subdomain U ¢ R?, let Lip U be the set of
functions f satisfying the Lipschitz condition

| f(x", 0" = F(xX', )| < C(x” =x)2 4+ (y7 = y7)? (4.1)

for all (x',y’),(x",y"") € U with a constant C = C(f,U).

Technically, it is convenient to use the following definition of solutions of (2.6) with
(2.7), (2.8), or (2.9). A function f € Lip D (B) is said to be the generalized solution of (2.6)
with boundary condition (2.7), (2.8), or (2.9) if, for any arbitrary bounded subdomain A,
contained in D (), with a rectifiable boundary 0A and any arbitrary function ¢ € Lip A,
we have

[[ (efrrdign)axay = [ o(-Fhax+Trdy), @2

where 0'A = 0A\ (IH(B) UT1(B)). Note that in the above definition, at any point x € D,
where V f(x) does not exist, we set V f(x) = 0.

Let A, B be functions of C'(D(B)) and let f € C2(D(B)) be a solution of (2.6) on D (B).
By Green formula for any bounded domain A ¢ D () with the rectifiable boundary and
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any function ¢ € Lip A, we have

IR R A e v
:L,A_gb%f;dx+¢§f;{dy. '

From here, by (2.6), we obtain (4.2).

LEMMA 4.1. If f is a generalized solution of (2.6) with boundary condition (2.7), (2.8),
or (2.9)on D(p), then for anyt,0 <t <,

Ilgl(agff(x,y) S pax fx, ). (4.4)

PROOF. Suppose there exists a point (xg, o) € D(t) such that

f(x0,70) > max f(x,y)= (4.5)

y(=t)uy(t)

Choose € such that f(xg,»0) > € > M. Consider a connected component A of the set
{(x,¥)eD(t): f(x,y)>¢€}. By (4.2) with ¢p = f(x,y) — €, we can write

” ( )dxdy J (f- e)(——fydx+ fxdy) (4.6)

As A, B > 0 everywhere on A, we obtain
Vf(x,y)=0 everywhere on A, 4.7)
and thus f = const on A, which is a contradiction. O

LEMMA 4.2. Lett be a fixed number, 0 <t < B, and let f be a generalized solution of
(2.6) with boundary condition (2.7), (2.8), or (2.9) on D (). Then,

inf os.Cr oS = JJD(t)%(VG)dxdyJJD(t)%(Vf)dxdy. (4.8)

O<s<

PROOF. Fix s € (0,1), and t € (0,B). Let (x0,¥0) € Is(t) be a fixed point. At this
point, the vector

0, o
=_ [ _ Y X
T‘( \vemvm) (4.9)

is a unit tangent to I (t) vector, and
of _
57 = (VAT) (4.10)

is a derivative with respect to the direction T.
Because the function f is locally Lipschitz and almost all level curves I(t), 0 <
s < 1, of the Lipschitz function 0 are rectifiable [3, Theorem 3.2.15], the function f is
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absolutely continuous along I';(¢) for almost all s € (0,1). From

A ) )
8?‘_(A"+By Oc+ 30y

_((f;( ;/_fy x)) (4.11)
2
=(§f;9;+§f;e'y) >0,

E(VFIE(VO) - |Ve?|

we see that at (xg, o),

of |2 1
’ 3= < WE (4.12)
Next, denoting /dx2 + dy? by d¥, we note that
oscr, 1) f < %‘d#sj EV2(VHE2(VO) —— d (4.13)
() 1 0T I (1) Vel
Using the Cauchy inequality, we obtain
at
0SC — E(VO) ——. 4.14
fao f < Jl(t) v f)\VGI Lo () ( )IVGI (4.14)
This inequality implies
0scf ) f JIJ
s ds < 4.15
4[ fr;(t VQ) d€/|V9| 0 ]"S(t) ( )

The condition (2.1) makes possible to use the coarea formula [3, Theorem 3.2.12].

We have
1 at
(Vv
Jo .[rsm V. Vo

Thus, we arrive at the following relation:

d5=JJ E(Vfdxdy. (4.16)
| D)

ds
mf 08C2

1
it osct o f |, o €(V0) (@l ) ”Dm%(vf)dmy' @17)

Next, from the Cauchy inequality, it follows that

! ! ds 1 dae
1=| ds=< ds. 4.1
L S<L fr_v(t)%(VQ)(dﬁ/IVG\)Jo Lsm vor** @.18)
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Again, applying the coarea formula, we find

ds
1 SJ E(VOdxdy. 419
0 T @(vo)(@tiven) ) Jpy £V Oaxay (4.19)
From here, with (4.17), we obtain (4.8). .

LEMMA 4.3. Let f be a generalized solution of (2.6) with boundary condition (2.8),
(2.9), or (2.7) on D(B) and let T, t, 0 < T <t < f3, be some arbitrary numbers. Then,

inf osc? + inf osc?
yey YO f e(=t-1) y(y)f

< (t—lT)Z maX{JJD’ %dxdy,JJD” %dxdy}JJD(MD(T)%(Vf)dxdy’ (4.20)

where D' =D(B)n{-t<y<—-T1}and D" =D(B)n{T <y <t}.

PROOF. We will show that Lemma 4.3 may be obtained as a corollary of Lemma 4.2.
Choosing 6y = (y —T)/(t —T) in (4.8), we find that

inf oscy(y)f JJ € (V0 dxdyjj E(Vf)dxdady. (4.21)

YE(T,t)

Now, we note that

1
Vv, = (0, :), (4.22)
and therefore
JJ €(VOy)dxdy = ! JJ édxdy. (4.23)
D" (t-7)2J)Jp" B
Consequently,
inf osc?.,, f < JJ édxd JJ E(Vf)dxad (4.24)
ye(rt) y() (t— T)z y ¥ :
Analogously,
inf osc? W f < JJ éalxd JJ €(Vfdxd (4.25)
yei-t-ry YY) (t- ‘r)2 Y - '
Finally,

inf oscy(y)f+ E(mf )oscy(y)f

ye(T,t)
=], e [, pecar ], e paar

which proves the lemma. |

(4.26)
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5. Energy estimates. First, we need to prove a few auxiliary statements. We let
B ’2 A 72 )
E(t) = Zfe4s . 1
(t) J,[Dm(Af" ny dxdy (5.1)

LEMMA 5.1. Let f be a generalized solution of (2.6) with (2.8), (2.9), or (2.7) in D(B).
Then, for any t € (0,B),

E(t) = —t 1 + ﬁ 1 . "
IZgBONAY [ [y5) f2 (6, 0)A()dx [ B()AY [ [y f2(x,¥)Alx)dx
(5.2)
PROOF. Fix a Lipschitz function
0, if B<y,
hi(y), ift<y<B8,
Y(y) =11, if —t<y<t, (5.3)
h*(y)y lf_BSyS_ta
0, if y < -B.

Here, h_ and h, are arbitrary functions for which ¢ € Lip(R).
Since fy? = 0 everywhere on y(—B) Uy (B), by (4.2) with ¢ = fy? and A = D(B),
we have

”D(B (fw? fox (f(llz);/%fj',)dxdy

((
L By (_%f}dwrgf;dy) (5.4)
0.

From here, we find

2B o A 12) JJ ( , B , A ,)
— — dxdy =-2 — — dxdy.
JJD(B)W (A X +ny xay D(B)\D(t)fw wafx""wany xay
(5.5)

Because
’ B 7 7 A 7
20w (W et Wy S Fs) <21 WIE A (TWIE R (V) < fETY) - E TS, 5.6)
we obtain

” W%(Vf)dxdys” fZ%(Vw)dxdy+JJ Pre(Vfdxdy.
D(B) D(B)\D(t) D(B\D(t) (5.7)
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It is easy to see that ¢, = 0 on D(B) and ¢, = h_(y) for - <y <t, @), = h', () for

t <y < B. So, we have

” %(Vf)dxdys” f*h ’ZAdxdy
D(t) Dni{t<y<pB} (5 8)
+” reliaxdy =1 (h) + L (h).
Dn{-B<y<-t} B

In order to prove the lemma, we seek the infimum of the integral I (h,) over all func-
tions hy, hy(y) =1 for y <t and h,(y) = 0 for v > B. By the coarea formula [3,
Theorem 3.2.12],

B
Ii(hy) =J h'f(y)B‘l(y)dyJ F2(x,v)A(x)dx. (5.9)
t ()
Denote

®(y)=B"" F2(x,y)A(x)dx. (5.10)
y()

But, by the Cauchy inequality,

B 2 B Bdy
15([ h;dy) SJ h'fCDdyJ ==, (5.11)
t t t @
Now, we find

1

2 _
Foidy L<y<ﬁh+d>dy—11(h+). (5.12)

This inequality holds for any h,, and therefore,

1
inf hiody. 5.13
fB ld_’)/ IIE t<y<pB * Y ( )
Choosing
HT)ydt
h,(y) = Iyi fort <y <8, (5.14)
ffo-r(mydr
we find
. 1
infly(hy) = TP (5.15)
e ¢ ®ldy
Analogously,
infh(h) = — 1 (5.16)
e [Cgo-tdy’ ’

Combining (5.8), (5.15), and (5.16), we arrive at (5.2). O
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Next, we prove a result which may be regarded as a variant of the well-known Saint
Venant’s principle about a decreasing speed of energy E(t) of a deformed solid (see,
e.g., [9, 10, 12]).

LEMMA 5.2. If f is a generalized solution of (2.6) in D(B), then for an arbitrary t,
0<t<B,

8
E(t) sE(B)eXp{fCTrL K(t)dt}, (5.17)

where C = 1 with boundary condition (2.9) and C = 2 with boundary condition (2.7).

PrROOF. Fixt, 0 <t < fB.By (4.2), we can write
A B B 2 A 2
—-=fldx+—=f.d >=JJ <— T+ =1 )dxd . 5.18
| f(~ghaxeiray) = [ (FIAIF+5 151 )dxdy. 618
From (2.9), we have

_J’)’(ft)uy(t _fy JJ (%\f§|2+%|f3’/|2>d9<dy, (5.19)

that is,
E(t) <B~! t)J fIIAf |dx+B’1(t)I MIIAS |dx. (5.20)
Y
We estimate the first term in the right side of this inequality. By the Holder inequality,
1/2 5 1/2
J |f||Af;ldxs(J A|f|2dx> (J Alfy dx) . (5.21)
y(=t) y(=t) y(-t)

For an arbitrary t € (—f3,8), we set

A,l ’ 2 1/2
[y (x) " (x) | dx) ’ (5.22)

A =inf
10 % ( iy A2 (x)dx

where the infimum is taken over all Lipschitz on y(t) functions ¢, ¢ =0, at [ Ny (£).
The function f(x,—t) vanishes at Iy Ny (—t). From (5.22), it follows that

2 1 1 L0
J(y(it)A(fo(x, )| dxs—m_t) LH)A (x) ] f] dx. (5.23)

Now, we obtain

[INEEECIIVALE (“t))(j( A Ifax )”(L(ft)%f;lzdx)lﬂ.
(5.24)

By the inequality

2ab < a®+b?, (5.25)
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we find

_( t) E 12 é 712
L(_ 18 g fyldx < = SAD y(_t)(A|fx| 315 )dx. (5.26)

Analogously,

L) B2 A2
me £} dx < ZM) W)(Zm\ L2 1R1)dx. (5.27)

Adding both inequalities, we get

71(_t) Bil(t) B 712 é 712
L< URTALE max{z?\l(—t)’zm(t)”nm<Z|fx| g1 )ax, 528

where

nt)=y(=t)uy(t). (5.29)

The quantity A (t) in (5.22) is easily computable. Let xo € y(t) be the left end of y(t)
and let

X

u= A(t)dt. (5.30)
X0
We have
b L(t) ~
J A(x)P%(x)dx = ¢ (w)du, (5.31)
y(t) 0
where
Fa = @), L =| Adx, (5.32)
y(t)
Because
-, 4 1
P (u) =o' (x (u))Ai(x(u))’ (5.33)
we find
2 .34
L(t A0 |’ (x)| dx = J ¢ (w)du. (5.34)
Thus, from (5.22), we obtain
L) | s 2 1/2
A1 (t) =inf (W) (5.35)
o\ [ P (uw)du

where the infimum is taken over all Lipschitz functions ¢ defined on (0,L(t)) with

¢(0)=0
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If f satisfies (2.6) with (2.7), these arguments remain unchanged if we replace Ay (t)
by

Al 12
HA T Y (0] dx) , (5.36)

Iy
Az(t) = %f( oo AGOWE () dx

where the infimum is taken over all functions y that are Lipschitz on y(t) such that ¢
equals to 0 on both ends of y(t).
As (5.35) may be rephrased as

L(t) ’ 2 1/2
folwwldu) (5.37)

hal) = %f( 20 w2 wydu

where the infimum is taken over all functions ¢ Lipschitz on (0,L(t)) and y(0) =
Y (L(t)) = 0. So, by the Wirtinger inequality (e.g., see, [1, Theorem 7, Chapter V]), we
have the well-known relation

Ao(t) = (5.38)

Analogously, for calculation of A, (t) at first, we extend ¢ (x) on (0,2L(t)) by symmetry
such that

¢*(x) = p*(2L-x), d* (X)) o,Lty) = P(x). (5.39)

Now, we have ¢*(0) = ¢p*(2L(t)) = 0 and as (5.38), we establish

AL(t) = %(t) (5.40)
We note
Ly B2 A2
E'(t) 7L<7t>w(t>(A|f"| +3 [y )dx. (5.41)

In the case (2.9), using (5.20), (5.28), and (5.40), we arrive at

E(t) < 1 E'(t). (5.42)
TTK (1)
Integrating (5.42), we have the inequality
E(B) J
log —— D > >2 | mk(t)dt, (5.43)
which implies (5.17) with C = 1.
In the case (2.7) from (5.35) and (5.38) as above, we prove (5.17) with C = 2. O

6. Proof of main theorems. First, we consider the proof of Theorem 3.1. We note
that the proof of Theorem 3.2 follows easily from Theorem 3.1 and Lemma 5.2.
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Let m = minygyuy(p) f and M = max,(—gyuy(p) f- Consider a new function f* = f -
(m+M)/2. It is easy to see that the function f* satisfies (2.9) and

1 Q
max *(x,y)| < = o0scy— (x,v) =—=. (6.1)
Jmax |00y | < S oseypuyi fx.7) =5
Without loss of generality, we may assume that the solution f also satisfies the above
inequality and, consequently, by Lemma 4.1,

Q

max | f(x,») ]| < 5 (6.2)

Fix arbitrarily € > 0. Choose T =t —1 in (4.20) and let v, € (-t,-t+1), y» € (t—1,t)
such that

2 : 2 € 2 : 2 €
0sC < inf  osc +=, oscc. . f< inf osc + =, (6.3)
y(y‘)f ye(=t,—t+1) y(y)f 3 y(yz)f ye(t-1,t) Wy)f 3

and so € (0,1) such that

OSCESO(t)f = Oigrgloscﬁ(t)f"‘ g (6.4)
Using Lemma 4.1, we have
08Cp(t-1) f < 08Cap(t-1) f < 0SCy—r+1uy-1) f 65
< 0SCy(yy) J +08Cy(yy) f +08Cry (1) S, ©:3)
or
05Ch(_1) S < 3(osc§<yl)f+osc§,(y2)f+osc§50(t) f). (6.6)
Hence,

2 ; 2 ; 2 ; 2
0sCh S <3 inf osci,,f+ inf osci.,f+ inf oscp ) f+e).  (6.7)
ye(-t,—t+1) ye(t-1,t) O<s=<1

Now, from (4.8) and (4.20), it follows that

05Ch(_1) f < 3(max{fj édxdy,JJ édxdy}JJ &(Vfrdxdy
p* B p** B D()\D(t-1)

+JJD(t)‘é(VG)dxdyJJD(t)%(Vf)dxdy +e).
(6.8)

Since € > 0 is arbitrary,

08ChH (1) f < B(maX{JJD* %dxdy,JJD** %dxdy} +JJD(t)%(V9)dxdy>E(t),
(6.9)

or

0sCh 1) f < 3(e(t) +u(t))E(t). (6.10)
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The estimate (5.2) implies

2
E(t) < - .
min | [FBONdy [y f2 06, 0) A dx, [ B3 () f2(x, ) Alx)dx |
(6.11)
Consequently, by (6.2)
2
E(t) < - 3 Q — , (6.12)
2m1n{ft B(y)dy/fy(y)A(x)dx,f,BB(y)dy/fy(y)A(X)dx}
and we find
QZ
E(t) < 2P (6.13)
Combining (6.10) and (6.13), we arrive at the following estimate:
3 0?2
0sCh (1) f < E(e(t) +u(t))I(t 5 (6.14)
Thus, the assumption (3.5) implies from (6.14) that
oscpi-n.f <8, (6.15)

that is, the subdomain D (t —1) is an s-zone, which is the result of Theorem 3.1.
To prove Theorem 3.2, we combine the estimate (6.10) with estimates (5.17) in Lemma
5.2. We obtain, in the case of the condition (2.9),

B-1
0SCh(_o) f <3(e(t—1)+pu(t—1))E(B- 1)exp{—nL71 K(T)dT} (6.16)
or, if f satisfies (2.7),
. B-1
0SCh (o) f <3(e(t—1)+pu(t-1))E(B- 1)exp{—27‘rL7l K(T)dT}. (6.17)
As in (6.13), we find
QZ
Estimates (6.16), (6.17), and (6.18) imply, respectively,
2 3 P
0SCh o f < m(e(tfl)ﬂﬂtfl))exp{frr . K(T)dT}, .

3 B-1
05Ch-2).f < m(e@—1)+u<t—1))exp{—2njH k()dr|.

From assumptions (3.7), we conclude that D(t —2) is an s-zone.
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7. Examples. To illustrate our results, we will describe some examples of surfaces
defined by almost Liouville line elements and then consider the application of the main
theorems to a boundary value problem over conic belts.

Consider an almost Liouville line element defined as follows. Let % = (D,ds?) be a
surface obtained by rotation of the graph of a function u = p(w) around the w-axis.
We assume that p(w) is defined on a segment 0 < w < p(, nonnegative and belongs to
C?10, pol.

We set v = E(w) to be the arc length function

yzE(w):J0 V1+p2(T)dT, (7.1)

and let w = £-1(y) = n(y) be its inverse function.
We introduce special coordinates (x,y) of a point (u,v,w) on % by setting

, o y=8&w). (7.2)
If we denote () = pon(y), then it is easy to see that
u=r(y)cosx, v =7 (y)sinx, w=n(y). (7.3)

Clearly, the lines x = const and y = const on & are orthogonal to each other. Therefore,
for the length element ds on %, we have

ds® =vr?(y)dx® +dy>. (7.4)

Consequently, we have

1

Q(x,y) =7r(y), Alx) =1, B(y) = o’

(7.5)

and so 9 belongs to the class of surfaces defined by almost Liouville line elements.
We set by

, 2 2
|Vaf|* = Q’z(x,y)(g‘2 +ny2) (7.6)

the square of the gradient of a function f on %, and, next,
B ., A,
%(Vf) = Z x Tt Efy . (7.7)

With the aid of (2.5) and (7.6), the basic variational problem

m)}nj JD |Vof | do (7.8)
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to be investigated may be written as
Ir}lnjj €(Vfdxdy, (7.9)
D

and the corresponding Laplace-Beltrami equation on % = (D, ds?) has the form (2.6).
Since Q = r(y), A =1, and B = 1/v(y) for the surface of revolution considered
above, the corresponding Laplace-Beltrami equation has the form

ERCE %) i( ﬂ) _
v ax <6x + 3y T(y)ay =0. (7.10)
By choosing p = 1+w, 0 < w < /28, we have

1
r(y)=1+ky, k:ﬁ' (7.11)

Fix &, 0 < & < 2711. The resulting surface of revolution is a conic belt defined by the
parametric equations

u=(1+ky)cosx,

v = (1+ky)sinx, (7.12)
w =ky,
where 0 < x < x, 0 <y < 2B.
Set the rectangle
A={0<x<a 0<y <28}, (7.13)

and consider the following boundary problem.
(P) Find the solution of (7.10) subject to (2.8), ((2.9) or (2.7)) on vertical parts of A

and
Sly=0=1, Sly=op=2 (7.14)
on horizontal parts.
Introducing new variables
;C=§, 5 =y-8, (7.15)

if (x,y) € A, then rescaling to (X, y), we have
D(B) ={(%,7):0<x <1, -B<F <B}. (7.16)

Here, 0 = X, so,

l(B)={(x,7)€oD(B):x =0}, T(B)={(X,7)€dD(B):x =1},

7.17
y(=B) ={(x,7)€oD(B): 7 =-B},  y(B) ={(x,3) €0D(B):y =B} 710
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From (3.1) and (7.14), we have Q = 1. Consequently, for the boundary value problem
(7.10)-(7.14), we have from Theorem 3.1, (3.2), (3.3), (3.4),

1+kB+kt
e(t) = k 81 kB—kt’
u(t) = (x(l+ +kB+kt> (7.18)
I(t,ﬁ):ilog 1+2kB

ok BT KBkt

and thus, according to Theorem 3.1, for any given s > 0, if t € (1, ) is such that

1+kB+kt ( k ) §i 1+2kp
cxkl Trkf—kt T TRBHRL ) < O T kB ke (7.19)
then the band D(t —1) is an s-zone.
Similarly, from (3.2), (3.3), (3.4), (3.6),
1+kB+k(t 1)
elt—1) = k S1+kB—k(t-1)’
ut-1) = (1+ +kB+k(t— 1))
1+2kpB .
I(B-1,B) = 1+’<B+k(3 0’ (7.20)
1
L(t) = «, K(t):m,
-1 h-1 1 1. 1+kB+k(B-1).
L,l K(T)dT_L,l T+ kB ket T = ko8 g k=)
we see from Theorem 3.2 that for any given s > 0, if t € (2, 8) is such that
A og LHKBHK(E-1) k _ ))
((xk °g1+k3—k(t—1)+°‘<1+2+k3+k(t 1)
(7.21)

el M) 2% 1+2kB
exp( 108 T k-1 ) =3 ak 8 T kB k(f-1)’

then D(t —2) is an s-zone.
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