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After a brief summary of Tauberian conditions for ordinary sequences of numbers, we con-
sider summability of double sequences of real or complex numbers by weighted mean meth-
ods which are not necessarily products of related weighted mean methods in one variable.
Our goal is to obtain Tauberian conditions under which convergence of a double sequence
follows from its summability, where convergence is understood in Pringsheim’s sense. In
the case of double sequences of real numbers, we present necessary and sufficient Taube-
rian conditions, which are so-called one-sided conditions. Corollaries allow these Tauberian
conditions to be replaced by Schmidt-type slow decrease conditions. For double sequences
of complex numbers, we present necessary and sufficient so-called two-sided Tauberian
conditions. In particular, these conditions are satisfied if the summable double sequence is
slowly oscillating.

2000 Mathematics Subject Classification: 40E05, 40B05, 40GO5.

1. Introduction. We begin with a brief and concise summary of the corresponding
well-known results for single sequences. For basic facts on summability theory, we refer
to [4, 9, 12] for ordinary sequences and to [1] for double sequences.

Let p = (px: k=0,1,2,...) be a fixed sequence of nonnegative numbers with py > 0,
and set

m
Pmi= 2 pk, k=0,1,.... (1.1)
k=0

Weighted means of a sequence (si:k =0,1,...) of complex numbers are defined by

1 m
tm:=P—zpk5k, m=0,1,.... (1.2)

m k=0

The sequence (si) is said to be summable by the weighted mean method determined
by the sequence p, in short, summable (N, p), if the sequence (t,,) converges to a finite
limit s; in symbols, s, — s(N,p).

The summability method (N, p) is said to be regular, if s, — s implies s, — s(N,p).
It is well known that (N, p) is regular if and only if P,,, — o as m —  (see, e.g., [9, page
16]), which we assume in the following.
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We are interested in converse conclusions. In general, s,, — s(N,p) implies s, — s
only under additional so-called Tauberian conditions. Set

ay:=Sx—Sk-1, k=0,1,...; s_1:=0. (1.3)

Then, each of the following conditions is Tauberian for the method (N, p):

m
Z arPx-1 = 0(Pm), (1.4)
Z|ak|2ﬂ<m, pr>0Vk>0, (1.5)
k= Pk-1
_ [ Pk-1
ay _O(Pk—1>’ (1.6)

since they vyield t,, — s, — 0 as m — oo, The o-type condition (1.6) can be weakened to
an O-type condition

Pk-1
ay = O( ) (1.7)
, Py
or even to a one-sided condition
Pk-1
ag <c , (1.8)
k Py

where c is a positive constant and in the last case we suppose that p also satisfies the
condition py, /Py, — 0 as m — co.

A necessary and sufficient Tauberian condition was given in [8], which is implied by
either of the conditions (1.4)-(1.8). To present it, we recall the following two defini-
tions. Let A = (A(m)), where A(m) > m for all m, be an increasing sequence of natural
numbers such that

Y 2
liminf ~2")
m-—oo m

> 1, (1.9)

and denote by A, the set of all such sequences A. Similarly, let u = (u(m)), where
u(m) < m for all m, be a nondecreasing sequence of natural numbers such that

liminf
m-—oo

> 1, (1.10)
u(m)
and denote by Ay the set of all such sequences p.

Now, the following theorem was proved in [8]: for a given sequence (s,,) of real
numbers, s,, — s(N,p) implies s,, — s if and only if

1 A(m)
inf limsup—— Sk—Sm) <0, 1.11a
AeAy mﬂoop P?\(m)_Pmk m+1pk( k m) ( )
m
. . 1
inf limsup——— > pi(sm—sx) <0. (1.11b)

ueAy  m-eo P —=Pum) k=p(m)+1
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In case of smooth weights, for example, when
pr:=(k+1)% k=0,1,...; x> -1, (1.12)

we may replace A, by Ay, = {([Am]) :A> 1} and Ap by Ay := {([m/A]) : A > 1}, where
[a] denotes the integer part of a > 0. Furthermore, either the condition of slow decrease
in the sense of Schmidt [10] (see also [4, pages 124-125])

lim liminf min (sx—s$m) =0, (1.13)
A-1+ m—o0 m<k<Am

or the condition of slow increase

lim limsup max (sg—spm) <0, (1.14)
A=1+ m—o00 m<k<Am
implies both (1.11a) and (1.11b) (see [8] for details).
In the same paper, the following theorem for complex sequences was proved: s, —
s(N,p) implies s,, — s if and only if one of the following Tauberian conditions is satis-
fied:

A(m)
inf limsu Sk—S =0 1.15a
Anf limsup ‘ Pr —Pnm k:m+1pk( k m)‘ (1.15a)
or
m
inf limsup ‘ e — pr(sm—sk)| =0. (1.15b)
HEAp m-—o Pm—Pu(m) k=p(m)+1

The following special case is called the condition of slow oscillation (see, e.g., [6]):

inf limsup max |sg—s$;,|=0. (1.16)
AeAy m—-o m<k=A(m)
In this case (1.15a) (and a fortiori, (1.15b)) is clearly satisfied. The symmetric counterpart
involving the class Ay can be formulated analogously.
From now on, we will consider double sequences. Let p = (py¢:k,£ =0,1,...) be a
fixed double sequence of nonnegative numbers with pgo > 0, and set

Pre, mn=0,1,.... (1.17)

Ppni=

Ivs
Tt

The weighted means of a double sequence (s ¢ : k,€ = 0,1,...) of complex numbers are
defined by

1 m n
tmn = 5 > > preske, mmn=0,1,.... (1.18)
M k=0 =0

The sequence (si ) is said to be summable by the weighted mean method determined
by the sequence p, in short, summable (N, p), if the double sequence (t,, ) converges
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to a finite number s in Pringsheim’s sense; in symbols, s, — S(N,p). This type of
convergence means that for every € > 0 there exists a natural number 7 (¢) such that

[tmn—5| <& VYm,n=mng(e). (1.19)

Furthermore, we also consider the so-called bounded convergence (in Pringsheim’s
sense); in symbols, b —lim s, » = s, which means the following:

Smn — S, |Smn| <K VYmmn=0,1,..., (1.20)

where K is a finite positive number. Similarly, b —lims,,», = s(N,p) means that b —
limty,n =s.
It is known (see, e.g., [3]) that
b-limsy,, = s=b-limsy, = s(N,p) (1.21)

if and only if

lim 2en _o vk (1.22)

and

lim fml o v, (1.23)
mn=o Fmn
In particular, it follows from (1.22) that Py, , — o as m,n — .
Of particular interest are the weighted means of multiplicative structure, that is,
when py ¢ = prqe, where (pi) and (q¢) are sequences of nonnegative real numbers
with po,qo > 0. Given a double sequence (s, ), we set

Amn = Smn — Sm-1,n—Smn-1+Sm-1n-1, Mm,n=0,1,..., (1.24)

with the agreement that s, ,, =0 if m <0 or n <0.
It is known (see [11]) that if

n

m

Ppi= D> pr— 0, Qui=> qp— o mMmn— , (1.25)
k=0 £=0

then the pair of conditions

n
Z aAm, L

£=0

m
Z Akn

k=0

Pm-1 vm, sup

sup
Pm—l m=0

n=0

<cC

an-1
<c—— Vn, (1.26)
Q

n-1

where ¢ is some constant, is a Tauberian condition; that is, under conditions (1.25)
and (1.26), lims,, , = s(N,p) implies lims,, , = s. We observe that (1.26) can be con-
sidered to be a multiplicative version of the Tauberian condition (1.7). However, am »
=0 (Pm-14n-1/Pm-1Qn-1) (compare (1.7)) is not a Tauberian condition, as it has been
shown in [5] for the (C,1,1)-mean.
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2. Main results. In the sequel we will need the following notations. Let m, n, u, v be
nonnegative integers and set

n

ag(m):=> auy, by(m):=> auy, (2.1)
v=0 u=0

where a, is defined in (1.24). Clearly, we have

au(n) =Spun — Su-1,n» bv(m) =Smy —Sm,v-1- (22)
Furthermore, set
n m
pe(n)i= > pryv,  apm)i= > pup, kE=0,1,.... (2.3)
v=0 u=0

Now, the multivariate version of the Tauberian condition (1.4) reads as follows.

THEOREM 2.1. If $;mn — S(N,p) and one of the following Tauberian conditions is
satisfied,

Z Pu—l,n l’ilaX |au (#) | + Z Pm,v—l |bv(m) | = O(Pm,n) (243)
pu=1 =n v=1

or
Z Pufl,n | au(n) | + Z Pm,v—ll":laX \bv(k) | = O(Pm,n), (2.4b)
pu=1 v=1 =m

then sy;mn — s.
The multivariate version of Tauberian condition (1.5) is more involved.

THEOREM 2.2. Assume that (1.22) holds. If b —lims,, , = s(N, p) and one of the fol-
lowing Tauberian conditions is satisfied: for every & > 0 there exist natural numbers L,
vy such that

00

P,
> L max a,(0) |° <€ for large n,

= py—l('l’l) l<n
e . (2.5a)
> —mv-l 1y (m)|* <€ forlargem
v=vo dv-1 (m)
or
> Pu—l,n 2
> =" ja,(n)| <€ forlargen,
H=to Pu-1(n)
(2.5b)

00

> Mmax|bv(k)|2<s for large m,

Vo Av-1(M) k=m

then b —-lims,, , = s.
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Now, we turn to our main result which provides a necessary and sufficient Tauberian
condition to deduce the conclusion Sy, , — s from sy, ,, — s(N,p). A result of this type
was already discussed in [7] for the (C,1,1)-mean and for more general weighted means
in [11], however, the assumptions there can be simplified and the proof in the present
paper is direct.

To formulate Theorem 2.5, we introduce the notation

Ammk )= > > puv="Pxr—Pin—Pni+Pun, (2.6)

m<u<k n<v<{

where k > m and £ > n. We consider a pair of nondecreasing sequences (A;(m)
>m, Ar»(n) >n:m,n=1,2,...) of natural numbers such that

P
liminf A0 o 2.7)
m,n—oo mn
P )
limsup A1 (m).Az (1) < 0, (2.8)

mn—c (M, n;A1(m),Az2(n))

and denote by A, the set of all such pairs of sequences.
Furthermore, we consider a pair of nondecreasing sequences (u;(m) < m, s (n) <
n) of natural numbers such that

P,
liminf —™"— > 1,
M= Py am) i (n) 2.9)

Pm,n

limsup

mn—co A(Hl(?ﬂ),uz(n)?m’”) =

and denote by Ay the set of all such pairs of sequences.
We remind the reader that the limit infimum of a double sequence of real numbers
is defined by

liminf by, » := lim inf by g, (2.10)
m,n—oo N—-ocoom,n=N

where the right-hand side may be —oo or c. Obviously,

limsupbmn = —liminf (= by, ). (2.11)

m,n—co m,n— oo

EXAMPLE 2.3. Put ps,, = m+mn, then we have

Py = (%)m(er 1)n+ (%)n(?’l-ﬁ- 1)m ~ (%)nm(n+m), (2.12)

and a typical example of a sequence from A, is A1 (m) = [Am], A2(n) = [un] with A
and u > 1 leading to

A(m,n;A1(m), A2 (n)) ~ (%)nm(m(A2u7A27u+l) +n(PA-—p?-A+1)). (2.13)

We cannot expect that (2.8) is always satisfied, since for example with py ¢ = ekl we
have Py, » = n+m+o0(1). However, in this case (1.22) is not satisfied.
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LEMMA 2.4. Under (1.22), the sets Ay, and Ay are not empty.

PROOF. Given my, ng, we can find by (1.22) integers m > mg, n > ng large enough
such that Py,n = 3Pmyn and Pyn = 3Pmn, which implies that A(mg,ng,m,n) =
(1/3)Pm,n- |

The next result contains a multivariate version of the Tauberian conditions in (1.11).

THEOREM 2.5. Assume that the sets Ay, and Ay are nonempty and Sy is a double

sequence of real numbers. Then, Sy, — S(N,p) implies smn — s if and only if both of
the following conditions are satisfied:

1
inf limsu Sko—S <0, (2.14a)
Au ‘H’L,TLHO!3 A(m,n . )\1 (m),AZ(n)) m<k§1(m) n<£)§2 (n) pkj( Kt m’n)

1
inf limsup it (Smm—Ske) <0.  (2.14b)
Ay mm—e A(p1(m),pz(n);m,n) ul(m%kgm yz(n%kn k0 (Smon = Sk.0)

REMARKS 2.6. (i) The conditions in (2.14) are obviously satisfied if

inf limsup max (Sx¢—Smn) <0, (2.15a)
Ay mm—o m<k<Ai(m) ’

n<l<i(n)
inf limsup max  (Smn—Ske) <0. (2.15b)
Ap mmn—oo pp(m)<ksm

ur(n)<l=n

(ii) In the special (but important) case of multiplicative weights py , = pxq, with se-
quences p, q as before, conditions (2.7) and (2.8) are satisfied if the sequences (A, (m))
and (A2 (n)) of natural numbers are chosen such that

P
liminf ~™ - 1 liminf 222"
M— o0 n N—o0

> 1. (2.16)

Then, condition (2.7) is obviously satisfied. In addition, we have

A(m,}z;xn()rri;y,l;\z(n)) - {(1 - P)fr(nm) ) (1 - Q%(Lm ) }71! (2.17)

whence it follows that

lim sup Prym) .2 m)
mn-c A(M,M;A1(M),A2(n))

p a1 (2.18)
={(1—limsup m )(l—limsup&ﬂ» < 00,
Mm—oo Aq(m) n—oo Q?\z(n)
which means that this time (2.8) is automatically satisfied.
(iii) In the special case when
lim Dl gy @l g (2.19)
m— oo Nn—oco

m n
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we may replace (2.14a) by

1
inf limsup Pee(Ske—Smn) <0, (2.20)
p>1 mmn—o (Pm(p) —Pm) (Qn(p) _Qn) m<k§m(p) n<l’§z(p) ’ i

where

m(p):=min{k>m:%zp}, (2.21)

and n(p) is defined analogously based on (Q;). A similar reformulation of condition
(2.14b) reads as follows:

1

inf limsup Pxde(Smn —Ske) <0,
0<o<l mmn-o (Pm—Pm(U))(Qn_Qn(U)) m(o)<k<m n(agfsn ( i k )
(2.22)
where
Py
m(o):= max{k<m:— so} (2.23)
Py

and n(o) is defined analogously based on (Q,).
(iv) It is clear that (2.20) and (2.22) are implied by the following conditions of slow
increase:

lim limsup max (Sk¢—Smn) <0,

p—1+ mmn—co m<k=m(p) (2.24a)
n<l<n(p)

lim limsu max  (Smn—Ske) <0,

o e m(a’)<ksm( mn = Skt) (2.24b)
n(o)<l<n

respectively. Now, one can verify that the last two conditions are equivalent. Further-
more, all particular cases discussed in [11] can be deduced from (2.24a).

Finally, the counterpart of Theorem 2.5 when (s, ) is a double sequence of complex
numbers reads as follows.

THEOREM 2.7. Assume that the sets A,, and Ay are nonempty. Then, Sy, — S(N,p)
implies sy,n — s if and only if one of the following conditions is satisfied:

1
inf limsu o(Skp—S$ =0 (2.25a)
Au m,nawp A(m,n,Al(m),Az(n)) m<k§\:1(m) n<€§2(n) pk,f( k,e m,n)
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or

1
inf limsup Pi.e(Smn—Ske) | = 0.
Ao manzs | A (m),pa(n);m,n) m(m%ksm uz(n%kn s

(2.264a)

REMARK 2.8. The following special case may be called the condition of slow oscilla-
tion. If

inf limsup max  [Sg¢—Smn| =0, (2.27)
Ay mm—o0o m<k<Ay(m)
n<l<i(n)
then condition (2.25a) is obviously satisfied. The symmetric counterpart of (2.27) from
which (2.26a) follows can be formulated analogously.
Originally, these conditions were considered in the case of multiplicative weights in
[2, 11].

3. Proofs

PROOF OF THEOREM 2.1. It hinges on the following decomposition. By (2.1), we may
write

|Pm,n (Sm,n - tm,n) \

Il
M=
M=

Pkt (Smon— Sk,l’)

k=0 £=0
m n m ? m n
135 8 Saney Y an
k=0 £=0 u=k+1 v=0 u=0 v={+1 3.1)

Il
M3z
M=

pk,é’{ > oap)+ > bv(m)H

u=k+1 v=_{+1

=
I

0 ¢=0

m n
=< ZPu—l,nlIan |au(€)| + me,v—1|bv(m)|-
s <l=n

v=1

Thus, (2.4a) implies that Syn —tmn — 0 as m,n — co.
In the case of condition (2.4b), the above reasoning works if we use the decomposition

m n m n m n k n
Z Z Pkt (Sm.n _Sk,—f) = Z Z pk,?{ Z Z Apy + Z Z au,v}- (3.2)
k=0 £=0 k=0 £=0 u=k+1 v=0 u=0 v=L+1 O

PROOF OF THEOREM 2.2. Assume that condition (2.5a) is satisfied. By the Cauchy
inequality and (2.3), we have

m

> Pyoin max |ay(f)]

p=1 1<l<n

3.3)

m p ) n 1/2
< L ax |ay (2 P, a(n <cP
{% Pu-1(n) 1<b<n \ u0) | u; u-1nPu-1() i
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where c is a constant. Similarly, we have

z Py ’bv(m) | < cPmn. (3.4)

v=1

Taking into account (3.1) and the boundedness of the double sequence (t;, ), from the
inequalities above we conclude that (s, ) is also bounded, that is,

|$Smn| <K Vm,m=0,1,... (3.5)
with some constant K. By (2.2), it follows that
lay(€)| <2K, |by(k)| <2K Vu,v,k{t=0,1,.... (3.6)

Now, we can proceed as follows. For any ¢ > 0, choose natural numbers pg, vy according
to the assumptions in Theorem 2.2 and follow the estimations above to obtain

Ho—1 m
{ >+ > }PHL” max |ay(f) |
1<l<n

u=1  H=Ho

) 1/2

Puin

< (Ho—l)Puo—z,n2K+{ > L max Ja, ()] S Py apa l(n)} (3.7)
H=Ho Pu(n) i< p=1

Pyo- , ,
< Pm,n{(llo - 1)2K;°—2’" +5”2} < 2Py ne'’?,

mmn

provided that m, n are large enough (observe (1.22)). Similarly, we obtain

vo—1 n
{ >+ > }Pm,vl|bv(m)| < 2Py €', (3.8)
v=1 V=Vvo

provided again that m, n are large enough. Combining (3.1), (3.7), and (3.8) yields
| Smn—tmn | < 412 (3.9)
which completes the proof since ¢ was arbitrary. The proof is analogous if (2.5b) is

satisfied. |

For the proof of Theorem 2.5, we need the following auxiliary result which is inter-
esting in itself.

LEMMA 3.1. If Sy — s(N,p), then for any pair of sequences (A1 (m)), (A2(n)) € Ay,

- > S sk =S (3.10)

lim
mn-o A(m,n;A;(m),Az(n)) <k (m) n<bene(n)



SUMMABILITY OF DOUBLE SEQUENCES AND TAUBERIAN CONDITIONS 3509

and for any pair of sequences (u,(m)), (u2(n)) € Ay,

: > S Dresie =S (3.11)

lim
mn—c Ay (m), Uz (n);m,n) iy (myoksm o (m<fen

PROOF. By definition, we may write that

Z Z Pk £Sk.L

m<k<Ay(m) n<l<A(n) (3.12)

= PM(m),?\z(n)t?q(m),?\z(n) _PM(m),nt)\l(m),n _Pm,)\z(n) tmas ) + Pm,n timn.

Hence, a simple rearrangement gives

1
A(m,n;A1(m),Ax(n)) Z Z Pk, b5kt

m<k=<A;(m) n<l<ip(n)

1
A(m,m;A1(m),A2(n)) {(Ph(m),n = Pmn) (€, 0m) 02 1) = By (m) )

=LAy m),a0(m) +
+ (Pimao ) = Pmn) (Eay (m), 22 (m) = Emao ()

+ P (Exy )2z ) = By m)on = Emdp () + Emin) }

(3.13)
It remains to observe that by (2.6) we have
Priimym — Pman < Payom) po ) — A (M, 1541 (), A2 (n)), (3.14)
whence, by (2.8) we obtain
limsup —Aamn = Pmn . (3.15)

mnee A (M, ;A1 (m),A2(n))
and similarly

. Pm)\z(n)_Pmn
1 , : . 3.16
e A, AL (m), A () (316

Combining the last two inequalities with (3.13) and using the convergence of (t,,,,), we
conclude (3.10).
The proof of (3.11) is similar. |

The following corollary is an immediate consequence of Lemma 3.1 by taking (A (m),
A2(n)) = (m+1,n+1).

COROLLARY 3.2. If

liminf P+ 0, (3.17)

m,n—oo mn

then sy — s(N,p) if and only if sy — S.
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PROOF OF THEOREM 2.5. Necessity. It follows directly from Lemma 3.1 and the con-
vergence of (s, ). Even more is true, for every pair (A;(m),Az(n)) € Ay, we have

1
lim ) (S0 —S =0. 3.18
mn=e A(m,n;A1(m),A2(n)) m<k§1(m) n<€§z(m Pt (S0 =Smn) (3.18)

An analogous limit relation holds for every pair (u; (m),uz(n)) € Ay.
Sufficiency. Given ¢ > 0, by (2.14a) there exists a pair (A;(m),A2(n)) € Ay, such that

1
limsu Ske—S <e&. 3.19
e A (M, ;AL (m), Az (1)) m<k§1(m) Mgm Pi,t(Ske—Smn) (3.19)

By Lemma 3.1, we conclude that
s—liminf s, , <¢€. (3.20)
m,n—oo

In a similar way, by (2.14b) and Lemma 3.1, we conclude

limsup $yn—s < &. (3.21)
m,n—oo
Since € > 0 was arbitrary, (3.20) together with (3.21) yield s, — s as m,n — . O

PROOF OF THEOREM 2.7. It is omitted since it follows similar arguments as the
proof of Theorem 2.5. |
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