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ON THE LEBEDEV TRANSFORMATION IN HARDY’S SPACES

SEMYON B. YAKUBOVICH
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We establish the inverse Lebedev expansion with respect to parameters and arguments of
the modified Bessel functions for an arbitrary function from Hardy’s space H» 4, A > 0. This
gives another version of the Fourier-integral-type theorem for the Lebedev transform. The
result is generalized for a weighted Hardy space Hp 4 = H2((—~A,A);|IT(1 +Rez +1iT)[2dT),
0 < A < 1, of analytic functions f(z),z = Rez + iT, in the strip |Rez| < A. Boundedness
and inversion properties of the Lebedev transformation from this space into the space
L>(Ry;x~1dx) are considered. When Rez = 0, we derive the familiar Plancherel theorem
for the Kontorovich-Lebedev transform.

2000 Mathematics Subject Classification: 44A15, 42B30, 33C10.

1. Introduction. In 1947 Lebedev [4] proved the following expansion of an arbitrary
function g in terms of the modified Bessel functions

o+ico 0
g(x) = i UK, (x)dp 90

Tl Jx—ioo o t

L(H)dt, x> 0. (1.1)

Here K, (x), I,(x) are modified Bessel functions [2, 5] of the complex index p = x+iT,
x> 1, x >0, g is an arbitrary function of bounded variation in any finite interval and
it belongs to the weighted Lebesgue space L1 (Ry;x 'I4(x)dx). The outer integral in
(1.1) is understood, as usual, in a principal value sense.

Our object here is to study the inverse Lebedev expansion

f(z)=

0 X+1ic0
1 &dtj pK,(t) f(w)du, Rez> |al, (1.2)

7Tl 0 t K—100

in the Hardy space H 4, A > 0 [3, 6], which consists of those functions f(z),z =Rez+
iT, analytic in the right half-plane Rez > — A with the property

© . 1/2
Ilfllg,, = sup (J If(Rez+iT)|2dT> < 0. (1.3)
Rez>-A —o0
Expansion (1.2) generates the pair of Lebedev integral transformations
o+ico

1
g(X):E KL () f(u)du, (1.4)

X—100

fz) = jo LD gwat, (L3)
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with respect to an index and an argument of the modified Bessel functions. For 0 < A <1,
we extend Lebedev’s transformation on the generalized Hardy space

Ay = Ay ((-A,A); [T(1+Rez +i7) |%dT) 5 Hya (1.6)

of analytic functions f(z) in the strip |Rez| < A with the condition

o 172
Ifllg, , = sup (J |F(1+Rez+i‘r)|2|f(Rez+i'r)|2dT> < oo, (1.7)
! |Rez|<A

—o00

where I'(z) is Euler’s gamma function. The boundedness theorems of Plancherel type
are proved in these spaces. In particular, the case Rez = 0in (1.7) leads to the Plancherel
theorem for the familiar Kontorovich-Lebedev transform (cf. [9, Chapter 2]).

We note (see [2, 7, 9]) that the modified Bessel functions K, (z), I;;(z) are linear inde-
pendent solutions of the Bessel differential equation

z —+zd—1;—(z +u?)u = 0. (1.8)

They can be given by the formulas

*© (2/2)u+2k
Ii(2)= > ——F——, (1.9)
. ké)r(u+k+ Dk!
T
K“(Z) = m[lﬂu(Z)—Iu(Z)], (1.10)

when p #0,+1,+2,...,and K, (z) =lim,_, K,(z), n =0,=1,=2,.... The function K, (z)
is also called the MacDonald function and has the following integral representations
(cf. [2, 9]):

Ky(z) = J e Zosht coshpt dt = %J e 2(tHtTH2pu-1 g4 (1.11)
0 0

Useful relations are [2, 7]

2uKy(z) = z[Kys1(2) =Ky 1(2)], (1.12)
« dx 1
L Ig(X)Ku(X)? = W Re& > |Rey|, (1.13)
dr =D& (n
o Ku(@) =", %(k>1<un+2k<z). (1.14)

These functions have the asymptotic behavior [2, 5]

Ku(z)=<%)l/2e‘z[l+0(§)], z— oo, (1.15)
Iu(z):\/%[l+0<%)], z— oo, (1.16)
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and near the origin

Ky(z) =0(z7IRely z — 0, (1.17)
Ko(z) =-logz+0(1), z—0, (1.18)
Ii(z)=0(Z%H), u#0,z—0. (1.19)

Meanwhile asymptotic formulas (1.15), (1.16), (1.17), (1.18), (1.19) can be written in a
more explicit form. In particular, formula (1.15) has the following interpretation (cf. [5,
Section 6.2.7, formula (38)]):

Ky (z) ~ (%)1/26_22F0<1+u,1—u;_i)
= <%>1/2€—2 i (%+y)n<%—u>n%, z— o,

n=0
where »Fy(a,b;z) is the generalized hypergeometric function and (a), = a(a+1)---
(a+mn—1) is Pochhammer’s symbol [1]. We note that according to [2, Chapter 7] the
equivalence sign in (1.20) means that for any fixed u and for each M =1,2,..., we have
the exact equality

o= (1) 5 (0] (4 ) i ot ] 2o

n=0

(1.20)

We will use below the properties of the Mellin transform pair [8], which is defined by
the formulas

Fis) = jwf(x>xf-1dx,
0

y+ico

f(x):ﬁj C fMs)xTSds, s=y+it, x>0,

y—io

(1.22)

where integrals (1.22) exist as Lebesgue integrals or, in particular, in mean with respect
to the norm of spaces Ly(y —ico,y +ico) and Lo (R, ;x2Y~1), respectively. In the latter
case, the Parseval equality of the form

I | £ ()| *x®dx = LJ | Uy +it) | *dt (1.23)
0 27T J -
holds true.

2. Lebedev’s transform in Hardy’s spaces. We begin with the following.

THEOREM 2.1. Let f € H . Then expansion (1.2) is true for all z such thatRez > |/,
o > —A, where integrals with respect to p and t exist in Lebesgue’s sense.

PROOEF. First we show under conditions of the theorem that the inner integral in
(1.2) exists as a Lebesgue integral. Then we will obtain an estimate, which will provide



3606 SEMYON B. YAKUBOVICH

the absolute and uniform convergence by Rez > o > || of the outer integral in (1.2).
In fact, invoking Schwarz’s inequality we have

00

Ka+1-r(t)

HW HRaiL (+iT)

— —f(wdu ‘ J_w f(o<+rr)’d-r

. 1/2
<1 Flliy 0 (Jm T) .

We treat the latter integral by using integral representations (1.11) of the MacDonald
function, relation (1.12), and the Parseval equality (1.23) for the Mellin transform. In-
deed, we deduce

(2.1)

(X+1iT)

Kuir (t 1
M%() = E[K1+o<+i-r(t) —Kouri'r—l(t)]

_ % J'oo e—t(y+y’1)/2 (y _y—l)yo(ﬂ'T—ldy_
0

(x+1T1)
(2.2)

Hence taking into account the reciprocal formulas of the Mellin transform (1.22) via
(1.23), and (1.11), we find

—t(y+y*] )/2 (v fy’l)y"‘*”*ldy ZdT

Lo (x+iT) t 16J
- gfo e‘””y*wy—y-lfyza—ldy 2:3)
TT
= Z[Kz(au)(Zt)+K2(a_1)(2t) —2K»4(21)], x€R.

Therefore combining with (2.1) we obtain the estimate

[

KD(+lT (t)

(a+1iT)

£||f||HM(I<2(o(+1>(2t)-ier (= 1)(2t)_2K2(x(2t))1/2-

flax+1iT) ’d'r
(2.4)

Hence by using (2.4) we derive the absolute convergence of the iterated integral (1.2)
under condition Rez > |x|. In fact, it will follow from the convergence of the integral

o 0 (Keta 20) 4 Koo (20) - 2Kaa(20) P < o, 2.5)

where Rez > |x|. We apply asymptotic formulas (1.17), (1.18) and expansion (1.21) in
terms of the generalized hypergeometric series (see also [5]) for the modified Bessel
functions. Now it is not difficult to obtain principal asymptotic terms near the origin
and at infinity for the latter combination of the MacDonald functions in (2.5). Indeed,
for the case of infinity it is sufficient to put in (1.21) M = 2. Precisely, we find

(Kagas1) (21) + Ko(o1) (28) = 2K (20)) /2 = O (t71971), t — 0+,

rl/4 1 (2.6)
(Ka(as1) (28) + Ka(oo1) (28) = 2Kaa(20)) 1% = We*t(uo(?)), t — +oo,
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where the corresponding constant under the sign O is an absolute one. Consequently,
invoking asymptotic relations (1.16), (1.19), we easily establish the convergence of the
integral (2.5) when Rez > |x| and its uniform convergence by Rez > g > |«|. Hence
by virtue of Fubini’'s theorem we invert the order of integration in the right-hand side
of (1.2). Calculating the integral with respect to ¢ by (1.13), we get the representation

LJ“”’” uf (wdu
i X—1ioco 22_“2 ’

(L)

il Tt (2.7)

dtj HE (O f(wdu =

Now in order to complete the proof of Theorem 2.1 we will prove that the latter integral
is f(z). For this we use the theory of Cauchy’s integrals. We write the right-hand side
of (2.7) in the form

LJ“ opfude 1 J‘H“’ 2uf(p)du 2.8)

Tl'l X—ico 22—[,12 _27Tl X+1i00 (IJ_Z)(U"’Z).

However, since Rez > |x| and B,C > 0 are large enough, then by Cauchy’s theorem
we have
«—iB C-iB C+iB «+iB
I +J +J +J 2uf(u)du _ 2.9)
a+iB Ja—iB  Jc-ip  Jcvip | (U—2)(u+2)
By a further integration,

1 (C+1 0B (CoiB CHBcoariB] 2y f(u)dp
= B (U= U+ =)
f(2 21 JC d [LH‘B +LH‘B +jC—iB +JC+iB ] (H—2)(p+2) (2.10)

=h+J2+J3+ )4

o=

Hence we choose C such that |z]| < C/+/2. Then

|JZ|ZLHCC“dB e f(u>du nU JC“ (u— lB)f(u—iB)dB

«-iB M2 — (u—1iB)2 -

c c+1 12, o1 _iR2 172
slj du(J |f(u—iB)|2dB) (J %)
™ ) c ¢ |(u-iB)2-z2|

C+1 1/2 (C C+1 T 1/2
L sup (J |f(x—iB)|2c7lB) J du(J lu—iB|"dB 2) .
T x>-aA\JC « ¢ |lu—iB|?2—|z|?|
(2.11)
But
c < C+1 |y —iB|2dB 172
J du J - 5
« ¢ |lu—-iB|2-1z2]
c C+1 (4,2, p2 1/2 ¢ (C+1)/1ul 12
SJ du(J (u2+B )dB) > du (J (1+v2 )dzv)
¢ (u2+B2/2)* C/lul (2+v2?) (2.12)

1 7 _J du
_ZJ \/ arctanu2+C(C+l)du Z,Iarctanzc
|2 JC du B
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Consequently we obtain

C+1 1/2
5l <22 g (J | f(x—iB) \ZdB) .0, C— . 2.13)
T x>-A\JC
Similarly,
C+1 o+iB
|J4|:i.j dBJ WIWART o o, (2.14)
lJC C+iB HM-—Z
Further,

|J»\:1UC“dB CEufwdu | _ J“‘ |IC+iT||f(C+iT)|dT
3 c coip p2—z2 *n [(C+iT)2—22]

. 1/2 . 1/2
1 ® C+itl|%dr 1 ® C+itl%dT
< 1 f i (j —'2) < 211 f . (j it 2)

o [(C+iT)2 - 22| ™ o ||C+iT|2-C2/2]

(1+u2)du>1/2 2
<

2 (o]
= ?/?“f”HZ,A (J—oo (1+2u2)2 = \/F”f”HZVA - 0, C — oo,

(2.15)

Thus

1ot B (x+iT)f(a+iT)dT
o= %[ an]

B 22— (x+iT)?

[ 1 JC ((x+iT)f(0(+iT)dT 1 (¢ (C+1+T)(x+iT)f(x+iT)dT
= lim P — B P
CowLmil_c —(x+1iT)? i J_c-1 z2—(x+1T)?
+LJC“ (C+1 T)(O(+lT)f(O(+lT)dT]
i 2—(x+1iT1)2
(2.16)
However,
1 qu (C+17T)(0(+i'r)f(0(+i1')d'r‘
™l Je 22— (x+1iT)?2
2.17
1 CH(C+1-1)|x+iT|2dT 1z (.17)
< 1l { | St .
™ c |22 — (x+iT)?|
Further, since |z| < C/~/2, we have
(JC“ (C+1—'r)2|o(+i"r|2d"r>”2
c \22—(o<+i'r)2|2
c+1 2(n2 4 2 172 c+1 2 172
3 (J T (C+1-1)%(x +;r )d'r) SZ(J A (Crl-T) dT) 2.18)
¢ (x2+712/2) c 2+ T2
1 2 1/2
_ _O-viay v 2
_2((C+1) crc+ny 62/ (C+1)2+v2 =c
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Combining with (2.17) we get that the integral in its left-hand side tends to zero, when
C — co. In the same manner we derive

1 J*C (C+1+T)(x+iT) f(x+iT)dT

. S (o i) =0. (2.19)

lim —
C—o TT1

Thus from (2.16) and (2.7) we arrive at the expansion (1.2) and complete the proof of
Theorem 2.1. O

COROLLARY 2.2. The Lebedev transformation (1.4) is a bounded operator from Hy s
into the space L (R.;|Ig(t)|t~'dt), where Re B > 0.

PROOF. In fact, by taking Re 8 > || from estimates (2.1), (2.5) we find
lag®)| t)I
191y i 10-1an) = |I (t) | dt < const. || fllu, .- (2.20)
O

We consider Lebedev’s transformation (1.4) when f belongs to H 4 with the norm
(1.7). The main result is established by the following.

THEOREM 2.3. Let an odd function f € FIZ,A, 0 < A < 1. Then LebedeVv’s transform
(1.4) belongs to L, (R,;x~tdx) and satisfies the following identity:

JO |g(x)|2dx melisz(Rezﬂr)f( Rez+iT)dT. (2.21)

Moreover, for almost all x > 0, g(x) is defined by the formula

9(x) = , uJ KuO) f(wdydu, |l < A. (2.22)

riae

Finally, if g € Ly(R,;t~'dt) nL1((0,1);t=4~1dt), then the reciprocal inversion is of the
form

f(z) = —S’irl%JO Kz(t)g(tt)dt, |Rez| < A. (2.23)

PROOF. We prove that when f € Hj 4, then the corresponding Lebedev transforma-
tion g is a function from L (R ;x~'dx). In order to proceed with this we show that for
all x >0,

X+100 100
| w0 fundn = | k(0 fGodp (2.24)
Then the right-hand side of (2.24) is the Kontorovich-Lebedev transform of if(iT) €
L>(R) € Ly (R;TdT/sinh7rT), which belongs to L (R ;x~'dx) due to a Plancherel type
theorem (see, e.g., [9, 10]).

So, appealing to representations (1.11) we find that the integrand in (2.24) is analytic
by u in the strip |Reu| < A for each x > 0. Therefore by Cauchy’s theorem we obtain

C+1 x—iB —iB iB x+iB
J dBU +J +J +J ]uKu(x)f(u)du—O. (2.25)
C «+iB x—1iB —iB iB
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Hence we treat each integral in (2.25) in a similar manner to that in the proof of Theorem
2.1 by using Schwarz’s inequality and the above estimates for the last integral in (2.1).
Then it is not difficult to establish the following relations:

C+1 —iB

lim dB uKy (x) f(u)du =0,
C—0 JC x—iB

C+1 «+iB
lim dBI UK, () f () dp = 0,

o (,+l «x—iB ox—ico (2.26)
gigloC dB . MK, () f(u)du = J pK, () f(u)du,

C+1
im | ap LB UK () f (1)t = Lw UK, () f (),

which lead to equality (2.24). Similarly it is not difficult to verify that for any f € Hy 4, we
can shift a contour of integration within the strip |[Reu| < A for the integral involving
the modified Bessel function (1.9). In particular, analogously to (2.25), we write

JC+1dB|:JaiB+IaiB +Ja+iB+Jaa+iB} u ulw(x)f(u)du 0. (2.27)

c —oa+iB  J-a—iB  Ja-iB +iB | sinTr
When C — o, we derive the equality

X+io0

jmm Ao fdu= |

wiw SINTTH Ly (x) f(u)du, |Rep| <A. (2.28)

x—ico SINTTU

Now we prove (2.21) for f € H» 4. We note that the case Rez = 0 corresponds to the
Parseval equality for the Kontorovich-Lebedev transform [9, 10]. Hence assuming that
0 <Rez <A (—A <Rez <0) by virtue of Theorem 2.1, we substitute in the right-hand
side of (2.21) instead of f(Rez+1iT) (f(—Rez +iT)) its value by the transformation
(1.5). Then it becomes

+oo s
J Rez —it f(Rez+iT)f(—Rez+iT)dT

—« SinTt(Rez—1i71)
_ J“" Rez - J‘” Inez-ir ()
t

Rez +
oosmTr(Rezfrr)f( ez +iT)

(2.29)
gdtdr,

where g(t) is defined by (1.4). We motivate the change of the order of integration in
the right-hand side of (2.29) by Fubini’s theorem via the estimate (see Corollary 2.2)
J « Rez—iT

_o | sSinTT(Rez—1iT)

< const. (J

Inverting the order of integration we treat the inner integral by using relation (1.10).
Hence taking into account the relations (2.28) and since f(z) = —f(-z), |Rez| < A,

* ’IRez lT(t)| | (t)\dt

f(= Rez+1T)‘J

(2.30)
Rez—iT

1/2
_ Rez—ir 2
sintr(Rez —iT) ) 1/, < 0, 0 <Rez<A<l.
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we obtain

- .
Rez—-iT
———————Rez-ir (1) f(—Rez+iT)dT
J/—ocSlIl'lT(REZ*lT) ez-ir(D)f
1 Rez+ico s
M1 JRez—iw 25INTTZ
1 Rez+ioo Tz

L[f(-2)-f(2)]dz

= i b 2sinnz 2O (=2) - f(2)]dz

1 Rez+ioo Tz 1 Rez+ico
e rf(@dz-
Tl J-Rez—io ZSlnrrz TT1 JRez—ico 231nrr

Rez+ioo
S 21 .(t)-L(O]f(2)dz

TTi JRez—ico 2SINTTZ
1 Rez+ioco

=__I ZK.(0f(2)dz = g(t)

Tl JRez—ioo

(2.31)
——L(t)f(z)dz

and therefore we arrive at the left-hand side of equality (2.21). Since the space H> 4 is
dense in H, 4, then for each f € H, 4, we have f(z) = lim,, .. fn(z), where f, € H 4 and
the latter limit is with respect to the norm (1.7). Furthermore, by a well-known relation
for the gamma function (cf., [1]),

Tz
sinTtrz

=I1+z2)I'(1-2), (2.32)

and invoking Schwarz’s inequality we have from (2.21) correspondingly,

ng

J | G () — G (X) |

1 Rez+ico T — ] )
T JRez—ioo sinrrz(f"(z)_f’"(z))(f"(_z)_fm(—z))dz

1 h . 2 3 . > 1/2
s;(ﬁ [IT(1+Rez+iT) || fu(Rez+iT) — fin(Rez +iT) | d—r> (2.33)

0 1/2
X (J [T(1-Rez—1iT) |2 | fu(—=Rez+iT) — fim(—Rez +1iT) lsz)

1
_an fm”HZA — 0, n,m — oo.

:1

Therefore g, (x) is a Cauchy sequence in the space Ly (R,;x 'dx) and has a limit g €
L>(Ry;x~'dx), which we call Lebedev’s transformation of f € HZ,A. We will show that
for almost all x > 0 the Lebedev transformation is defined by (2.22), which coincides,
in turn, with (1.4) when f € H, 4. Indeed, integrating the equality

1 x+ico

a0 = [ uKu O futdn, (2.34)
Tl Jx—ico

with respect to t € [0,x], we invert the order of integration in its right-hand side. This

is motivated by estimates (2.1), (2.4) and by the convergence of the integral (see (2.5))

1/2

x
JO t(Kz(o(+1)(2t) + Ko (x-1)(2t) —2K2a(2t)) dt < o, |a] <1. (2.35)
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Thus we obtain

X 1 x+ico X
J gn(t)dt = —| uJ Ky (t) fu(u)dtdp. (2.36)
0 Tl Jx—ico 0
However, since
X X 1/2
JO |gn(t)|dt < (IO tdt) gL,y ix-1ax) < 00 (2.37)
we have that
X X
limJ gn(t)dt =J gDt 2.38)
n-o Jo 0

On the other hand, with Schwarz’s inequality, the right-hand side of (2.36) is majorized
by

:r ‘ JMIMHJ:Ku(t)fn(H)dtdu’
< 1(J°°
T\ J-w

Consequently, this is finite if the latter integral is convergent. Then we pass to the limit
in (2.36) by n — o and, combining with (2.38), we derive the equality

. (2.39)
xX+iT

2| rx 2 1z
JO Keasiz (D)dt dT) fnllg, ,-

X 1 oK+ioco
|Cawar= 1" " Ko fgnatan (2.40)

Hence for almost all x > 0 it leads to (2.22). Moreover, it coincides with (1.4) when
f € H 4, since in this case we may put the derivative inside the integral via its uniform
convergence.

In order to prove that the integral in (2.39) is finite we use (1.10), relation (2.32),
and the reduction formula for the gamma function I'(z+1) = zI'(z) [1]. Then invoking
Minkowski’s inequality we easily find

© ; 2, x 2 172
(j QT | Kavirtvar dr)
P 0
1 X+IT 2 ™ 2| rx 2 1z
2<J F(l+a+it)| |sinm(x+it) Jo (i (8) ~Lasie (1) ] dT)

1 1/2

E( IT(1—a+iT) |2 U (1w in (8) = Losie (8) ]t dT)
1/2

%( |T(1- o<+l'r)\ U I iz (B)dt d'r)

1 x 2\ 12

2“ |r<1—o<+iT)|2H0 Tnsiz (t)dt dT) .

(2.41)
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Meanwhile, from (1.9) and the relationT(k+1+ (x+iT)) =T'(1 = (x+iT))(1 £ (xX+1iT))k,
we have, for each x > 0,

X
| L Iﬂmm(t)dt\

1 X [ p(a+iT) had t=(x+iT)+2k
= — + - . . dt
IT(1+(x+1iT))]| Jo 2x(ocrin) - & 2T H2k (1 + (o +1T)) k!
1

X p=(&+iT) 4 1 ® X EOH2k+1
- +
Jo 2+ (oiT) ‘ [T(1+(ox+iT)) | ;2i“+2k|(1i(o<+iT))k|k!

= IT(1+(x+1i1))] —

1
:O( [TT(1+ (x+1iT)) | )’ Tl e
(2.42)

Hence we use this estimate after splitting the last integrals in (2.41) with respect to
T on two integrals over || < M and |T| = M, M > 0. It results immediately in their
convergence. Therefore the integral in (2.39) is finite.

Finally we prove the reciprocal formula (2.23). Indeed, for two different functions
f,fie Hz,A and the corresponding g,g1 € L>(R.;t1dt), we may write (2.21) in the
form

* —dt °° Rez—iT —_—
t t)— = —————————f(—Rez+1 Rez+iT)dT. 2.43
[ owa @ = o fRezim fiRez T AT, (243)
Meantime, the theorem due to Paley and Wiener [6] says that the class H>(—A,A) of
analytic functions in the strip |Rez| < A with the norm (1.3) over this strip coincides
with the set of functions, which admit the representation

F(z) = Lo (t)dt, —A<Rez <A, (2.44)

1 °
— e
\2TT J —o
where the integral is absolutely convergent and a measurable function @ (t) is such
that @ € Lo(R_;e 24tdt) and @ € Lo (R, ;e?Atdt). Hence by taking

o1 et 0.45)
P00 it eer\[0,x], '

we have correspondingly from (2.44) that for each x > 0, fi (Rez+iT) = (1/+/21)((1—
e~ (Rez+i1)x) /(Re z+iT)) € H> 4. But the latter function is also from the space H,(—A, A).
Therefore by (1.4) we find

a1(t,x) = %J Kiezsir (D)[1 — e~ ®ez+i0x | g, (2.46)

We may calculate explicitly the value of the function g, (t,x) by using [7, relation
(2.16.48.19)] and the Cauchy theorem. Then we obtain g; (t,x) = (e~ —e~toshx) /. /27,
Further, from (1.7) and (2.32), we see that (z/sinmrz) f(z) € Ho(-A,A), 0 < A < 1.
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Consequently, in view of (2.44) there exists a measurable function ¢ (t) such that

“2tp(t)dt, (2.47)

z 1 «
sinrrzf(z) NI J—ooe

whereRez = &, || < A, @ € L>(R_;e 24t dt), and @ € Lo (R, ;e?4tdt). Hence by the Par-
seval equality for the Fourier transform, the right-hand side of (2.43) may be written as

() a_
mef( a+lT)f1(a+lT)dT—J m(t)(pl(t)dt—J @(t)dt. (2.48)

Combining with (2.46) and the left-hand side of (2.43), we derive

L @ (t)dt = J g(t)[e -“05‘”]‘? (2.49)

or, for almost all x > 0,

a 7tcoshx] dt

1
QP(x) = EE (t)[ ra (2.50)

However, we may differentiate through the integral sign in (2.50) and write it as follows:

smhx

@(x) = J g(t)e teoshx g, (2.51)

In fact, this is motivated by the uniform convergence of the integral (2.51) on x > 0
since, via Schwarz’s inequality, we obtain

) 0 1/2
Sinhx‘ J g(t)eftcoshxdt < Sinhx”Q”Lg(Rﬁt”dt)(J te—Ztcoshxdt)
0

tanh x (2.52)
= gL, ®ye-1an ||g||L2 (Ry;t=1dt)-
Hence substituting (2.51) into (2.47) we find
sinrrzf(z) = % J, e %Y sinhy Jo g(t)e toshy g gt (2.53)

If we invert formally the order of integration in (2.53), then, calculating the integral with
respect to v by using (1.11), (1.12), we arrive at the inversion formula (2.23). In order
to complete the proof of the theorem we show that this interchange is indeed possible
due to Fubini’s theorem under condition g € Ly (R ;t~'dt) nL1((0,1);t~4"1dt). In fact,
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by the Schwarz inequality we have

‘ J o~ (a+iT)y Sil’lh_’)’J g(t)eftcoshydy dt‘
—o0 0

> 1/2
dy)
o 1/2 0 1/2
([ emmras) (] eroran)”] -

B 1 . 1
| V2ATx) R2(A-®)

<(J eZAysinth‘J g(t)e—tcoshJ’dt
—c0 0

o . ) 1/2
X (J ey sinhzy’ J g(t)e teoshy gy dy) . lal < A.
0

— 00

Meanwhile, employing the generalized Minkowski inequality, we derive

2 1/2
dy)

0 © 1/2
< J lg(t)| x (J e?Ay gm2tcoshy sinthdy) dt.
0 — 00

(J eZAysinthU g(t)e teoshy gy
P 0

(2.55)

Integrating by parts in the latter integral and using again (1.11), (1.12), we obtain
o 1/2
(J eZAye72tcoshy Sil’lhzydy>

w 1/2
= \E(JO e 2teoshy cosh2 Ay sinh2ydy>
L (256)

= (%J e 2tcoshyreosh2Ay coshy +2Asinh2Ay sinhy]dy)
0

1 2A° 1
= (57 Ker1 (20 +Kaaa 0]+ 5 Kaa(20))

Consequently, invoking (1.15), (1.17), we see that

1 2A? 1z “A-1
(55 [Kean @D+ Kan 201+ S5-Kaa20)) = 0(t ), t—0,
(2.57)
1 242 1z

(57 [Kean @0 +Kan 1 20]+ 55 Kaa(20)) = 0(e1t79), ¢ — +oo,

and combining with (2.55) we arrive at the estimate
‘ J e~ (a+iT)y sinhyj g(t)e teoshy gy, dt‘
- ) 0 . (2.58)
-A-1 2dt
<const. | |gt)|t=*tdt+const. | |g(t)] 5 <
0 1

This ends the proof of Theorem 2.3. O
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