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We calculate the rational toral ranks of two spaces whose cohomologies are isomorphic
and note that rational toral rank is a rational homotopy invariant but not a cohomology
invariant.
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1. Introduction. Let rky(Y) be the rational toral rank of a simply connected space
Y, that is, the largest integer » such that an ¥-torus T” = S x - - - x S (r-factors) can
act continuously on a CW-complex which has the rational homotopy type of Y with all
its isotropy subgroups finite. For example, rko(Y) = 1 if Y has the rational homotopy
type of an odd-dimensional sphere §27+1,

Let Q be the field of the rational numbers. For a finite-dimensional Q-commutative
graded algebra A* with A’ = Q and A! = 0, we put

M4+ = {rational homotopy type of Y | H*(Y;Q) = A*},

1.1
tar = {tko(Y) | H*(Y;Q) = A*}, (1.1

the set of rational toral ranks in ) ,+. For example, we see that if A* = A®°2 then
the Euler characteristic is nonzero, so there must be fixed points; hence, ry+ = {0}.
Note that 0,4+ and r4+ are not empty sets since there exists the formal space whose
cohomology is isomorphic to A* (see below), and that v+ is at most finite even if 21 4+
is infinite. In this paper, we calculate r4+ for certain commutative graded algebras A*.

THEOREM 1.1. For the following four algebras A*:

(1) A* = H*(S2VvS?VvS°;Q),

(2) A* = H*((S3 x S8)#(S3x5%);Q),

(3) A* = H*((§2VvS?)x53%;Q),

(4) A* = H* ((S2x §5)#(S2x $%);Q),
the rational toral ranks in ) 4« are listed in Table 1.1, where W4« = {X,Y} with a formal
space X and a nonformal space Y.

Here v and # denote a one point union (wedge) and a connected sum, respectively.
For these A*, we can check that 24+ is two points as in [5] or [6].

What do we know about the set r4+, namely, the function rkg : W4+ — {0,1,2,...}?
For example, We consider the following questions.

QUESTION 1.2. Suppose that A* is a Poincaré duality algebra. Then, for X,Y € M+,
is rko(X) <1k (Y) if X is formal?
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TABLE 1.1. The rational toral ranks in 20 4.

Algebra | rko(X) rko (Y)
(1) 0 0
(2) 0 1
3) 1 0
4) 1 1

A simply connected space Y is called (rationally) elliptic if dim7r.(Y) ® Q < o0 and
dimH*(Y;Q) < .

QUESTION 1.3. For X,Y € M+, is rko(X) <1ko(Y) if Y is elliptic?

QUESTION 1.4. Isryx = {a,a+1,...,b—1,b} for some integers a < b? Namely, are
there no gaps in the sequence of integers of 14+ ?

Notice that, for our examples, the answer is positive for these questions.

For the proof of Theorem 1.1, we use the Sullivan minimal model M(Y) of a sim-
ply connected space Y of finite type. It is a free Q-commutative differential graded
algebra (d.g.a.) (AV,d) with a Q-graded vector space V = @;.; Vi, where dimV? <
oo and a minimal differential, that is, d(Vi) ¢ (A*V - A*V)i*1 and d o d = 0. Here
AV = (the Q-polynomial algebra over V¢¥e") @ (the Q-exterior algebra over V°dd) and
ATV is the ideal of AV generated by elements of positive degree. Denote the degree
of an element x of a graded algebra as |x|. Then xy = (-1)*!I¥Iyx and d(xy) =
d(x)y + (=1)*Ixd(y). Notice that M(Y) determines the rational homotopy type of Y.
See [3] for a general introduction and notation: for example, for the notion of Koszul-
Sullivan (KS) extension. Especially note that H* (M (Y)) = H*(Y;Q) and a space Y is
said to be formal if there is a d.g.a. map M(Y) — (H*(Y;Q),0) which induces an iso-
morphism of cohomologies. The formal minimal model M4+ is constructed by a free
commutative resolution of the algebra A* [5]. Throughout this paper, Q(x,y,...) de-
notes the Q-graded vector space generated by {x,y,...}.

2. Preliminaries. Let Y be a simply connected space of finite type with minimal
model M(Y) = (AV,d). If an v-torus T" acts on Y, there is a KS extension, with |t;| = 2
fori=1,...,7,

(Q[t,...,t,],0) — (Q[ty,...,ty]® AV,D) — (AV,d), (2.1)
which is induced from the Borel fibration [2]
Y —ET"XpY — BT". (2.2)

In particular, the fact that (2.1) is a KS extension entails that, Dt; = 0 and for v € V,

Dv = dv modulo the ideal (t4,...,t,), that is,
Dv=dv+ > it t" (2.3)

i+ +iy>0

with h;, i, € AV. The differential D also satisfies DoD = 0.

.....
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LEMMA 2.1 [4, Proposition 4.2]. Suppose that dimH* (Y;Q) < co. Then, rko(Y) > v if
and only if there is a KS extension (2.1) satisfying dimH* (Q[ty,...,t,]® AV,D) < oo,

So we may try to construct inductively for 1,...,1, the KS extensions:

(Q[ti],()) — (Q[tl,...,ti]®/\V,Di) — (Q[tl,...,ti,1]®/\v,Di,1) (2.4)

satisfying dimH* (Q[ty,...,t;]® AV,D) < o in general. In the following, we consider
the particular case of i = 1.

LEMMA 2.2. Suppose that H"*2(AV,d) = 0 and H*(Q[t] ® AV,D) = Q{¥1,...,Ym)-
Then, H"2(Q[t] ® AV,D) C Q(y1t,...,Ymt). Moreover, if H**1(AV,d) = 0, then the
inclusion is an equality.

PROOF. Let o+ o't be a D-cocycle in (Q[t] ® AV)"*2 with @ € (AV)"*2 and « €
(Q[t]® AV)™. Then we have Dx = —D (o )t, and consequently, dx = 0.

Since H™*2(AV,d) = 0, there is an element 8 € (AV)"*! such that df = . Let D =
x+ "t for some &’ € (Q[t]® AV)". Then, since

0=D?’B=Dx+D(«’)t = -D(x' — ")t (2.5)

we see that o’ — «”’ is a D-cocycle in (Q[t]® AV)™.
Since H*(Q[t]® AV,D) = Q{y1,...,Ym), we candenote &' — "' =c1y1+---+Cm¥Ym+
Dp’ for some ci,...,c;n € Q and B’ € (Q[t]® AV)""L. Then we have

x+dt=a+ (" +c1y1+- - +Cmym+DB)t
2.6
=c1yit+---+cmymt+D(B+Bt). &6

Hence [ + «'t] = [ciyit + -+ + CmYmt] in H"2(Q[t] ® AV,D). Thus we have
H"2(Q[t]® AV,D) C Q{y1it,...,ymt).

Suppose thatciyit+- - - +Cpmymt = D(n+n't) forsomen € (AV)"landn’ € (Q[t]®
AV)" 1 Then we have dn = 0 since dn ¢ Ideal(t). If H**1(AV,d) = 0, there is an
element 0 € (AV)" such that d0 = n. Let DO = n+n’'t for some n”’ € (Q[t]® AV)" 1.
Then we have

(ciyr+- - +cmym)t =D(n+n't) =D(DO-n"t+n't) =D(n'—n")t. (2.7)

However, c1y1 + - -+ +CmYm ¢ ImD unless ¢ = - - - = ¢, = 0. Thus, if H*1 (AV,d) =0,
yit,...,ymt are linearly independent in H"*2(Q[t]® AV, D). O
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A commutative graded algebra A* with dimA* < oo will be said to have formal di-
mension n if A" # 0 and A! = 0 for all i > n. For example, the formal dimensions of (1),
(2), (3), and (4) are 5, 11, 5, and 7, respectively.

LEMMA 2.3 [4, Lemma 5.4]. Suppose that H* (AV,d) and H* (Q[t]® AV,D) have for-
mal dimensions n and n’, respectively. Then n’ = n— 1. If one algebra satisfies Poincaré
duality, so does the other.

From Lemma 2.1 the following corollary may be useful to estimate a rational toral
rank to be nonzero.

COROLLARY 2.4. Suppose that H* (AV,d) has formal dimensionn. Then, dimH* (Q[ ]
® AV,D) <« if and only if H*(Q[t]1® AV,D) = H**1(Q[t]® AV,D) = 0.

PROOF. The “if” part is proved as follows. Since H"*2{(AV,d) = 0 for i > 0, we have
H"+2(Q[t]® AV,D) =0 for i = 0 from Lemma 2.2. Similarly, since H**2i-1(AV,d) = 0
for i > 0, we have H"+*2i-1(Q[t]® AV,D) =0 for i > 0 from Lemma 2.2. Hence we have
H"™(Q[t]® AV,D) =0 for i = 0, that is, dimH*(Q[t]® AV,D) < .

The “only if” part follows from Lemma 2.3. |

PROPOSITION 2.5. Suppose that H* (AV,d) has formal dimensionn and (AZ,D) is a
minimal d.g.a. Then H* (AZ,D) has formal dimension n—1 and Z=" = Q(t) ® V=" with
D =dmod(t) onV="ifand only if Z = Q(t)®V and D = dmod(t), that is, there is a KS
extension

(Q[t1,0) — (AZ,D) = (Q[t]1& AV,D) — (AV,d) (2.8)

such that dimH* (Q[t]® AV,D) < .

PROOF. The “if” part is obvious from Lemma 2.3.

Now we show the “only if” part. For some k > n, assume that Z=¥ = Q(t) @ V=K with
Dv = dvmod(t) for v € V=K, Then an element in H**2(AZ=k D) can be written using
[+ o't] with @ € (AV=R)k+2 and «’ € (AZ=K)k. Since D(x+ «'t) = 0, we have dx = 0.
Now we give a map

pri1 H 2 (A Z% D) — H*?2(AV=F d) (2.9)

where pr1 ([ + «'t]) = [o]. Tt is well defined. Indeed, if [o; + &jt] = [0 + a5t] in
HK2(AZ=k\D), then o + &jt = &2 + ot + D(B + B't) for some B € (AV=K)k+1 and
B € (AZ=k)k=1 Let DB = dB + B"t. Then we have

(ot — o)+ (o) —ex5)t =dB+ (B”+D(B))t. (2.10)

So o1 — > = df. Hence [a1] = [&x2] in H**2(AV =K q).

Since py. is bijective, from the following paragraphs we see that Zk*! = Vk+1 with
Dv = dvmod(t) for v € V¥*! from the construction of minimal d.g.a.’s such that
H>*(AZ,D) = H**(AV,d) = 0. Thus we have inductively Z = Q{t) @ V with Dv =
dvmod(t) forv e V.
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Now we show that py.; is injective. Suppose that py+1 ([ + &'t]) = [x] = 0. Then
there is an element 8 € (AV=K)k*1 guch that df = «. Let DB = &+ «’’t. Since D («x +
«'t) =0 and D(x+ «’'t) = D?B = 0, we have D(«’' —«’’) = 0. Since H*(AZ=K,D) = 0,
&’ —” =Dp’ for some B’ € (AZ=k)k~1 Then we have

x+o't=a+(x"+DB )t =D(B+B't). (2.11)

Hence [x+&’t] = 0.

Now we show that py,; is surjective. Let [«] € H¥*2(AV=kK d). Since da = 0, we
can denote D = yt with y € (AZ=k)k+1 Since H**1(AZ=k¥,D) = 0, y = Dn for some
n € (AZ=K)X_ Then we have

D(x—nt)=Dx—-D(n)t=yt—yt=0. (2.12)

Hence there is an element [« —nt] € H¥*2(AZ=k d) such that f([x—nt]) = [«]. O
From Lemma 2.1, we have the following.

COROLLARY 2.6. LetM(Y) = (AV,d) with cohomology of formal dimension n. If there
is a minimal d.g.a. (AZ,D) such that H* (AZ,D) has formal dimension n—1 and Z=" =
Q(ty®V="withD = dmod(t) on V=", then M(ES' x1Y) = (AZ,D), that is, tko(Y) = 1.

In the following, X is formal and Y is nonformal.

3. Examples

EXAMPLE 3.1. Let X = $2v §2v S5 Then xy(X) = >;(-1)dimH!(X;Q) = 2 > 0.
Recall

xi (EST %51 X) = X (X) - xp (BS!) (.1

for a Borel fibration X — ES! xg1 X — BS!. Since xy(BS') = c we have xy(ES! xg1
X) = oo, that is, dimH* (ES! x¢1 X;Q) = c. From Lemma 2.1, rko(X) = 0. By the same
argument, we have rko(Y) = 0.

Note that xy (X) = xg(Y) =01in (2), (3), and (4).

REMARK 3.2. Even if X is a wedge of spaces, rko(X) may not be zero. For example,
M(S3vS3vSsY) = (AV,d) = (A(x,y,2,...),d) with |x| = |y| =3 and |z]| =4 and dx =
dy = dz = 0.0n the other hand, M (52 v §3)=* = (AZ,D)=* = (A(t,x,V,2),D) with [t] =
2,Dt =Dx =0,Dy = t% and Dz = xt. From Corollary 2.6, we have rko(S3vS3 v S*) > 1.

EXAMPLE 3.3. Let X = (S3xS58)#(S3xS8). Then

Ax,y)®Qlw,u]
(xy,xu,xw—yu,yw, w2, wu,u?)

A* =H*(X;Q) = (3.2)
with |x| = |y| =3, |w| = |u| = 8 and X has the minimal model

(AVx,d) = (A (x,y,w,u,v1,V2,V3,V4,Vs,V6,V7,21,...),d) (3.3)
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with |vi| =5, [v2| = Jv3] = |vg| = 10, |vs5] = |vel = |v7] =15, |z1] =7 and dx = dy =
dw =du =0, dv, = xy, dvs = xu, dvs = xw — yu, dvy = yw, dvs = w?, dvg = wu,
dv; =u?,dz, = xvq,....

From D oD =0, we have Dx = Dy = 0, Du = Axt3, and Dw = —Ayt3 for A € Q. As-
sume dimH* (Q[t]® AVy,D) < co. From Lemma 2.3, A # 0. Let Dv; = xy +at? fora
Q and Dz; = xv; + ht for h € (Q[t]® AVx,D)%. Then 0 = D%z, = —axt? + D(h)t. But
there is no element h such that Dh = axt2. Hence we have a = 0. Since H* (X;Q) satis-
fies Poincaré duality with formal dimension 11, so does H* (Q[t]® AV, D) with formal
dimension 10 from Lemma 2.3. Since H3(Q[y]® AVyx,D) = Q{x,y) and H (AVyx,d) = 0
for 4 <i<7,we have H (Q[t]® AVyx,D) = Q(xt?, yt?) from Lemma 2.2. But

x-xt?=x-yt>°=0 (3.4)

in H9(Q[t]eAVy,D) since a = 0. This contradicts Poincaré duality. Thus dimH* (Q[t]®
AVyx,D) = 0. From Lemma 2.1, we have rko(X) = 0.

Let M(Y) = (AVy,d) = (A (x,y,z),d) with |x| =|y| =3, |z| =5and dx =dy =0,
dz =xy.Then H*(Y;Q) = A*.

Put Dx = Dy = 0 and Dz = xy + t3. Then dimH*(Q[t] ® AVy,D) < c. From
Lemma 2.1, we haverky(Y) > 1. Also for any D, we have Dx = Dy =0. Thus dimH* (Q[ ¢,
to]® AVy,D) = . From the case of » = 2 in Lemma 2.1, we have rko(Y) = 1.

EXAMPLE 3.4. Let X =(S%2V §?)xS3. Then A* = H* (X;Q) = Q[x1, X210 A (V) /(x3,x1 X2,
x%) with |x;| = 2, || = 3. When D = d, except for Dy = t?, (Q[t]® AVy,D) is the
minimal model of (S? v §2) x $2. Hence rko(X) = 1. In general, if Dy = 0, [x;y] #
0 € H>(Q[t] ® AVy,D), then dimH*(Q[t] ® AVy,D) = o from Lemma 2.2. If Dy +
0, H°4(Q[t]® AVy,D) = 0 from Lemma 2.3. In each case, dimH* (Q[t1,t2] ® AVx,D)
cannot be finite. From the case of ¥ = 2 in Lemma 2.1, we have rky(X) = 1.

Let Y be the nonformal space with H*(Y;Q) = A*. Then M(Y) = (AVy,d) is given by
VYSS = Q(Xl;xbyyzl;ZZ;23;141;”2,1)1;1}2;1}3) (3-5)

with |x;| =2, |¥] = |zi] =3, lu;| =4, [v;| =5 and dx; =dx, =dy =0,dz, = x?,dz, =
X1X2, dz3 = X3, duy = X122 — X221, AUz = X123 — X222 — X2y, AUy = X1U| — 2120, AUy =
X1U2 + XU — 2123+ 22y, AU3 = XoUp — Zp2z3 + 23 . Here H> (AVy,d) = Q{(x1y,X2 V).

Now we show that 3 # 0 in H5(Q[t] ® AVy,D). Let Dx; = Dx> =0, Dy = ax;t +
bx,t+ct? for a,b,c € Q and Dz; = dz; +a;xt + b;x>t +cit? for a;, by, c; € Q. Assume
that 13 = D(px1y +qx2y +eyt+ fzit +gzot + hzst) for some p,q,e, f,g,h € Q. Since
the right-hand side is equal to

(pa+f)xi1’t+(pb+qga+g)xixot + (gb + h)x>°t
+(pc+ea+ fa,+gar+has)xit>+(qc+eb+ fby+gbs +hb3)x»t? (3.6)

+(ec+fci+gco+he3)td,
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we have
pc+ea—paa; —pba,—qaa—qgbas =0,
qc +eb—pab, —pbb, —qab, —qbb; =0, 3.7)
ec—pacy —pbcy, —qacy, —qgbcs = 1.
On the other hand, let Du; = du; +e;yt+ fiz1t + gizot + hizst for e;, fi,gi,h; € Q and
Dv; = dv; + Liju;t + mju,t for l;, m; € Q. Since
0=D%u,
= (ax+ f1)x1%t + (ba — a1 + g1)x1x2t + (= by + hy)x2%t
+(co+era+ fiay+giaz +hiaz)xit?
+(—cy+ei b+ fiby +giba + hib3)xot?
+(erc+fic1+gica+hies)t?,
0=D%u,
= (az+ fo)x1’t+ (b3 —az—a+gz)x1x2t + (—=b2a—b +hy)x2%t
+(cs+eza+ foay + gaaz +haasz)xit?
+(=co—c+exb+ fobi+gobs +hobs)x>t?
+ (eac+ foct +gaca +hacs) 3,
0=D?v;
=eix1yt+ (fi+taz)xizit+ (g1 —ay + 1) x1zot + (hy + mq) x1 235t
—mixoyt+ (ba— 1) x2z1t + (— b1 —my) X220t
+(Lier +myex) yt* + (ca+ i fr +my fo) 21t (3.8)
+(=c1+higi +migz)zat® + (L + myho) z3t?,
0=D?v,
= (e2+az2)x1yt+ (f2 +az)x1z1t
+(g2—a+b)xizat + (ho—ay +mp)x 23t
+(e1+by—ma)xoyt+ (fi+bs—1l2)xoz1t
(g1—b—-my)x2z2t + (hy —by)x223t
(co+1lrer +maer) yt? + (c3+ o fi + mofr)z 2
(—c+lgr +maga) 2ot + (—c1 + ohy + mahy) z3t2,
0 = D?v;
=aszx 1yt +(az+13)x1z2t + (—az —a+ms)x; z3t
+(e2+b3—m3)x2yt + (f2 —13)x221t
+ (g2 + b3 —m3)xpzat + (ho —by —b) x2z3t
+(c3+lzer +mzex) yt* + (I3 f1 + ms f2) 21t
+(

c3+1l3g1 +m3g2)22t2 + (—C2 —c+1l3h; +M3I’l2)23t2,
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we have
a=-2ap+bs, b=a;—-2b», c=-a1ap+aibz—bybs,
(3.9)
az=b; =0, c1 = (a1 —b2)by, c2 = azby, c3 = —(ax—b3)ao.
Hence (3.7) will be
(—2az+b3)(e—pb2—qaz) =0, (3.10)
(a172b2)(e7pb27qa2) =0, (3.11)
(fa1a2+a1b37b2b3)(efpb2fqag) =1, (3.12)

respectively. By (3.12), e — pb> —qa» # 0 and —aa; +a; b3 — b,b3 # 0. Then, by (3.10)
and (3.11), b3 = 2a; and a; = 2b,, respectively. But this contradicts —aa, + a;b3 —
byb3 # 0. Thus t3 # 0 in H5(Q[t]® AVy,D).

Since H* (AVy,d) has formal dimension 5, from Lemma 2.3, we have dimH*(Q[t] ®
AVy,D) = co. From Lemma 2.1, we have rkqo(Y) = 0.

EXAMPLE 3.5. Let X = (S2xS5°)#(52xS°). Then

Q[x1,x2]® A (y1,)2)

A* = H* (X,Q) = 2 2
(XF,X1X2,X5, X101 — X2V2,X1Y2,X2Y1, V1V2)

(3.13)

with |x;| =2, |¥;| =5 and X has a minimal model M (X) = M+ = (AVx,d) where

<7
Vx=" = Q(x1,%2,21,22,23, U1, U2, V1, Y2, V1, V2, V3, W1,..., W9, 51,...,518) (3.14)

with |x;| =2, 1z;| =3, luil =4, |yil = lvil =5, |lwi| =6, Is;| =7 and

dxy=dx;=dy,=dy: =0,

dzi =x%, dzy=x1x2, dz3z=x5,
du, =x12» — X221, dus = X123 —X22>,
dv, = x1Uu — 212, dvy = x1Ur + XoU1 — 2123, dvs = XoUr — 2223,
dwy; =x1Y1-X2)2, dwz=x1Y2, dws=x2)1,
dwy = x1v1—z1Uq, dws = X1V —Z1U2 — Zo U7, dwg = X1V3 — ZoU2,
dw; = xXov1 — 22Uy, dwg = XoVp —ZoU> — Z3U1, dwg = XoV3 —Z3Up,
dsy =x\w1—z1Y1+ 222, ds, = xywz — 212, dsz = xyw3— 221,
dsy = x1Wwa — 2101, d55:x1w5levz+lu§,

2
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1
dsg = X1We+X1Wg —Z1V3 — ZoVU2 + U1 U2, ds; = X1W7 —XoWy + iuf,

1
2
dsg = X1Wg — XoWs + U U, dsg =x1w9—xzw5+§u2,
dsio = Xowi — 221 + 232, asi1 = xX2wz — 222, dsiz = X w3 — 2301,
1
2
ds13 = XoW4— 22V — SUL ds14 = XoWs + XoW7 — Z2Vp — Z3V1 — UL U2,
dsis = XoWe — 22V3, dsie = Xo W7 — X1 We +Z1V3 — Z3V1 — U U2,

1 2
ds17=x2w8—23v2—§u2, dSlg = X2Wq — 2Z3V3.

(3.15)
Let (AZ,D) be the formal minimal model Mg+ for the Poincaré duality algebra

t,x1,Xx
pro— Oltxx] (3.16)
(x1t2,x2t2, X7 + X2t,X1X2 — t2,X5 + X1 1)

with |t| = |x;| = 2. Note B* has formal dimension 6. Then
Z=T = Q(t) e Vx=’ (3.17)
with

Dt =Dx; =Dx» =0, Dy, = x»t?, Dy, = x:t?,
Dz =dz; +x»t, Dzy =dz, —t2, Dz3 =dzs +x1t,
Du; = du, + z3t, Du, =dup — z;t,
Dvy =dv; —ust, Dv;, = dvy, Dvz =dvs—ust,
Dw; = dw,, Dw, = dws + yit — 2 t2, Dws = dws + Yot — z3t2,
Dwy = dws + vot, Dws = dws + v3t, Dwg = dwg + V1 t,
Dw; = dw7 + vs3t, Dwg = dwg + v t, Dwg = dwg + v>t,

Ds, =ds, +wst +uit?,  Dsy=ds,—wit, Ds3=ds;—wst+ust?,
Dsy =ds, —wst +wzt, Dss = dss —wgt + wgt, Dsg = dsg — 2wt + wyt,
Ds; =ds; —wgt + wgt, Dsg = dsg — wyt + wot, Dsg = dsg—wst + w7t,
Ds1g = dsio—wot +ust?, Dsyy =ds;; —wst —u;t?, Ds1o = dsy» +wht,

Dsi3 =ds;3—wgt, Dsi4 =dsi4 +wat —2wgt, Dsis =ds;s —w7t,

Dsi1g = dsig+ 2wyt —2wot, Dsi17 =ds17 +wst —wrt, Dsig =dsig +wgt —wsgt,
(3.18)

that is, D = dmod(t) on Vx=’. From Corollary 2.6, we have rko(X) > 1. Also for any
D satisfying dimH* (Q[t]® AVx,D) < oo, we see H°4(Q[t]® AVy,D) = 0 from Lemma
2.3. From the case of » = 2 in Lemma 2.1, we have rky(X) = 1.

LetM(Y) = (AVy,d) = (A (x1,X2,21,22,23),d) with |x;| =2, |zi| =3 and dx; = dx, =
0,dz; = x%,dzy = x1X2, dz3 = x5. Then H*(Y;Q) = A*.
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Put D = d except for Dz, = x1x2 — t2. Then we have dimH* (Q[t] ® AVy,D) < .
From the case of r = 1 in Lemma 2.1, rko(Y) = 1. From [1], we have rky(Y) = 1. Indeed,

tko(Y) < —xr(Y) = = > (-1)dimm; (V) ® Q = dim V{ — dim V§¥*" = 1. (3.19)

1
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