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The least-squares functional related to a vorticity variable or a velocity flux variable is consid-
ered for two-dimensional compressible Stokes equations. We show ellipticity and continuity
in an appropriate product norm for each functional.
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1. Introduction. Let Q be a convex polygonal domain in R2. Consider the station-
ary compressible Stokes equations with zero boundary conditions for the velocity u =
(u1,uz)t and pressure p as follows:

—uAu+Vp =f inQ,
V-u+B-Vp=g inQ, (1.1)
u=0 onoQ,

where the symbols A, V, and V- stand for the Laplacian, gradient, and divergence
operators, respectively (Au is the vector of components Au;); the number p is a viscous
constant; f is a given vector function; g = (U,V)! is a given C! function. The system
(1.1) may be obtained by linearizing the steady-state barotropic compressible viscous
Navier-Stokes equations without an ambient flow (see [8, 9] for more detail). Since the
continuity equation is of hyperbolic type containing a convective derivative of p, we
further assume that the boundary condition for the pressure is given on the inlet of
the boundary where the characteristic function B points into Q, that is,

p =0 onli, (1.2)

where Tj, = {(x,y) € 0Q | B-n < 0} with the outward unit normal n to 0Q. Hence the
boundary 0Q consists of Ii, and Ty where Ty = {(x,¥)|B-n > 0}. There was a study
on a mixed finite element theory for a compressible Stokes system (see, e.g., [8]), but
there are a few trials dealing with a compressible Stokes system like (1.1) using least-
squares method. Some papers focused on a H~! least-squares method (see, e.g., [6, 9]).
Least-squares approach was developed for the incompressible Stokes and Navier-Stokes
equations in [1, 2, 7]. The purpose of this paper is to apply the philosophy of first-
order system least-squares (FOSLS) methodology developed in [5] to a compressible
stationary Stokes system. We consider two basic first-order systems. The first one is
induced by a vorticity variable, and the second one is induced by a velocity flux variable
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which is further extended to the system’s associated curl and trace equations. This
extended system is not a system of first order but a mixture system of first- and second-
order equations due to the continuity equation V-u+ - Vp = g. In order to provide
ellipticity for each functional, we assume the H! and H? regularity assumptions for
the compressible Stokes equations. As usual in FOSLS approach, we first show that the
H~! and L? FOSLS functional is elliptic in the product norm ||w| + llull; + Igll + I pllog
for the functional involving vorticity variable and [|U|| + [lu|l; + [|p|| for the functional
involving flux variable. We also show that the extended functional related to velocity flux
variable is elliptic in the product norm |[Ull; + [lull1 + [|p|l1,g. Then we provide the error
estimates for using finite element methods. The outline of the paper is as follows. In
Section 2, we discuss least-squares system and other preliminaries. The continuity and
ellipticity of least-squares functionals are discussed in Section 3. These can be done by
employing regularity estimates for (1.1). The finite element approximations are briefly
discussed in Section 4.

2. Least-squares system for compressible Stokes equations, and other prelimi-
naries. For the development of least-squares theory, we will adopt the notation intro-
duced in [5] and introduce the necessary definitions in this section. A new independent
variable related to the 4-vector function of gradients of the displacement vectors, u;,
i = 1,2 will be given. It will be convenient to view the original n-vector functions as
column vectors and the new 4-vector functions as either block column vectors or ma-
trices. The velocity variable u = (11, u>)! is a column vector with scalar components u;,
so that the gradient Vu! is a matrix with columns Vu;. For a function U with 2-vector
components U;

U= Vllt = (Ul,Uz) = (Uij)2><2= (2.1)

which is a matrix with entries U;; = o0uj/0x;, 1 < 1i,j < 2. Then we can define the trace
operator tr as

n
tru = Z Uii. (2.2)
i-1
Let, for v € L2(Q)2,
ovy 0V oV 0V
= lv=—=—-— V= — 4 —=
VXv:=curlv ax 3y’ v 6x+ay’

vivt:(vivlevﬂ::(ayvl ayv2> (2:3)

—0xV1 —0xV2
nXv=-nyv; +n1vy.

Define the curl as

VxU = (VxUy, VxUy), (2.4)
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and the divergence as
(V-U)l = (V- U, V-Up)". (2.5)
We also define the tangential operator nx componentwise
nxU= (nxU;,nxU,). (2.6)

The inner products and norms on the block column vector functions are defined in the
natural componentwise way; for example,

2 2
oz = Y (il = > (Uil (2.7)
i-1 Q=1

We use standard notations and definitions for the Sobolev spaces H*(Q)", associated
inner products (-,-)s, and respective norms || - ||s, s = 0. When s = 0, H°(Q)" is the
usual L2(Q)", in which case the norm and inner product will be denoted by || - |lo = || - |l
and (-,-), respectively. The space Hj(Q) is the set of functions in H*(Q) vanishing on
the boundaries. From now on, we will omit the superscript n and Q if the dependence
of vector norms on dimension is clear by context. We use Hy ' (Q) to denote the dual
spaces of H} (Q) with norm defined by

lplli= sup L)

. (2.8)

Define the product spaces Hj(Q)? and L?(Q)? in usual way with standard product
norms. Let

H(div;Q) = {ve L>(Q)?:V-ve L>(Q)}. (2.9)
Define a space
Q(Q) = {a € L2(Q) : (llqll + 18- Vall})""* < oo}, (2.10)

where k is either 1 or 0, which is a Hilbert space with norm

1/2

lallkg = (llallz +11B-Valz) (2.11)

We frequently use the notation constant Cq, to denote that it depends on Q only, but it
may be a different constant. If a constant depends on another variable, we specify it in
each place. Throughout this paper, we assume the following regularity.

ASSUMPTION 1. Assume that y and B are such that (1.1) has a unique solution which
satisfies the following a priori estimate:

[Val |l +lp1F < Co(u, @) (I - pAu+ VplE_ +[IV-u+B-Vpl?), (2.12)

where k is either O or 1; Cy := Co (i, Q) is a constant depending on p, 8, and Q. Note that
one may find (2.12) for k = 1 in [10, Theorem 1.3] for B = (1,0)! and one may get (2.12)
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for k = 0 by following the arguments in [10, Section 3]. In fact, using triangle inequality
and the assumption (2.12), one may get the improved a priori estimates:

IVutlle + P13 5 < Co(, Q) (I - pAu+Vpli_, + IV -u+B-Vpl3), (2.13)
where k is 1 or 0 and Cy := Co(u,Q) is a constant depending on u, 8, and Q.
2.1. Velocity-vorticity-pressure formulation. Note that
Vi(Vxu) = -Au+V(V-u). (2.14)

As in [4] for Stokes equations, introducing the vorticity variable w = Vxu, the first
equation of the compressible Stokes equations (1.1) using the second equation of (1.1) is

uvVtw —uv-q+Vp =f. (2.15)
By setting g = V - u, the equivalent first-order system is now
w-Vxu=0 inQ,
qg—-V-u=0 inQ,
uViw —uvg+Vp =£f inQ,

2.1

q+B-Vp=g inQ, (2.16)
u=0 onoQ,
p=0 onlI,.

2.2. Velocity-flux-pressure formulation. As in [5] for Stokes equations, introducing
the velocity flux variable U = Vu!, the compressible Stokes equations (1.1) may be
written as the following equivalent first-order system:

U-vu'=0 inQ,
—u(V-U)t+Vvp=f inQ,

V-u+B-Vp=g inQ, (2.17)
u=0 onoQ,
p =0 onlj.

We consider the following extended equivalent system for (2.17):
U-Vu'=0 inQ,
—u(V-U)t+Vvp=f inQ,
V-u+BVp=g inQ,
VxU=0 inQ,
VtrU)+V(B-Vp)=Vg inQ,

u=0 onoQ,

nxU=0 onoQ,

(2.18)

p=0 onlj.
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3. Least-squares functionals. The main objective in this section is to establish ellip-
ticity and continuity of least-squares functionals based on (2.16), (2.17), and (2.18) in
appropriate Sobolev spaces.

3.1. Velocity, vorticity, and pressure. The first-order least-squares functional cor-
responding to (2.16) is

Go(w,u,q,p;f,9) = |[uV*w-pva+vp £l

(3.1)
+la+B-Vp-gl*+llw-Vxul®+q-V-ul?
Define
Mo(w,u,q,p) = lwl*+lullf +llql+plf g (3.2)
and let
Vo =L*(Q) X HE (Q)2 X L2(Q) X Qo (Q). (3.3)

The FOSLS variational problem for the compressible Stokes equations corresponding
to (2.16) is to minimize the quadratic functional Gy over V: find (w,u,q,p) € 1 such
that

Go(w,u,q,p;f,9) = inf  Go(z,v,7,sf,9). (3.4)

(z,v,r,$)€V

THEOREM 3.1. Under the assumption (2.12), there are two positive constants ¢ and
C, dependent on 6 and Q, such that for all (w,u,q,p) €V,

cMy(w,u,q,p) < Go(w,u,q,p;0,0) < CMy(w,u,q,p). (3.5)

PROOF. Upper bound in (3.5) is a simple consequence of the triangle inequality and
Cauchy-Schwarz inequality. For any (w,u,q,p) € V9, using (2.13), triangle inequality,
and (-), we have

[Vut[|* +11pl13 g < Colll —pAu+Vpl2, o+ 1V -u+ - Vpl?)
< Co(|[uViw —pva+Vpl, o+ p?(|Vw - Vx|

) ) , (3.6)
+EIV(Vu-a)|[Z g+ la+B-Vpl©)
< CoG1(U,u,p;0,0),
where Cy is a constant that depends on u, B, and Q. Using (3.6), we have
(w,w) = (w-Vxu,w)+ (Vxu,w) < CGY* (w,u,q,p)llwl, 3.7)

where C is a constant depending on Q and the Poincare constant. Now, cancelling ||w ||
on both sides and squaring the remainder, we have

|wl* < CGo(w,u,q,p;0,0), (3.8)
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where C is a constant depending on Q and the Poincare constant. Now, using (3.6), we
have

(a,9) =(@—-V-u,q)+(V-u,q)
<llg=V-ullgll+[IV-ullqll (3.9)
<CGy*(w,u,q,p)lall,

where C is a constant depending on Q. Cancelling ||q|| on both sides and squaring the
remainder, we have

lgll < CGo(w,u,q,p). (3.10)

Finally, combining (3.6), (3.8), and (3.10) yields the lower bound. This completes the
proof. |

3.2. Velocity, flux, and pressure. The first-order least-squares functional correspon-
ding to (2.17) is

G1(Uu,p;f,g) = || -u(V -U)t+Vp—f||‘31’0

) (3.11)
+IV-u+B-Vp-gl?+|[U-vu!|".
The extended least-squares functional corresponding to (2.18) is
GUmapitg) = [U-Tu |+ -u(V-O vl iU
+IV-u+B-V-gl?+||[VaU+V(B-Vp)|. '
Define
M (U,u,p) = [[UII* + [[all +1IplI§ g, (3.13)
M2 (U,u,q,p) = U1 + [l +l1pl3 4. '
Let
Vo={UcH' (Q)*:nxU=0o0n0Q]}. (3.14)
Define
V1 =L*(Q)* X H{ (Q)* X Qo(Q),
(3.15)

Vo = Vo X HY Q)2 x Q1 (Q).
The least-squares variational problem for the compressible Stokes equations corre-
sponding to (2.17) or (2.18) is to minimize the quadratic functional G; over 9;: find

(U,u,p) € ¥; such that

Gi(Uu,p;f,g)= inf G;(V,v,r;f,g) fori=1,2. (3.16)
(V,v,r)er;



FINITE ELEMENT LEAST-SQUARES METHODS ... 3971

THEOREM 3.2. Under the assumption (2.12), there are two positive constants ¢ and
C, dependent on u, B, and Q, such that for all (U,u,p) €V,

cM,(U,u,p) < G1(U,u,p;0,0) < CM;(Uyu,p). (3.17)

PROOF. Upper bound in (3.17)is a simple consequence of the triangle inequality and
Cauchy-Schwarz inequality. To limit arguments, it is enough to show that lower bound
in (3.17) holds for 7 = H(div; Q)% x H} (Q)% x Q (Q). Using (2.12) and triangle inequality,
we have

[Vut|*+ 1Pl 4
<Co(l-pAu+Vpl2, o +IV-u+p-Vpl?)

t 2 2 £\E)12 2 (3.18)
<Co(||l-u(V-U)' +Vp||Z) g+ 1|V - (U-VU') Hfl,o"‘”v'““‘ﬁ'vll’” )
< CoG1(U,u,p;0,0),
where C is a constant that depends on u and €. Note that
(U,U) = (U-Vu',U) + (Vu',U) < C(JJU=va|[IIU]l + lull; 1Ul), (3.19)

where C is a constant depending on Q. Now cancelling ||U|| on both sides, squaring the
remainder, and using (3.19), we have

IUlI? < CG,(U,u,p;0,0), (3.20)

where C is a constant depending on y, B, and Q. Finally, combining (3.19) and (3.20)
yields the lower bound. This completes the proof. O
The following lemma is basically proved in [5, Lemma 3.2].
LEMMA 3.3. Let ¢ = (p1,¢2)! andq = (q1,q2)'; if each q; € H} (Q) nH?(Q) and each
¢; € HH(Q) is such that A¢; € L?>(Q) andn-V¢; = 0 on 0Q, then
IV-q+B-VplR<Co(|V-q+trVid' +B-Vp| +Adl2). (3.21)

PROOF. Note that tr(V+¢,,V+igo) = -V X,

IV-q+B-Vpli <2(|V-q—Vxp+B-Vpli+|Vxpl[?)
<C(|V-q+trVidpt+B-Vp|i+1dl2) (3.22)
<C(|V-q+tuVie' +B-Vpl:+ladl),

where the constant C depends on Q. |

Due to the above lemma, one may get the following theorem.
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THEOREM 3.4. Under the assumption of (2.12), there are two positive constants ¢ and
C dependent on u, B, and Q such that for all (U,u,p) €V,

cM,(U,u,q,p) < G2(U,u,q,p;0,0) <CM>(U,u,q,p). (3.23)

The proof of Theorem 3.4 comes immediately by following techniques similar to
those in [5].

4. Finite element approximations. In this section, we provide the finite element ap-
proximation of the minimization of the least-squares functionals Gy only. Note that
an obvious modification in this section also provides the finite element error analysis
for the least-squares functionals G; and G»,. Let T : H61 Q)2 - H& (Q)? be the solution
operator (u = Tf) for the following elliptic boundary value problem with zero boundary
condition —Au+u = f in Q. It is well known that (see [3, Lemma 2.1])

f,p)?
(5,76 = I£12, = sup 1P
d)EHé(Q)Z Hd)”l

Vfe Hy Q)2 (4.1)

Let 9, be a family of triangulations of Q by standard finite element subdivisions of Q
into quasi-uniform triangles with h = max{diam(K) : K € J}.

Let Vo, be a finite-dimensional subspace of "y with an approximation property such
that for (w,u,q,p) € Vo, there exists positive integers [,m,n > 1 and s > 1 satisfying

inf {||lw—wp||+h|jw-—wyl||,} < CR" W,
wp €U

inf {|lu—up||+h|lu—upl|,} < Ch* 1 [ulls,
up€Yon

inf {[|q—anl||+hlla—axnll,} <Ch"lall,

Ap€Up

inf {||lp —pnll+hllp—pull} = CRE iplla,
pPrReEW

n

(4.2)

where C is a positive integer. Then the finite element approximation of (3.4) is to find
(Wn,Un,qn, Pn) € Vo,n which satisfies

Go(wn,up, qn,pn;f,g) = inf Go(zn, Vi, i, Sn;:t,9). 4.3)

(Zp, Vo "naSn) €Vo,n

From (4.1), we have

Go(w,u,q,p;0,0) = (T(uV*+w —uvVg+Vp),uvV-w-uvq+Vp)
+@+B-Vp,a+B-Vp)+(@-V-u,q-V-u) (4.4)
+(w—-Vxu,w-Vxu).
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THEOREM 4.1. Suppose that the assumption in Theorem 3.1 holds. Assume that (w,u,
q,p) € Vy is the solution of the minimization problem for G, in (3.4) and (wy,n,qn, Pn)
is the unique minimizer of Gy over Vo . Then

2 2 2 2
lw—wnl|" +[u—unlly + [a-an|” +[lp—pnllop

. 2 2 2 2 (4.5)
<C inf  (|[w—zul]" +[u—valli + [a—1n|" +|lp —sullop)-
(Zp,Vno"naSn) €Vo,n

PROOF. For convenience, let
(w,u,q,p;2,v,7,5]1 = (T(UV*w - uVq+Vp),uV+z—-uVvr+Vs)
+(q@+B-Vp,y+B-Vs)+(w—-Vxu,z—Vxv) (4.6)
+(q@-V-u,r—V-s).
Then, using (4.1), Theorem 3.1, the orthogonality of the error (w —wp,u—un,q—qn,p —

pn) to Vo, with respect to the above inner product, and the Schwarz inequality, we
have the conclusion. O

From this theorem and approximate property of V¢, we have

2 2 2 2
llw —wal|"+lla—un[[y +|la - anll" +lp = pnllo

< C(RPMwIIf +h*™ [l + > ally + R Ipl15,),

4.7)

where (w,u,q,p) € (HH(Q) x HI*(Q)? x H" 1 (Q)? x H*(Q)) NV is the solution of the
minimization problem for Gy in (3.4) and (wp,un,qn, pr) is the unique minimizer of Gq
over Von.
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