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ABSTRACT. Renormalization group theory is applied to thermal turbulence. Turbulent fluxes for the
flow are accounted for by repeatedly recasting the governing equations with the smallest scales
represented by effective larger scales. Expressions for nonlinear contributions to eddy viscosity and eddy
diffusivity are determined, and leading order contributions due to buoyancy on various results and
equations are estimated. Proper scalings for various quantities and variables including temperature are
proposed. The results near two fixed points, which correspond to inertial and buoyancy dominated
ranges, are determined and discussed
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The present study considers the problem of thermal turbulence modeling analysis. The investigated
subject is of tremendous importance in engineering and physical applications, notably in meteorology and
oceanography The present modeling analysis is based on the renormalization group (RNG) theory
formulated first by Yakhot and Orszag [1] for non-thermal and unbounded flow. Later, Yakhot et al. [2]
applied the same theory to non-thermal channel flow and found satisfactory results. Piomelli et al [3]
considered an application of RNG to large eddy simulation (LES) of non-thermal boundary layer flow
and found reasonably satisfactory results.

Due to large number of scales in fully developed turbulent flow, direct numerical simulation (DNS) is
not an efficient procedure to determine solutions of many complex flow problems and LES procedure,
where small scales are modeled while large scales are calculated, is preferred. However, previous LES
works, which have not been based on RNG modeling, have been shown by Canuto and Minotti [4] and
Smith [5] to have serious structural deficiencies and these deficiencies can be amplified for non-
equilibrium turbulence problems of technology importance But, recent LES based RNG procedures
[2,3,5] led to reasonably satisfactory results and no serious deficiencies were detected. No RNG analysis
has yet been done on the present subject, although very recently Riahi [6] applied RNG theory to an
incompressible and non-zero-buoyancy flow past an obstacle and estimated the expressions for eddy
viscosity and eddy mass diffusivity for the nonlinear dominated range. It is hoped that the results
presented in this paper can lead to further progress in thermal turbulence modeling areas These results
are applicable both to the so-called inertial range where — 5/3 Kolmogorov law for the energy spectrum
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is still applicable in the presence of buoyancy [7,8] and to the so-called buoyancy range where — 3 law
for the energy spectrum holds [8]

We consider the thermal turbulent flow which is governed by the continuity, momentum and heat
equations which are coupled through the buoyancy force term in the momentum equation Boussinesq
approximation together with a linear dependence of density on the temperature T are assumed [7] so that
the governing equations can be written in the following form

1
@-+Q°Vy=—Vp+voV2y+gT'Eﬁo, (1a)
ot Po
Veu=0, (1b)
T
%t‘-f-y‘VT:aoV?T. (lc)

Here u is the velocity vector, p is the pressure, ¢ is the time variable, p; is a reference (constant) density,
vy is the kinetic viscosity, 3, is the coefficient of thermal expansion, g is the acceleration due to gravity
and oy is the thermal diffusivity coefficient Such system of equations can be applied to both open flow
systems (such as wake flows) and close flow systems (such as Rayleigh-Benard convection) Following
Yakhot and Orszag [1] and their correspondence principle, we add a Gaussian random force f to the
momentum equation (la) so that the resulting system becomes statistically equivalent to the original
system (1) at least in the inertial range [8]. We then define the Fourier decomposition of u, T and p fields
in the range k < A,where k is the magnitude of the wave number vector k and A is an ultraviolet cutoff
The space-time Fouries-tiansformed system of governing equations is a system of equations for the
transformed quantities f(k), T(k), %(k) and ;')(75) for f, u, T and p, respectively, where % = (k,w) and

w is the frequency. Next, we assume that the modes vanish for k larger than the ultraviolet cutoff and
write

GaT,P)= (G5 eS T 9 + (7,07 T, p7), @
where the quantities with the superscript < (long-wavelength modes) belong to the interval 0 < k < A
exp( — r), while the quantities with the superscript > (short-wavelength modes) belong to the interval A
exp(—7) < k < A. Here r is a positive constant. The expression (2) is used in the governing system for
the transformed quantities and two formal parameters A°( = 1) and &,( = 1) are introduced in front of
the nonlinear terms in the momentum and heat equations, respectively, to facilitate the perturbation
solution of the system.

The RNG procedure consists of two steps. First, all short-wavelength modes terms in the system are
removed, up to order Ajéy (n+m =3) and third order or higher of these terms, by repeated
substitution of the system for the short-wavelength modes into the system for the long-wave length
modes. Second, averages are taken over the part f of the random force f. The following resulting
system of equations for y< and T, which contains only long-wavelength modes terms up to and
including order A&7 (n 4+ m < 2), is an approximation which is valid in the limit of small k-

— iw + v()k°u (k) = £ (k) - i*,z—%,m(k) / un @us (k — 9)dg/(2m)* !
+ [ByPulk)g — B(r)K*IT<(k), 3)
[+ a(MkT<(k) = —iboki / <@y (k - 9)dg/@m)* + on(k,ryun(®), @)

where k;, u; and f; denote 1-th components of k, u and £, respectively,  is the pure imaginary number,
d is the dimension of space, and the expressions for v, a, B, Om, P51 and Pin, are given in the
appendix. The coefficients 5, and o,, are introduced in (3)-(4) are both due to presence of the buoyancy
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term in the momentum equation, and it is constructive to discuss briefly here the origins of the two terms
in (3)~(4) which contain these two coefficients The term G, T< in (3), which is found to be of order
Aobo, is obtained by first considering the equation for < which contains an integral of u“u> Then the
equation for ¢”, which contains a buoyancy term for T, is used to eliminate u” leading to an integral
containing 7 in the equation for u=. Next, the equation for 77, resulted from the heat equation, is used
to eliminate 77, and lowest order term in the equation for u* is applied leading to the term 3,7 The
term o, u;, in (4), which is found to be the sum of two terms of orders A\gdp and 62, is obtained by first
considering the heat equation for T~ which contains an integral of T<%> Then, the equation for u”,
which contains a buoyancy term for 7° and an integral of 4y, is used to eliminate 4> Next, the lowest
order terms in the equation for u< plus the heat equation for 7° are used which lead to the term g, u’

From the results (A1)-(A2) given in the appendix, it is seen that the nonlinear contribution v — v to
eddy viscosity does not depend on the Prandtl number Py = vy/ag, while the nonlinear contribution
a — ap to eddy diffusivity does depend on . As can be seen from (3)-(4), some contributions to eddy
viscosity and eddy diffusivity come through nonlinear inertial and nonlinear thermal convection terms,
while the rest of the contribution come through buoyancy term. The former contribution is essentially the
same as in the case of turbulence in the absence of buoyancy [1] and lead to the well known — 5/3 laws
for both energy and temperature variance spectrums in the inertial range [1]. Our analysis and results
presented above and later will explain why the well known-5/3 laws still hold for thermal turbulence in
the inertial range [4,7,8] (larger k limit range).

Next, following Yakhot and Orszag [1], we rescale the variables and the parameters. Presence of
buoyancy and term due to buoyancy in (2)-(3) dictate that rescaling should be according to

k=kexp(—r),(w,om) =, o,)exp(~ar),
(V,a, ﬁl) = (Vl»alv ﬂt,) exp[(2 - a’)T] ’
@S, T%) = (", T"") exp|(3a +d +y)r/2], ©)

f=/fexplla+d+y)r/2],

where a is a parameter and k' is defined on the same interval 0 < k' < A as the wavenumber in the
original system of equations. Using these rescaling, dropping primes for simplicity of notation and
following the same procedure as the one due to ref. 1 for larger k limit range, we find the following
results:

j—'r’ =vla—2+ A%, (6a)
da _ ala — 2 + Bg6?), (6b)
dr

where these equations are formulated by consideration of asymptotic limit » — 0 for the larger k limit
range [1], and the dimensionless expansion parameters A and 6, introduced in (6a,b), are satisfied by the

following equations 2d\
22 = Ae— 3440%), (72)

dr

2d6
“— =6(e— 3Bs\?), (7b)

dr

where € = 4 +y — d and the expressions for A; and B, are given in the appendix. For e <0, A —0
and § — 0 as 7 — oo. However for € > 0, (A, §) approaches a fixed point (A", ") as r — oo, where

1/2
()\‘,6'):(%) (47", B7). ®)
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At this fixed point, both a and v become independent of  if
a=2-—¢/3. )

Now, in the inertial range (larger k limit range), where the minus five-thirds laws hold for the energy,
heat flux and temperature variance spectrums [8], we apply the expressions for these spectrums (8] and
find that they hold for € = 4 and a = 2/3. Using our above results, it is then seen that (v, @) ~ k™43
for the € = 4 fixed point.

Before considering the smaller k limit range case, it is useful to modify (3)-(4) to a form where
nonlinear and buoyancy contribution to eddy viscosity and eddy diffusivity can be evaluated We find uf
from (3) and use it in (4) and find T< from (4) and use it in (3). This procedure leads to a modified form
of (3)-(4), where the ¢~ term in the left hand side of (3), in the limit of w — 0, becomes

v(r)kPu (k) + {[B(r)k* — BogPu(k)lom(k,7)/la(r)k*}us (), (102)
and the T< term in the left hand side of (4), in the limit of w — 0, becomes
{a(r)k? + (B (1)K = BogPsm (K)lom(k, )/ [v(r)K*]}T< (k). (10b)

It is of interest to note from (10) and (A5)-(A6) in the appendix that for larger k limit range case where
r — 0, buoyancy contributions to (10) are much smaller than the nonlinear contributions to (10) These
results provide further supports to our analysis and results for the inertial range presented above
Another observation for (3)-(4) and (10) is that, although the nonlinear contributions to eddy quantities
does not depend to any particular component of u, the buoyancy contributions to eddy quantities does
depend, in general, to different components of u and provide the effects due to the three components of u
along any of the coordinate axis.

We now consider the smaller k limit range case. Using the rescaling (5) and formulating in the limit
of k — 0, we find that only part of the buoyancy contributions to (10a) and (10b) designated here by S,(,})
and S,(,f), respectively, which contain @,,,,, dominate over the rest of the terms in (10). Investigating
either S,(,f) or S,(,f), we find that either of these quantities satisfy the equation

ds® ® ,
?=(e—6+a)5m, aa r—oo, (1=1,2), an

and, thus, S,(,',) becomes independent of r as r — oo, provided that
a=6-¢. (12)
In analogy to the expansion parameters A and 6 and the corresponding equations (7a,b) in the larger
k limit range case, new parameters \; and &, in the smaller k limit range case, are defined, which satisfy
equations of the form d
Z(A1161)=(6_5)(A1161)v r—00. 13)
It is seen from (13) that A; and 6; become independent of r for ¢ = 6 as r — oco. Using € = 6 in (12),
we find a = 0. It is of interest to note that minus three law (k~3), that is known to be valid for the
energy spectrum in the buoyancy range (smaller k limit range) [8], is followed here fore =6 anda = 0
As can be seen from (5), u< ~ T so that k~3law follows also for the temperature flux spectrum and for
the temperature variance spectrum (8] in the smaller k limit range. Using the above results for the ¢ = 6
fixed point and (5), it is then seen that (S,(,:), S,(,?)) ~ k2 for the € = 6 fixed point Hence eddy viscosity
and eddy diffusivity at the ¢ = 6 fixed point dominate those at the ¢ = 4 fixed point, determined earlier,
for k — 0 limit, while the opposite is true for the k — oo limit. This result is consistent with the way
inertial and buoyancy ranges are defined [8].
The results presented above for both € = 4 fixed point (larger X limit range) and € = 6 fixed point
(smaller k limit range) are in agreement with the physical modelling based on the hypothesis put forward
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by Shur [9] and Lumley [10] about the turbulence spectrum in a free atmosphere according to which the
region of the validity of the k'
law holds

Recently Sukoriansky et al [11] applied the RNG method to study the two dimensionalization of
three-dimensional non-thermal turbulence as a result of influence of a strong magnetic field They

law is followed by a region of smaller wave numbers where the k3

determined a fixed point corresponding to € = 6, where the k™3 law was followed by the energy
spectrum, and their results were in good agreement with the experimental data due to Sukoriansky and
Branover [12] The results of the present investigation, which indicate the preference of the € = 6 fixed
point and the existence of the k=3 law in the buoyancy range of the strong buoyancy dominated
turbulence where two-dimensionalization of the flow in the horizontal direction is enhanced, are in
agreement with those due to Sukoriansky et al. [11] of their magnetohydrodynamic turbulence studies

An interesting result of the present study was found to be in the buoyancy range ( — 3) law, which is
known to be valid in the stably stratified turbulence in the smaller k limit range, is followed by the energy
spectrum E(k) of thermal turbulence, while E(k) follows ( — 5/3) law in the inertia range for the larger
k limit range Further support for this result, in addition to those discussed earlier [10,11], can be
obtained from very recent DNS studies of turbulent Rayleigh-Benard convection by Kerr [13], which
indicate that the mean temperature gradient S of the flow is slightly positive in the region away from the
walls, while S is negative near the wall regions. Hence, we may propose the opinion that in thermal
turbulence smaller scale eddies in the inertia range favor three-dimensional unstably stratified
environment, while larger scale eddies in the buoyancy range favor quasi two-dimensional stably stratified

environment.
APPENDIX
The expressions for v(r), a(r), Ps;(k) and P, (k), introduced in (3)-(4), are given below:
v(r) = vo + A2 DpSa(d? — d — €)[exp(er) — 1])/[2v3A°(27)%d(d + 2)¢], (AD)
a(r) = ap + 62Do(d — 1)Safexp(er) — 1)/ [eduo(vo + ap)2m)?Af], (A2)
Py(k) = b5 — kski/k? (A3)
Pinn(k) = kmBa(k) + knPim (k) (A4)

where Dy = TovyK/py, Tp is a reference temperature of the fluids, p, is a reference fluid density, Kp is
Boltzmann's constant, e =4+y—d,y> —2 is a constant (y = — 2 describes fluid in thermal
equilibrium, y > — 2 corresponds to strongly nonequilibrium flow cases [1]), S = 27%/2/T'(d/2)is the
area of d-dimensional unit sphere [1] and

6 = 1 form=n,
™ 7 10 otherwise .

The expressions for 3, (r) and o,,(k, r), introduced in (3)-(4) are given below:
2B,(r) = — AoboDofog(d? — 2)Salexp(er) — 1)63/[202 (vo + ao)d(d + 2)eA*(2m)%]
T=e+2, (AS)
Im(k, ) = Dobok, ([exp(er —~4r) - 1]{A063mp/(V0kp)}/
[2609(c — 4)(2m)*AY] + [exp(er — 2r) — 1sobok’an,/  (A6)

{00 = w)kalfugPun(®) - Bul(c ~ D@ A} )
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where the coefficients @, and G,m, are two constants independent of  and ¢, whose numerical values
cannot, in general, be determined analytically, and they are given by the following surface integrals

T 27
Zne = /0 46 [ lonl@)pul)/pala)lsinde0 s /a,), (A7)

T 2T
asmp = /0 d¢ o {[‘Jmpsn (g) + 4.Pem (g)]Pnl(g)/ml(g)qp]}sn‘lade . (As)

Here two repeated subscripts mean summation from 1 to 3 and
¢1/q = sin¢cosb,g,/q = singsinb, g;/q = cos¢.
Numerical values of @,,, and &, can, of course, be determined numerically from numerical integrations

of the integrals given in (A7)-(A8) but will not be needed here. The expressions for A; and By,
introduced in (6)-(7), are given below

Ag=Su(d® - d - €)/[2d(d +2)(2m)"], (A9)
By = Sa(d — 1)/[d(1 + Ry)Py(2m)?]. (A10)
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