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ABSTRACT. In this paper, we discuss the concepts of fizzzy hybrid fixed points, of g-O-contractive
type fuzzy mappings and common fuzzy hybrid fixed point theorems of a sequence of fuzzy mappings.

Our theorems improve and generalize the corresponding recent important results.
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1. INTRODUCTION
Heilpern [1] first introduced the concept of fuzzy mappings and proved fixed point theorems for

contraction fizzzy mappings. Chang [2] introduced the concept of O-contraction type fuzzy mappings,
and proved a fixed point theorem, which is an extension of the result of Heilpern. Also, he obtained
common fixed point theorems for a sequence of fuzzy mappings. Lee, et al [3-4] introduced the concept
of g-contractive type fuzzy mappings, and proved a common fixed point theorem for sequence of fuzzy
mappings on a complete metric linear space.

In this paper, we introduced g-I,-contractive type fuzzy mappings and defined the concept of the

fuzz hybrid fixed point for fuzzy mappings, proved common fuzzy hybrid fixed point theorems for a

sequence of fiu mappings on a complete metric space. Our theorems improve and generalize the

recent important results of 1-4].

2. PRELIMINARIES

Throughout this paper let (E,d) be a complete metric space, CB(E) be a collection of all non-

empty bounded closed subsets of E and C(E) be a collection of all non-empty compact subsets of E
Let Z+ be the set of all positive integers. A mapping B B [0,1] is called a fuzzy subset over E
We denote by W(E) the family of all fuzzy subsets over E. Let A E W(E), V a F_ [0,1]. Set

(A)o {x E A(x) >_ a} is called the a-cut set of A. A mapping T E W(E) is called fuzzy

mapping over E.
DEFINITION 2.1. Let the function [0, + oo) [0, + oo). We say <I> satisfies the condition

(1), (<I>2) or (<I>a), if (<I>1) is upper semi-continuous and non-decreasing for each variable

(2)(t,t,t, at, bt) < Q(t), Vt > 0,a,b 0,1,2, anda +be 2, where Q(t): [0, +oo) [0, +oo),
Q(0) 0, Q(t) < t, v t > 0. (3)(t, t, t, at, bt) <_ rt, where r (0,1) is a constant, a, b 0,1, 2 and

a+b=2.
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DEFINITION 2.2. Let T E W(E). We say that T E -- W(E) satisfies the condition
(A2). Ifthere exists a(x) E (0, I] such that Vx 6 E, (Tx)a(z) 6 CB(E) (C(E)).

Let T :E W(E)(i 1,2,...). We say T :E ---, W(E)(i 1,2,...) satisfies the condition A1
(A2). If there exists a sequence of functions eh(x) E (0,1] (i 1,2 such that Vx E,
(Tix)o,() e CB(E) (or C(E)).

Let T E --, W(E) satisfies the condition A1 (or A2), V x 6 E, "x (Tx)o(x) 6 CB(E).
: E -, CB(E) is called the set-valued mapping induced by T.

DEFINITION 2.3. Let g E E be a single-valued mapping, F E--, W(E) and G E---, W(E)
be two fuzzy mappings satisfying condition A1. If, V x, y 6 E, ux e x ((x) there exists y,
(Py) such that

d(u_, v) <_ (d(g(x), g(y)), d(g(x), g(u)), d(g(y), g(v))
d(g(x), g(v)), d(g(y), g(uz ). (2. l)

Then, we say that F and G satisfy the condition B.
DEFINITION 2.4. Let F E -, W(E), G E W(E) be two fuzzy mappings satisfying the

condition A1. Iffor any x, y 6 E, u x(x) there exists v y($’y) such that

d(uz, v) <_ ’(d(x, y), d(x, uz), d(y, v), d(x, v), d(y, uz)). (2.2)

Then, we say that F, G satisfy the condition C.
DEFINITION 2.5. Let F E --, W(E) and G E --, W(E) be two fuzzy mappings satisfying the

condition A1. Iffor any x,y E, uz x(x) there exists v y(y) such that

H(z,() _< (d(x,y),d(x,z),d(y,y),d(x,y),d(y,x)), (2 3)

where d (x, $’x) min d(x, p) and H is the Hausdorff metric induced by d, then, we say that F and G

satisfy the condition D.

DEFINITION 2.6. Let g E --, E be a single-valued mapping, F E W(E) (i 1, 2 be a

sequence offuzzy mappings, if for any i, j 6 Z+, F and Fj satisfy conditions A1 and B. Moreover, in

condition B satisfies condition (I,) and (I’2). Then we say F :E W(E)(i =1,2,...) be a g-c-
contractive type sequence of fuzzy mappings. In particular, when F F F (V i, j Z+) we say

F E --, W(E) be a g-CI,-contractive type fuzzy mapping.
DEFINITION 2.7. Let F" E ---, W(E). If P E such that Fp(p) maxFp(u), then P is

xE

called a fixed point of F. Let F, :E-- W(E) (i 1,2,...). If P 6 E such that

(+oo Fip)(p)= max(+[ Fip)(u)then P is called a common fixed point of{F,}.
=1 zE \,=1

DEFINITION 2.8. Let T:E --, E be a single-valued mapping and F :E W(E) be a fuzzy

mapping. If P 6 E such that P Tp and Fp(p) eEFp(u), then P is called a fuzzy hybrid fixed

point ofT and F.

Let T:E --, E be a single-valued mapping and F, :E W(E)(i 1,2, ...) be a sequence of

fuzzy mappings. Ifp6 E suchthat p Tp and \,=1(’ Fip)(p)= max(+eE\,= Fip)(u), then p is called a

common fuzzy hybrid fixed point of T and {F }.

3. MAIN RESULTS
THEOREM 3.1. Let (E, d) be a complete metric space. Let

(1) T E E be a single-valued continuous mapping such that V x, y E

d(Tx, Ty) <_ d(x, Ty) (3. l)
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(2) F, E W(E)(i 1,2, ...) be a g-O-comractive type sequence of fuzzy mappings, where
g" E E is a non-expansive mapping, a,(x)- E (0, 1] (i 1, 2,...)such that Vx E E,T(Fix)a,(z)

(FiTx),(Tx) (i 1, 2 ).
}=0 be a suce of noegative r numbers(3) Let 6 > 1, xo e T(E), x e (Fx0)a,(o), {t +

wch is defined follows

to O,t > d(xo,x),t+ t +Q(6(t t-l)), k 1,2,... (3 2)

If 1 tk t.< +, then thee ests P EE such that P Tpd ( Fip(p)> n{a(P)}K k,=l ] tl
when a,(x) Fiz(u)(i 1 2,...) be a sequence of nions satisng the condition (2). Then

xE

hybrid fix poim ofTd { }.
PROOF. L T(E) {x]x Tu, u e E},F(E) {xlx Tx, x e E}. It is obous t

F(E) T(E). N we prove thin T(E) F(E), VZ T(E), u E th Z Tu, by (3.1),
0 d(Tzl,TUl) d(zl,Tu) d(Zl,Zl) O, TZl Tu z,z F(E). us T(E)F(E),
T(E) F(E).

We provet V x e T(E), ix T(E) (i 1, 2, ...). fact, for x T(E) F(E) by x=Tx,
T(Fix)o,() (FiTx)o,(T) (i 1, 2, ...), we have ix iTx (FiTx)o,(T) T(Fix)o,()
Tix T(E)(i 1,2,...) e xo e T(E),x e xo T(E), by the condition B d

g- E E a non-esive mppg, x2 2x such that

d(z, 2) (d((z0), (z)), d(g(zo), g(z)), d(g(z),
d(g(o ), g( ), (g( ), ()))
(d(xo.xi),d(xo,xi),d(x,x2),d(xo, x2),d(x,x))

for x2 E 2x, x3 E 3x2 chtt
d(x2,x3) (d(x1,x2),d(xl,x2),d(x2,x3),d(x,x3)d(x2,x2)).

Tng s proe repeatly, we c define a sequen {x} in T(E), tisng

d(x,x,+l) O(d(x,_,x,),d(x,_,x,),d(x,,x,+),d(x_,x,+),d(x,,x,)). (3.3)

We prove that {x, }+ be convergt. Firm we prove the foHong inequMiWs=0

d(z,,z,_) (,,- ,_)( 1, 2,...)

for n 1, d(x,xo) < t ti < 6( 0), (3.4) is tree. Suppose at n k. (3.4) is tree, i..

d(X,Xk-)(tk--tk-) We prove that it remns tree for n=k+l, when n=k+l, by

(0),(02), (3.2), (3.3), d(x_,xk+) d(xk-,Xk)+d(xk,Xk+), d it is ey to prove at

d(z+l,z) d(z_l,x), we Mve

d(xk+l,X) O(d(x,xk-1),d(x,x-l),d(xi,x+l),d(x-,xk+l),d(x,xk))
(d(xk,x_x),d(x,x-),d(X-l,Xk),2d(x-,x),O)
0((, ,_),*(* ,k_), (* *k-), 2’(* k-), 0)
Q((k k-1)) k+ < (+ *k)-

Thus (3.4) remns tree for n k + 1. s completes the proofof (3.4).
k+m- k+m-

Sy% . < + =d 0.) d(k.=,) d(+,) (+-) (*+=--*k).
3=k 3=k

us {xs},=o be a Cauchy suence in T(E). Since (T(E), d) is a complete metric space, erefore
+

P e E inch that lira x P, P T(E) F(E), ". P Tp. Nero, we prove that P e ip, V
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rn E Z+, x8 E Psxn_l(n 1,2,...) bythe condition B and g" E E be a nonexpansive mapping,
3 v, rnp such that

d(x,,vs) < (d(x,-,p),d(xs-l,xs),d(p, vs),d(xs_,vs),d(p, xs)) (3.5)

by the condition A, ’mp (Fmp)o,(p) CB(E),mp be a non-empty bounded closet set of

E, vs $’mp. Thus {d(vs, p)} be a bounded sequence of real numbers. Therefore, there exists
{d (vs,, p) } C_ {d(v,, p)} satisfies lim d (vs,, p) d, by (3.5) and d (v,, xs,-) < d(v,, p) +d (xs,-1, p),

we have

<_

Let j + oo, by d(v,,p) --, d, z p, (1), (@2), we have, when d :/: 0

d _< + (0, 0, d, 0 + d, 0) < O(d) < d.

This is a contradiction, therefore, d 0, i.e. lira vn p, by v,, [2rap and v,, p, p mp
(Fmp)o.,,)(Vmez+) i.e. From(p)> a,,., (p)(m 1,2, ...). Thus fmp(p) > ,mi_n{ai(p)}(m 1,2, ...),

h Fmp) (p) min{oi(p)}.
,>1

a,(x) rnaxfix(u)(i= 1,2, ...). Then (h Fip) (p) > min{a,(p)} > rain max Fip(u)When
xeE \=1 ,] _>1 _>1 p.eE

rrfinFip(u) \t=l(hFip) (u)’ Vu e E. Thus \t=l(hFip) (p) >

.’. (hFip)(p)= max (h Fipl (u), i.e. p be common fixed point of{F/}, byp T(E)= F(E),
]\a=l /zEE \t=l /

p Tp. Thus p be a common fuzzy hybrid fixed point ofT and {F, }.
COROLLARY 3.1. Let (E, d),T" E --, E and F, E --, W(E) (i 1,2, ...) satisfy the

conditions ofTheorem 3.1. Moreover satisfies the condition (s), then the conclusion ofTheorem 3.1

remains true.

PROOF. Taking to O, xo T(E), x ’lxo, tl > d(xo,x). We define a sequence of non-

{t}=o as follows:negative real numbers

tk+ t + r(tk tk-1), k 1, 2, (3 6)

where 6 > 1 and 6r < 1, r be a constant in the condition (I’s). It follows from (3.6)

t+l t rt(t t_) (rt)t.
k

Therefore we have_oomt =lrn,=l (t, ti-1) _h.__,6 < + oo. The conclusion of Corollary 3 follows

from Theorem 3.1 immediately.

COROIJ.ARY 3.2. Let (E,d),T:E--, E satisfies the condition of Theorem 3.1 Let

F, :E --, W(E)(i 1,2,...) for ai(x) E (0,1] (i 1,2,...) satisfies the condition A, and V

x E, T(Fix)o(z) (FiTx)o,(r)(i 1, 2, ...). Moreover, for any i, j z+,x, y, E,u ’iz,

vu Fjy such that

d(u::, v,) <_ qmax{d(g(x), g(y)), d(g(x),
1

d(g(y), g(v)), [d(g(x), g(v)) + d(g(y), g(u=))]} (3 7)

where q e (0,1) is a constant, g E E be a non-expansive mapping. Then the conclusion ofTheorem

3.1 remains true.
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PROOF. Taking I:(/;1,t2,3,4,15) qmax{l,2,3, (t4 + 5)}, we have (,,,a,b)
where a,b=0,1,2 and a+b=2. It is easy to see that satisfies the condition (l)and (3),
therefore the conclusion follows from Corollary 3.1 directly.

TIOREM 3.2. Let (E,d) and T" E E satisfy the condition of Theorem 3.1. Let
F," E - W(E)(i 1,2,...) for a,(z)- E - (0,1] (i 1,2,...) satisfy the condition A1 and
x E,T(Fix),(x) (FiTx)o,(Tx)(i 1,2,...). Moreover for any i,j Z+,x,y E, uz ’ix,
v jy such that

d(, v) < d((),()) + d((U), (,)) + d((U),())
+ aa((z), ()) + d((z), (U))

where g" E - E be a non-expansive mapping a, > 0 (i 1, 2, 5), al + c9_ + + a5 < 1 and
ct3 _> a Then the conclusion ofTheorem 3.1 remains true.

PROOF. By proof of Theorem 3.1, T(E) F(E), and V x T(E),’ix C_ T(E)(i 1,2 ),
by (3.8) and g" E E be a non-expansive mapping, the same as the proofofTheorem 3.1 We can
define a sequence {x,} c_ T(E), such that X,+l C_ s+xs C_ T(E). Moreover

d(xs,xs+l) < tld(xs_l,x,) + a2(x,,xs+l) +
+ t4d(x,_l,X,+l) + ad(xs_l,Xs)
< tld(X,_l,X,) + a2d(xs,xs+l) +
+ t4d(x,,xs+l) +

Therefore

(3.9)

(3.10)

By (3 10), it is easy to see that {xs}+ is a Cauchy sequence in T(E). Thus p T(E), such that=1
+oo

lira xs p. Next, we prove that p ’,,,, V m Z+, for x ’,x,_ (n 1, 2,...), by
rn--1

assumption, vs ’mp such that

d(xs, vs) < ad(xs_,xs) + a2d(p, vs) + a3d(p, xs)
+ ad(z_, v,) + asd(z,_, p)
<_ cqd(xs-l,xs) + a2d(p, xs) + a2d(xs, vs)

aad(p, x + ad(x x + ad(x vs + a5d(x 1, P).

Thus we have

(1 2 ot4)d(z,, vs) < Otld(Zs-l,Zs) -i- ot2d(p, xs)
+ azd(p,x,) + ad(xs_,x)+ ar,d(x,_, p).

We haved(x,,v,)O(n- +oo). Thusa(v,,p)<_d(v,,z,)+d(z,,p)--,O(n +oo), .’. lira
+oo

by v, ’mp CB(E). Therefore p mp(V m z+). By p Tp and p I’1 .’mp, the same as
rn--1

the proofofTheorem 3.1, we obtain the conclusion ofTheorem 3.1.

When T I is the identity operator on E, we obtain the following result.

COROLLARY 3.3. Let (E, d) and /7, :E W(E)(i 1,2, ...) satisfy the conditions of

Then there exitspE suchthat h’Fip)(p)> min{a,(p)}Theorem 3.2.

(i 1, 2, ...) satisfies corresponding conditions, p is a common fixed point of {F}.
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REMARK 3.1. When a3 a4 in the condition (3.8) ofTheorem 3.2, Theorem 3.2 is a special case

of Corollary 3.2. Corollary 3.3 is an improvement and generalized version of Theorem 3.1 of [4] and

Theorem 3.10 of [3]. In Theorem 3 of [2], if {F/} for {i(x)} satisfy condition A2, then Theorem 3 of

[2] is a special case of Theorem 3.1 of this paper. In fact, when T I and g I are identity operators

on E, by the theorem ofNadler [5], it is easy to see the condition D implies the condition C.
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