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ABSTRACT. An ideal on a set X is a nonempty collection of subsets of X closed under the operations
of subset and finite union. Given a topological space X and an ideal Z of subsets of X, X is defined to be
Z-paracompact if every open cover of the space admits a locally finite open refinement which is a cover
for all of X except for a set in Z. Basic results are investigated, particularly with regard to the Z-
paracompactness of two associated topologies generated by sets of the form U — I where U is open and
1€ T and U{U|U is open and U — A € Z, for some open set A}. Preservation of Z-paracompactness
by functions, subsets, and products is investigated. Important special cases of Z-paracompact spaces are
the usual paracompact spaces and the almost paracompact spaces of Singal and Arya [“On m-
paracompact spaces”, Math. Ann., 181 (1969), 119-133]
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1. INTRODUCTION

The concept of paracompactness with respect to an ideal was introduced by Zahid in [1] The
concepts of almost paracompactness [2] of Singal and Arya and para-H-closedness of Zahid [1] are
special cases

An ideal on a set X is a nonempty collection of subsets of X closed under the operations of subset
(“heredity”) and finite union (“finite additivity”). An ideal closed under countable unions (“countable
additivity”) is called a g-ideal. We denote a topological space (X,7) with an ideal Z defined on X by
(X,7,Z). Given a space (X,7) and A C X, we denote by Int.(A) and Cl.(A) the interior and closure of A,
respectively, with respect to 7. When no ambiguity is present we write simply Int(A) and CI(A). If
x € X, we denote the open neighborhood system at x by 7(x); i e., 7(x) = {U € 7|x € U}. We abbreviate
“if and only if” with “iff” The conclusion or omission of a proof is designated by the symbol “0J”

IL. BASIC RESULTS

Let us begin with the following definition.

DEFINITION [1] A space (X,7,Z) is said to be Z-paracompact, or paracompact with respect to 7,
iff every open cover " of X has a locally finite open refinement -y (not necessarily a cover) such that X-
Uy €T A collection 7 of subsets of X such that X — U« € 7 is called an Z-cover of X.

Singal and Arya [2] define a space (X,7) to be almost paracompact if every open cover I of X has a
locally finite refinement « such that X = CI(U~). Zahid [1] defines a space to be para-H-closed if it is
almost paracompact and T,.
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Given a space (X,7), we denote by N(7) the ideal of nowhere dense subsets of (X,7) The following
theorem establishes that almost paracompactness and para-H-closedness are special cases of Z-
paracompactness.

THEOREM IL1. (1) A space (X,7) is almost paracompact iff (X,7) is V' (7)-paracompact

(2) [1] A T, space (X,7) is para-H-closed iff (X,7) is N(7)-paracompact. [J

The following obvious result is stated for the sake of completeness

THEOREM I1.2. If (X,7,7) is Z-paracompact and J is an ideal on X such that 7 C 7, then
X,7,J) is J -paracompact.

Given a space (X,7,J), the collection (Z,7) = {U—L.U € 7,1 € I} is a basis for a topology 7"(Z)
finer than 7 [3]. When no ambiguity is present we denote 8(Z,7) by S and 7°(Z) by 7. If = 7", then
we say Z is r-simple. A sufficient condition for Z to be simple is the following: for A C X; if for every
a € A there exists U € 7(a) suchthat UN A € Z, then A € Z. If (X,7,7) satisfies this condition, then 7
is said to be compatible with respect to Z [4] or Z is said to be 7-local, denoted T ~ 7. If (X,7) is an
infinite discrete space, then the ideal of finite sets is T-simple but not 7-local. It is known that (1) ~ 7
in any space [5]. It is also known [Banach Category Theorem, 6] that M(7) ~ 7 in any space where
M(7) denotes the o-ideal of meager (or first category) subsets.

Given a space (X,7,Z) and A C X, we denote by A*(Z,7), or simply A* when no ambiguity is present,
the following: A" = {x € X[UNA ¢ T for every Ue r(x)}. For A C (X,7), it is known that
A*(N(7),7) = CI(Int(CI(A))) [5], and A*(M(7),T) is regular closed [S]. There is no known “closed
form” for A*(M(7),7) For further details see [3].

A very useful fact about locally finite families is that they are closure preserving. The following
theorem extends this result.

THEOREM IL3. Let (X,7,7) be a space and let {A,Ja € A } be a locally finite family of subsets of

X. Then .
U A;=(U Ao)
ael a€l

The simple proof is omitted. [J

In T, spaces, A* with respect to the ideal of finite sets is the derived set operator, usually denoted by
A’. Hence Theorem II.3 shows that in T; spaces the derived set operator distributes across arbitrary
unions of locally finite families. Since for A C (X,7), CI(A) = A’({0},7), the well known closure
preserving property of finite families is a corollary to the last theorem.

Given a space (X,7,T), we say T is T-boundary [8] or T-codense if T N7 = {@}, i.e. each member of T
has empty T-interior In the next theorem we show that the class of almost paracompact spaces contains
the class of Z-paracompact spaces when the ideal T is T-boundary.

THEOREM IL4. If T is 7-boundary, and (X,7) is Z-paracompact then (X, 7) is almost paracompact

PROOF. If U is any open cover of X, let V be a locally finite open refinement of U such that
X - UV eZ. SinceZis7-boundary,® =Int(A— UV)=X-ClIX-(X-uUV)=X-Cl(uV). O

The following theorems examine the preservation of Z-paracompactness among the topologies 7, 7,
and (y(7)), where this last topology is defined below.

THEOREM IL5. Let (X,7,7) be a space. If I is 7-simple, 7-boundary, and X, is I-
paracompact, then (X,7) is Z-paracompact.

PROOF. Let U = {Uyla € A} be a T-open cover of X Then U is a 7"-open cover of X and
hence has a 7"-locally finite 7 -open precise refinement {V, —L|Vo €7, L €Z, and a € A}
such that X —c':JA(V,,r —1,) =J € I. Without loss of generality, assume I, = Vo — U, so that U,.NV,
= Vo—1,, We claim that {V,ja€ A} is 7-locally finite. Indeed, for x € X, there exists
U-lerT’x(UeT(x)I€Z) such that (U-DN(V,-1)=0 for a¢{o,0, an}. If
U-DNVe—1,) =90, then since U-DNV,—-L)=UNV,)-(AUL), we have
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(UNV,)—AUl,)=0. This implies UN V, =0 since otherwise U N V,, is a nonempty T-open subset of
1U I, which contradicts the assumption that Z is 7-boundary If V = {U, N V,la € A}, then V is 7-
locally finite since {V,|a € A } is 7-locally finite. Also, V is a 7-open refinement of U and is an Z-cover
of X since X — aga U NVo)=X —agA Vo—- L)=J 0O

If (X,7,T) is a space, we define a set operator ¥: P(X) — 7, where P(X) is the power set of X, as
follows [7]: if A C X, then (A) =X — (X — A)* = U{U € 7{lU— A € I} Note that T is 7-local if and
only if Y{A) — A € T for each A C X. If B is a basis for 7, then ¥(8) = {{B)|B € B} is a basis for a
topology coarser than 7, denoted (y(B)). Furthermore, (Y(B)) = (¥(7)) = (%(7°)) [T} Also, if T is 7-
local, (¥(7)) = (Y(P(X))) since for A C X, P(A) = PH(¥(A))

Let (X,7,T), be a space. We say that 7 is weakly 7-local if A* = @ implies A € I T is called 7-
locally finite if the union of each 7-locally finite family contained in Z belongs to Z.

LEMMA I1.6 [3]. Let (X,7,7) be a space. Then T is T-local implies Z is weakly 7-local. O

It is remarked in [3] that a space (X,7) is countably compact if and only if the ideal of finite sets, Iy, is
weakly 7-local, whereas 7-locality of Iy is equivalent to hereditary compactness of (X,7). Therefore the
implication in Lemma IL.6 is not reversible. The following example shows that an ideal can be 7-locally
finite and not weakly T-local.

EXAMPLE. Let X = [0,92), where £ denotes the first uncountable ordinal, and let 7 denote the usual
qrder topology on X. Denote by Z the ideal of countable subsets of X. Since (X,7) is countably
compact, any locally finite family of nonempty sets must be finite. Consequently, the union of any locally
finite family contained in Z; belongs to Z, and hence I, is 7-locally finite. Since every point in X has a
countable neighborhood, A* = @ for every A C X. In particular, X" = @ but X ¢ I, and hence I is not
weakly T-local.

THEOREM I11.7. T is weakly 7-local implies Z is 7-locally finite. [J

THEOREM IL8. If (X,7,T) is Z-paracompact, and Z is T-locally finite, then Z is weakly 7-local

PROOF. Let A" = 0. For every x € X, there exists U, € 7(x) with Uy NA € T {Uxlx € X} is an
open cover of X and hence there exists a precise locally finite open refinement {V,|x € X} which is an Z-
cover of X; ie, X-V=1€7 where V = UVx Now A = (ANV)U(ANI),ANI€ T and each
ANV, € T by heredity. Thus, since {V|x e X} is T-locally finite, so is {ANV|x € X} CZI Thus,
xLeJx(A NVy) =ANV € T since T is T-locally finite. So A=(ANV)U(ANI) € Z. Thus, T is weakly
T-local. O

THEOREM I1.9. If (X,7,T) is Z-paracompact and 7 is weakly 7-local, then X,7") is I-
paracompact.

PROOF. Every open cover can be refined by a basic open cover for which a locally finite refinement
is a locally finite refinement of the original cover. Solet U’ = {U, — IsJa€ AU, €7, I, €T} bea
basic 7°-open cover of X. Then U = {U,la € A } is a T-open cover of X and has a 7-locally finite 7-
open precise refinement V = {V,]Ja € A } which is an Z-cover of X. Now V' =V, —-Llae A}
isa 7-locally finite 7"-open precise refinement of " and such that V" isan Z-coverof X Now
{VoNLJa € A} is a 7-locally finite subset of Z and by weak 7-locality of Z; U (VaNIy)€Z. Let
X-UV=1€1Z then X- UV CIU ( U (V NL,)) € Z. It remains onlyto show that V* is 7°-
locally finite. But this is trivial since 7 C 7",

The following corollary is an immediate consequence of Theorems I1.5 and I 9.

COROLLARY I1.10. If T is T-local and 7-boundary, then (X,7) is Z-paracompact if and only if
(X,7") is Z-paracompact. O

THEOREM IL11. If T is 7-local, then (X,<y(7)>) is Z-paracompact implies (X,7) is Z-
paracompact.
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PROOF. LetU = {UsJa € A } be a 7-open cover of X. Then ¢y(U) = {(Uy)la € A }isa (P(7))-
open cover of X and has a (yx7))-locally finite ((7))-open precise refinement W = {Wyla € A}
which is an Z-cover of X. Let V = {WoNUyla € A}. V is a T-open (precise) refinement of U
and since (Y(7)) €7, W is 7-locally finite and so also V is 7-locally finite By 7-locality,
Wo —(WoNU,) € Y(U,) — Uy € T sothat {W, — (WeNU,)|a € A} is a T-locally finite subset
of 7 and hence the union of this family is a member of Z. But, X —agA WaNU,) C
X —&EAWQ) U (agA(Wa — (W, NU,))) € T so that V is an Z-cover and (X,7) is Z-paracompact. O

COROLLARY IL.12. If 7 is T-local and 7-boundary, then the following are equivalent.

(1) (X,(y(7))) is T-paracompact.

(2) (X,7)is Z-paracompact.

(3) (X,7") is Z-paracompact

PROOF. (1) — (2) by Theorem II.11 and (2) is equivalent to (3) by Corollary I1.10 To show
@) — (1), letU = {(U,)la € A} be a basic (y(7))-open cover of X. Then U is a 7-open cover of X
and hence has a T-open 7-locally finite precise refinement V = {V,ja € A} suchthat X — UVeT
Let p(V) = {¥(Vo)la € A }. Each V, C ¥(Ua) hence ¥(Va) € ¥(¥(Ua)) = ¥(U,) (since T ~ 7), thus
W) is a (yY(T))-open refinement of U. Since V, C ¥(V,) for every a, we have
X—-UyYWV)CX—-UVEeTie, Y(V)is an T-cover. To show that Y(V) is (y(7))-locally finite, let
x € X. There exists U € 7(x) such that UNV, = @ for a ¢ {a;, az, ..., a,}. We claim that
UNV, =0 which implies UNy(V,) = 0. Indeed, if UNV, = 0 and UNyY(V,) # 0, then
UNyY(Ve) € Y(Vo) — Vo € T (since T ~ 1), which contradicts the T-boundary assumption of Z. O

The following is an example of an Z-paracompact space (actually paracompact) (X,7), such that
(X,{(¥(T))) is not Z-paracompact.

EXAMPLE. Let X =R with 7 the usual topology. Let Z = ((0,3)) = {A C X|A C (0,3)} For every
UeryU) = U U(@O,3) In particular, for any open set G in ((7)), (0,3) CG Let
U= {(—n3)n€N}U{(O,n)n €N}, where N denotes the natural numbers, and observe that U is a
{(¥(7))-open cover of X with the property that no finite open refinement of U can cover all of X with the
exception of some subset of (0,3). Also, no infinite open refinement of U{ can be locally finite since every
open set in <y(7)> contains (0,3). Thus, (X,<y(7)>) is not Z-paracompact. Since the ideal T is 7-local
but not 7-boundary, we see that the 7-boundary assumption cannot be omitted in Corollary II.12 for
@- @O

Recall that if (X,7) is a space, then U € T is called regular open if U = Int(CI(U)). The regular open
subsets form a basis for a topology called the semiregularization of 7, denoted 7,. We remark that if
(X,7,T) is a space with T ~ 7 and N(7) C Z, then (y(7)) C 75 [7]. If, in addition, Z is T-boundary, then
() =75

COROLLARY IL13. Let (X,7,Z) be a space with Z ~ 7, T 7-boundary, and N(7) CZ Then
(X,7) is T paracompact iff (X,7;) is Z-paracompact. [

A space (X,7) is said to be semiregular if 7=7;. A topological property is called semiregular if the
property is always shared by a topology and its semiregularization. A property is called semi-topological
if it is preserved by semi-homeomorphism in the sense of Crossley and Hildebrand [10] In [11], Hamlett
and Rose show that the semi-topological properties are precisely the properties shared by T and 7° (N (7))
(T"(N(7)) is denoted by 7= in the literature). Zahid observes in [1], that para-H-closedness is a
semiregular property. Since T, is both a semiregular and semi-topological property, a stronger result
follows. As a consequence, para-H-closedness is also a semi-topological property.

THEOREM 11.14. Almost paracompactness (para-H-closedness) is a semiregular and semi-
topological property and for a space (X,) the following are equivalent
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(1) (X,7) is almost paracompact

(2) (X,7)is N(7)-paracompact.

(3) (X,7s) is N(7)-paracompact.

(4) (X,7s) is N(75)-paracompact

(5) (X,75) is almost paracompact.

(6) (X,7*)is N(7)-paracompact.

(7) (X,7*) is almost paracompact.

PROOF. For each A C X, since 73 C 7, Cl;A C Cl, A so that Int,,Cl, A C Int,,Cl, A But for each
7-closed F C X, Int,F= Int,F. Thus, Int,Cl,A = Int,Cl,A C Int,Cl, A for each AC X, and
N(15) CN(1). Also, N(T)N1s C N(t)N7 = {0} implies that N(7) and N (7s) are each both 7-
boundary and 7;-boundary. Now if (X,7) is almost paracompact, (X,7) is N(T)-paracompact by
Theorem II.1 (1), so that by Corollary I1.12, (X,75) is N(7)-paracompact. By Theorem II 4, since N (1)
is Ts-boundary, (X,7,) is almost paracompact, and therefore by Theorem II.1 (1), (X,75) is N(7o)-
paracompact.

Conversely, if (X,7;) is almost paracompact and therefore N(7;)-paracompact, then since
N(715) € N(7), by Theorem 11.2, (X,7;) is N (7)-paracompact. Then by Corollary II1.13, (X,7) is N (7)-
paracompact and hence (X,7) is almost paracompact.

Since A(7) is T-local and T-boundary and since N (7%) = N(T°(N(7)) = N(7), by Corollary II 10,
(X,7) is almost paracompact iff (X,7*) is almost paracompact. So almost paracompactness is a semi-
topological property Since the T, axiom is both a semiregular and semi-topological property, so is para-
H-closedness [

A collection A of subsets of a space (X,7) is said to be g-locally finite if A = ng.A,, where each A, is
a locally finite family ~Zahid [1] shows that a T, space is para-H-closed iff every open cover U of the
space has a o-locally finite refinement V = .g V, such that X =n§ Int(CI(UV,)). This result is
generalized in the following theorem.

THEOREM IL15. Let (X,7,7) be a space with N'(7) C Z, and T 7-boundary. Then (X,7,7)is Z-
paracompact iff every open cover U of X has a o-locally finite refinement V = g V, such that X = g Int
Cl(UV,).

PROOF. Necessity is obvious. To show sufficiency, let U be an open cover of X and suppose U has
a o-locally finite refinement V = :L;j] V, such that X = E Int CI(UV,). Let O, = UV, so that X =

-1 .
Bllnt Cl(O,). LetP; =0y,and P, =0, — ( l‘Ul 0;) forn> 1. Leté, ={VNP,|VeV,}foreachn=
n= =
1,2,3,.,and let §{ = 8. &, Observe that £ is an open refinement of V and hence . We claim that £ is a
e

locally finite family. Indeed, let x € X, and let n, = min{n:x € Int CI(O,)} Thenx € Int Cl(O,, ) and Int
Cl(0, ) NP, = @ for every n> ny i€, P, = O, — (ilanO,)' and Int CI(O,,) C O, [7] Thus (Int
Cl(0p,)) N (U&,) = 0 for every n > ng. For each n = 1,2,. ,n,, x has a neighborhood G, € 7(x) such
that G, intersects at most finitely many members of £ Thus (Int CI(O, )N GiN.. NG, is a
neighborhood of x which intersects at most finitely many members of £.

We conclude the proof by showing that X- U £ € A(t) We proceed by showing' (1) X = nile P;, and

(2) X C(U&)". The result then follows from the fact that (U¢)" — (U &) C CI(U &) — (U&) € N(7)
(1) By assumption, X = 81 Int CI(O,), and Int CI(O,) C O; since Z is T-boundary Let x € X and let
=

m, = min{nix € O}}, thenx € 0, — (U Of) C P, ThusX ¢ n‘C_‘)l P;
1<mix =
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Recall that a space (X,7) is a Baire space iff M(7) N T = {0}, i.e., M(7) is T-boundary.

COROLLARY IL16. Let (X,7,7) be a space with Z T-boundary and N(7) C Z. Then (X,7) is Z-
paracompact iff (X,7) is almost paracompact In particular, if (X,7) is a Baire space, then (X,7) is M(7)-
paracompact iff (X,7) is almost paracompact.

PROOF. Theorem II.15 provides a common equivalent condition for (X,7) to be T-paracompact [

In semi-regular spaces, Z-paracompactness with respect to a T-boundary ideal can be characterized as
follows.

THEOREM I1.17. Let (X,7,Z) be semiregular with Z 7-boundary. Then (X,7) is Z-paracompact iff
every regular open cover U of X has a locally finite refinement A (not necessarily open) such that
X-UAel

PROOF. Necessity is obvious. To show sufficiency, let i = {U,Ja € A } be a regular open cover
of X and assume A = {A,|a € A} is a precise locally finite refinement of U such that X - U A € T.
For each a € A, we have A, C U, and hence ¥(U,) = U,[7, Theorem 5, (5)]. Now V =
{¥(Ao)la € A} is an open refinement of if and X — UV C X — UA € T To show V is locally finite,
let x € X There exists U € 7(x) such that UN A, =0 for a ¢ {a;,as,...,a,} Observe that UN A, =0
which implies U N y(A,) = 0; i.e,ify € Uand V € 7(y), then V— A, D VNU ¢ T so that y ¢ y(A,)
Thus UNyY(Agx) =0 fora ¢ {a), a3, ..., ¢y} O

The following corollary applies the previous theorem to the ideal of nowhere dense sets.

THEOREM I1.18. Let (X,7) be a (Hausdorff) space. Then (X,7) is-almost paracompact (para-H-
closed) iff every regular open cover of X has a locally finite refinement, not necessarily open, whose
union is dense in X.

PROOF. The necessity is clear since a cover of an almost paracompact (para-H-closed) space by
regular open sets is an open cover and since locally finite families are closure preserving For the
sufficiency, by Theorem II 14 it is enough to show that (X,7;) is N (7)-paracompact. But by hypothesis,
every regular open cover U of X has a T-locally finite refinement A such that X — U.A € N(7) Since
Ts € 7, U is locally finite with respect to 75 and since (X,7;) is semiregular, by Theorem I1.17, (X,7,) is
N(T)-paracompact O
III. PRESERVATION BY FUNCTIONS AND PRODUCTS

It was shown by Michael in [14] that the closed continuous image of a paracompact (Hausdorff) space
is paracompact and Zahid has shown [1] that a perfect (continuous, closed, compact fibers) image of a
para-H-closed space is para-H-closed in the category of Hausdorff spaces. In this more general setting
we offer the following result. First, for any function f X — Y and subset A C X, let f*(A) = {y €
YIf'(y) CA} =Y — fiX — A). Then fis closed iff f*(U) is open for each open subset U of X
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THEOREM IHL1. Let f(X,7,Z) — (Y,0,J) be a continuous open closed surjection with £ (y)
compact for everyy € Y and {7) C J. If (X,7,T) is Z-paracompact, then (Y,0,.7) is J -paracompact.
PROOF. Let {Uslx € A } be an open cover of Y. Then {f'(U,)ja € A } is an open cover of X
and hence there exists a locally finite precise refinement {Vola € A} of {f''(U,)la € A} such that
X- LeJA Vo =1€Z. Now {fiV,)la € A} is a precise open refinement of {Usjla € A} and Y =
a
fX)=fl( U V,)UD) = U RV,)U RI) so that Y - URV,)CRI)eJ. To show that
acl ael acl

{f{Vo)la € A} is locally finite, let y € Y; then there exists an open set O such that f!(y) C O and
0NV, =0fora¢ {a), a,....,an}. Now f* (0)Nf(V,) # 0 implies ON'V, £ 0 Hence f* (0) is an
open neighborhood of y which intersects at most finitely many sets from the collection {f{V,)la € A}
a

The theorems of Michael and Zahid mentioned above are sharper in their special case settings than
what the previous theorem provides. The previous theorem though does lead to some meaningful
consequences.

COROLLARY IIL2. Let f (X,7,7) — (Y,0,J) be a homeomorphism with {7) C J If (X,7) is
Z-paracompact then (Y,0) is J -paracompact. O

In the language of [11], Z-paracompact is a “*-topological” property.

We will say that a function f: (X,7.7) — (Y,0,J) is ¥-continuous iff f(X,7,7) — (Y,(¥(0))) is
continuous. Certainly every continuous function is -continuous since (¢(0)) C o and the converse is
not true. We remark that the almost continuous functions of Singal and Singal [15] are a special case
where J is the nowhere dense ideal on the space (Y,0).

We remark that it is clear from the proof of Zahid's result [1] (that perfect images of para-H-closed
spaces are para-H-closed in the category of Hausdorff spaces) that it is sufficient for the function to be
almost continuous (1/-continuous with respect to the ideal of nowhere dense sets on the co-domain).

It is well known that perfect preimages of paracompact spaces are paracompact [16] and Zahid [1]
shows that perfect preimages of para-H-closed spaces are para-H-closed in the category of Hausdorff
spaces. We remark that his proof shows that perfect preimages of almost paracompact spaces are almost
paracompact. In this spirit we have the following result. Given a function £ (X,7) — (Y,0,J), we
denote by (f"1(7)) the ideal generated by preimages of members of 7, i.e. (f(7)) = {AJA C f!(J) for
someJ € J}

THEOREM IIL3. Let f (X,7,7) — (Y,0,J) be a perfect function from a space X onto a J-
paracompact space Y, with (f!(J)) C Z. then (X,7) is Z-paracompact.

PROOF. Let U = {Uyjo € A} be an open cover of X. Let F = {F C A |F is finite} and let Uf =
aLéJF U, forF € F. LetU’ = {Ug|F € F} Observe that {f*(Ur)|F € F} is an open cover of Y

Indeed, if y € Y then f*1(y) is compact implies there exists a finite subcollection {Uqys..-Uq, } such

that f!(y) C LﬂJl U,,. Letting F = {ay,...,a,}, we have y € f*(Ur) Now, since (Y,o) is J-paracompact,
-

there exists a precise open locally finite refinement {Ve|F € F} of {f*(U)[F € F} such that Y = ( Fgf

Ve)UJ for some J € J. Let V= {f}(VF)NU,JF € F and a € F}. Then V is an open refinement of U
and we claim: (1) V is locally finite, and (2) V is an Z-cover of X To show (1), let x € X Then there
exists V € o(f(x)) such that VN Vg # 0 for finitely many members F of 7. Now observe that
1 (V)N (V) # 0 iff VN Vg # 0 showing that £ (V) intersects at most finitely many members of V.
To show (2), observe that for every F € F, f1(Vg) = Ur — Iz where I C f'(J). Now for F € F and
a €F, we have f1(VE)NU, =(Up —If)NU, =U, — Ir. Hence X — UV=X— U{U, —Fe F
ande €F} C U{FFe F}C (). O

It is well known that the product of two paracompact spaces is not necessarily paracompact
However, it was shown by Dieudonné in [17] that the product of a paracompact space with a compact
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space is paracompact. Zahid shows in [1] that the product of a para-H-closed space and an H-closed
space [18] is para-H-closed. In this spirit, we offer the following result.

COROLLARY 4. Let (X,7,7) be an Z-paracompact Hausdorff space, let (Y,o) be a compact
space, and let pX x Y — X be the projection function. If J is an ideal on X x Y such that
(p'(T)) C J, then X x Y is J-paracompact.

PROOF. The projection function p X x Y is perfect. The result follows immediately then from
Theorem II1.3 O

IV. SUBSETS

If 7 is an ideal on a nonempty space (X,7) and A C X, we denote the restriction of 7 to A by Z|A =
{INAI€I}={BC AB € I}. Wesay that A is an Z-paracompact subset if for every open cover U of
A there exists a locally finite (with respect to 7) open refinement V of Y suchthat A— UV eI IfI=
{0}, then the definition of A being a “{0}-paracompact subset” coincides with the definition of A being
an “a-paracompact” subset in [19]. We will say A is an Z-paracompact subspace if (X,7|A,Z|A) is Z-
paracompact as a subspace, where 7|A is the usual subspace topology. The definition of A being a “{0}-
paracompact subspace” coincides with A being a “-paracompact” subset in [19].

THEOREM IV.1. If A C (X,7,7) is an Z-paracompact subset, then A is an Z-paracompact subspace

PROOF. Let U = {U,NAla € A} be a T|A-open cover of A where U, € 7 for each a € A.
Then {Uyla € A} is a T-open cover of A and hence has a 7-open 7-locally finite precise refinement
{Vola € A} such that A— U{Vyjae A}eZ NowV = {V,NAla€ A} is a T|/A-open T]A-
locally finite refinement of f and A — UV =A— U{V,ae A}eZ. O

The converse of the above theorem is false as shown by an example of an {0}-paracompact subspace
(B-paracompact subset) which is not an {}}-paracompact subset (c-paracompact subset) in [19].

Zahid defines a subset A of a Hausdorff space (X,7) to be para-H-closed if it is para-H-closed as a
subspace; i.e., if (A,7|A) is para-H-closed and hence if (A,7]A) is N(7]A)-paracompact. Observe that
N(7|A) C N(7)|A but the reverse inclusion may not hold. It is shown in [20], however that
N(7)|A C N(7]A), and hence N(7)|A = N(7]A) if A C Cl(Int(Cl(A))). Thus we have the following
theorem.

THEOREM 1V.2. If A C (X,7) is a para-H-closed subspace, then (A,7|A) is a NV (7)-paracompact
subspace. The converse is true if A C Cl(Int(Cl(A))) O

We have the following diagram:

N (7)-paracompact subset —  Para-H-closed subspace

—

N (7)-paracompact subspace

Figure 1

Paracompactness is well known to be closed hereditary (in fact F, subsets of paracompact Hausdorff
spaces are paracompact as subspaces), but Zahid [1] provides an example which shows that even H-
closed spaces may have closed subsets which are not para-H-closed subspaces

THEOREM 1V.3. Let (X,7,7) be an Z-paracompact space. If A C X is closed, then A is an Z-
paracompact subset.
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PROOF. Let U = {Uyla € A and U, € 7} be an open cover of A. Then {Ujja € A }UX — A)
is a 7-open cover of X and hence there exists a 7T-open precise 7-locally finite refinement
{Vala e A}YU{V} (Vo CU, and V C X — A) such that X — [V U ( UAVQ)] €I NowA-— UAV,,=

a€ a€

A —-[VU(UVICSX~-[VU(U V,)],hence A— U V, € T by the heredity of Z. O
acl acl a€l

We see from Theorem IV.3 that the example of Zahid [1] of a closed subset of an H-closed space (and
hence an N (7)-paracompact Hausdorff space) which is not a para-H-closed subspace, is an example of an
N (7)-paracompact subset (and hence an N/(7)-paracompact subspace) which is not a para-H-closed
subspace

THEOREM IV.4. Let (X,7,7) be a Hausdorff space. If A C X is an Z-paracompact subset, then A
is 7°-closed.

PROOF. Let x € X-A. For each y € A, let Uy € 7(x), V, € 7(y) such that U, NV, = 0 and note
that x ¢ CI(Vy) Now {V,ly € A} is a T-open cover of A and hence there exists a precise T-open 7-
locally finite refinement {V{|y € A} of {Vyly € A} such that A - yLE_JAv; =1€Z. Now x ¢ CI(Vy) for
each y implies x ¢ ygA CI(Vy) = CK yé,lAV'y). Let U=X - CI( yLGJAV’y) and let J = A — CI( ygAV'y) CA-

UV)C A- UV, =L ThenU— Je 7 (x)and(U—J)N A=0, hence Ais 7°-closed. O
yeA yeEA

The following example exhibits a {@}-paracompact subspace (and hence para-H-closed subspace)
which is not an NV (7)-paracompact subset, thus showing that none of the arrows in Figure 1 are reversible
dnd that “N(7)-paracompact subset” and “para-H-closed subspace” are independent concepts.

EXAMPLE. Let X denote the real numbers and let Q denote the rational numbers. Let T be the
topology generated by taking the usual open subsets and {{q}|q € Q} as a subbase. Now Q is discrete
and hence paracompact as a subspace, but Q is not 7" (N (7)) (= 7) closed and hence not an N(7)-
paracompact subset.

Let (X,7) be a topological space. It is well known that for every A C X, A"(M(7)) is regular closed
[5]. More generally, it follows from Theorems 3.2 and 3.3 of [9] that if Z is a compatible ideal on X with
N(7) C I, then A*(Z) is regular closed. This fact is used in the following decomposition theorem for -
paracompact spaces.

THEOREM IV.5. Let (X,7,7) be an Z-paracompact space with Z ~ 7 and N(r) CZ Then X =
AUT where A is a regular closed almost paracompact subspace (i.e. (A,7|A) is N(7|A)-paracompact)
andI € Z. If (X,7) is Hausdorff, then A is para-H-closed.

PROOF. Since T ~ 7, X - X' € 7 and from the above remarks we have that X" is regular closed.
Welet A=X"andI=X— X'. Notethat X — X" = U{U € 7|U € T}, and since X" = Cl(Int(X")) we
have that Z|X" is 7{X"-boundary. Now by Theorem IV.3, X" is an I—paracomi)act subspace, i.e. X is an
Z|X"-paracompact subspace. Also observe that since X is regular closed, we have A(1)[X" = N(r]X")
Thus we have Z|X" is a 7|X"-boundary ideal on X" with A'(7|X") C Z|X" and hence, by Corollary II.12,
(X,",7X") is almost paracompact as a subspace. If (X,7) is Hausdorff, then X" is Hausdorff and hence is
para-H-closed. OO

COROLLARY IV.6. Let (X,7) be an M(7)-paracompact space. Then X = AUI where A is a
regular closed almost paracompact subspace and I is meager. If (X,7) is Hausdorff then A is para-H-
closed as a subspace.

PROOF. It is well known [6, Banach Category Theorem] that AM(7) ~ 7. The result then follows
immediately from Theorem IV 5 O
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