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ABSTRACT. The paper discusses fully developed flow of viscous fluid through ducts of arbitrary
cross-section. The method uses a constant velocity contour line in a typical cross-section of the duch
as an independent variable. The amplitude of the oscillatory velocity is then obtained from an ordinary
integro-differential equation. Several examples of a practical nature are given, with some that have not
yet been discussed in the literature. All details are explained by graphs.
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1. INTRODUCTION
This paper is a further extension to previous work that has been done in the area of oscillatory fluid
flow in ducts. In a previous paper [9], a method was proposed for the study of fully developed parallel
flow of Newtonian viscous fluid in uniform straight ducsts of very general cross-section. The proposed
method is based upon the concept of a family of contour-lines of constant velocity, u(z,y) = const., in a
typical cross-section of the duct and considering such line as an independent variable. Since the details
,Of the method used in this study have been discussed by the first author in an earlier publication [9], only
“a brief discussion of the method is presented here.
According to the method, the governing equation for the axial velocity component w(z,y, T) at any
time 7 is given by

ds 1dP ds
— W — ¢ — 1
f\/_d Cu\/..sz c“\/- P (¢))
where
w(z,y,7) = W(z,y)e™, p(z,7) = P(2)e™", )
t=ul+ul, M=2 and v=£ 3)
v p

The above equation is the integral form of the momentum equation for unsteady flow, ignoring any
external forces. Here w represents the frequency of oscillation, and A? is a reduced frequency.

The family of contour lines of constant velocity, C,, are represented by u(z,y) = constant (see Fig.
1). If the exact equation for u(z, y) is known, then the governing equation (1) yields the exact solution for
the velocity component w. If, however, the exact form of u(z, y) is not known a priori, then the method
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FIGURE 1. Isovelocity contour lines.

of conformal transformation can be used to obtain an accurate approximate solution for the velocity
distribution.

2. APPLICATIONS

2.1. Solving the unsteady equation for a coaxial elliptical duct

As shown in [9], considering the contour function as u(z,y) = 1 — z?/a? — y?/b?, the contour integrals
in the unsteady equation can be solved easily, so that Eq. 1 becomes

&wW  dW  iK? K? dpP

Y e R @
where
.o 2a70*)?
K= @r 0 (5)
Introducing a new variable f such that
ff=1-u ©
Eq. 4 reduces to
4w 1dW 2 K?* dP
— 2 — KW = —— 7
df2+fdf iKW s )]
which has a solution that is given by
- - . dP
W = Ao(VAK f) + AKo( VK f) + ®

pA2 dz
where A, and A, are arbitrary constants and [, and K, are modified Bessel functions of the first and
second kind. The constants A, and A, are found using the viscous no-slip boundary conditions that occur

at duct walls.
If the duct is simply connected, then the boundary values of u are

u=0 and u=u"=1 9
at the outer boundary and the origin, respectively. This produces the corresponding boundary conditions
W(f)lf=1=0 and W(f)l;=0=0 (10

and so solving Eq. 8 for A, and A; we get
- dP 1
_ ~tadpP _ 11
VT dz [o(ViK) an
and
A=0 (12)

and thus, Eq. 8 finally gives
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: dP [1 _ fo(\/ZKf)] 13

Tz | h(ViR)
If we make the substitution

Io(\/;z) = berz + tbeix (14)
then W can be given in the form

W= W1+2W2

W,
i) _ -1 2
= WE+W2e?, §=tan (—W1>

where é denotes the phase difference between pressure and velocity.

We thus have
W, = __l__gf ber K bezA}i - besz Iferh f) as)
uA? dz ber?K + bei?K
and
_ 1 .dP berKberK f + beiKber K f (16)
2= WE B ber?R + beiK ’

The amplitude velocity, V, is given by

V= W2+ W2 (17)

ber?K (berK — berK f)? + 3ber?Kbei K } d

SO

—2berWbei K fber’K + bei’K (bet K — ber K f)?

.1 dP | +bei’Kber?K f — 2bei®?Kber KberK f | (18)
V=" & (ber?K + bei’K) '
u= constant
FIGURE 2. Cross-section of a doubly connected ellipse.
If, however, the duct is doubly connected (see Fig. 2), then the boundary values for u are
u=0 and u=u"=1-p3? (19)

on the outer and inner walls, respectively, where B is the similarity condition between the duct walls, ie.,

—alh
f=—=7, 0<fB<1 (20)

The corresponding boundary conditions are then
W(f)lf=1=0 and W(f)|;=5=0 (21)

Substituting these conditions into Eq. 8 we get

_ 1 i}: [ Ko(\/;K) - Ko(\/;h’ﬂ) ] (22)
' N dz [ Ko(VIEB)I(ViK) — Ko(ViK)Io(ViKB))

__idpP [ Iy(ViKB) - Io(ViK) } 23
P N &z | Ko(ViKB)L(ViK) — Ko(ViK)Io(ViK B)
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FiGURE 3. Amplitude distribution of oscillatory flow over the cross-section of a coaxial
elliptical duct for 3 = 0.0,0.1,0.5, n = 1,2,3,4,5 and f = 0.0,..., 1.0.
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FIGURE 4. Amplitude distribution of oscillatory flow over the cross-section of an annular
duct for 8 = 0.0,0.1,0.5, n = 1,3,5,8,10 and f = 0.0,. ..,10.
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and thus Eq. 8 finally becomes

[ I(ViK f)[Ko(ViR) — Ko(V1RB)]
W dpP +Ko(ViK f)[Io(Vik B) — Io(V1R)]
= 0P| HK(RNILVRS) — L(VAR)] 9
W32 dz | Ko(ViK B)Io(viK) — Ro(v/iK)Io(v1h B)
The amplitude velocity, V/, in this case, then becomes
" [L.(fK,BK) - L.(fK.K) - L.(K,BK)]? 1}
y_ L dP | +[LUK.BK) ~ LK. K) - L(K,8K)F 25
T uNdz LYK,BK) + L}(K,BK)
where L(o, 7) is a new function of two independant variables ¢ and 7 given by [11]
L(o,7) = L.(0,7) 4+ iL,(0,7)
= Io(oVi)Ko(TVi) = Io(7Vi) Ko(a V).
and
L.(o,7) = berokert — kerabert — beiokeit + keiobeir, (26)
L,(0,7) = betckert — keiobert + berokeir — kerobeir. 27)

ber, ber and ker, ke are the real and imaginary parts of I, and K respectively. The value, V, thus obtained
will give the amplitude distribution of the velocity in the doubly connected elliptical cross-section of a
duct.

Since according to the authors’ knowledge there is no published results for this problem we will for
the sake of comparison and confirmation of our approach, consider the limiting case when two ellipses
become two circles. It is interesting to note that if one puts @ = b and a; = b; so that the two ellipses
reduce to two circles, then the results obtained for this case coincide with the results given in [11] for the
case of an annular duct. We further note that in Eq. 7, the only quantity affected by this substitution is the
parameter A’. Fig. 3 shows the graphs of V//W* for a coaxial elliptical duct, where W= = ,52 £ | and for
aspect ratio a/b = 2, and for three different values of 3(0.0,0.1,0.5) and various values of the parameter
n = bA. In Fig. 4 the graphs of V/W™ are shown with a/b = 1, 3(0.0,0.1,0.5) and a set of values of 7.
The results in Fig. 4 agree precisely with those of Tsangaris [11]. It is further interesting to note that the
graph in Fig. 3 corresponding to 5 = 0 coincides with the graph for an elliptical duct given in [9].

2.2. Conformal mapping technique

For more complicated cross-sections an exact equation for the isovelocity contours may not exist, so
conformal mapping can be used (see Fig. 5). This assumes a one-to-one correspondance between the
U(&,n) = constant contours and the u(z,y) = constant contours where z = z + 1y and { = £ + .
Therefore as long as a function exists to map the cross-section onto the unit circle, it is not necessary to
know u. The function U is represented as

Ugn=1-€6-7 (28)
and the contour integrals appearing in the unsteady equation (Eq. 1) are
f Vids = 2}{ UUcdS = 4n(1 - U), (29)
UC(
= = —4n, 30)
. \/_ Y lis=2 f dS g (

dz 31

d 1
-iuTst = cv 2 U(UE 2\/1—"_— f;v

where
2

(32)

t—u +u —4U(U( dC
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u(x,yl=constant U=constant

Z=x+1ly t:s-o-lq

FIGURE 5. Conformal mapping geometry
So Eq. 1 becomes

&IW AW H(U)dP
C=0% g ~ UV =% % G
where
2§ |=as
HU) = — &~ 34
U= ~%vi-o 4
and z = (() is the mapping function for the cross-section.
If we again introduce a variable, F, such that
F’=1-1, (35
then substitution into Eq. 34 produces
W 1dwW H'(F)dP
ar Y Ear OV =T0 T 6
where
2
, XS, &l dS
H'(F)= —oF 37
‘We note that
S R PAL
, _ ¢ =2|%| - 2 ,
H(F)= o F A x o (say) (38)

where o? depends on the complex variable (. If we make the substitution H'( F) = o? in Eq. 37, then Eq.
37 will become identical to Eq. 7 where instead of K we have o?, and instead of variable f we have F.
We therefore note that Eqn 24 gives the solution for any duct of arbitrary cross-section with a value of A’}
depending on the geometry of the duct boundary. This also applies for the complex mapping technique
approach if we replace the parameter K? by o?.

3. ILLUSTRATIONS
3.1. Simply connected cross-sectional areas
(a) Flow through a duct of semi-elliptical cross-section

Consider the case of flow through a semi-elliptical duct (Fig. 6). A complicated conformal mapping is
used to get the mapping function of this shape. First we have to map the unit circle onto a semi-circle of

radius r using [10]
_t=1 2 1 ((+1
Z—Tm, t —Z(C—1> (39)

then we map the semi-circle onto a semi-ellipse using the same function that maps the unit circle onto an
ellipse, given by [10]
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rZ 34 3 5
2= 1‘*-\'-“)[4. r.r~ 3L 3 2 gpd
( 8 128 C 2 4+32 ("" E*F)Cs

+G£—&3C+"Yg2kW‘ (40)
8 8 I T}
where

r=§;;—i, 6=§>1. @1)
Substitution of o = Z—g into Eq. 18 will then give the appropriate velocity amplitude. The graphs for
V/W* are given in Fig. 7 with a/b = 2 and various values of n = al, where W* = “u-’% .

u=constant

a

FIGURE 6. Cross-section of a semi-ellipse.
n=1
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FIGURE 7. Amplitude distribution of oscillatory flow over the cross-section of a simply
connected semi-elliptical pipe for n = 1,2, 3,4,5, (=0.1and F =0.1,...,1.0.

(b) Flow through a simply connected square duct with rounded corners
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FiGURE 8. Cross-section of a square duct with rounded corners.
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Consider another example of a square duct with rounded corners (Fig. 8). The cross-section for this shape
also has a mapping function given by [10]

25 1 2)
== - 42
24" (C 2° “2)
where 2a is the length of the sides of the square. Hence, the quantity o becomes
625 , 2
=21 = 4
@=5% ' %¢ (43)
and again, by replacing A by « in Eq. 18 we get the solutions for V/W* displayed in Fig. 9 for side
length 2a = and a set of values n = aA, where W* = %% .

0.3+

V/W

FiGure 9. Amplitude distribution of the oscillatory flow over the cross-section of a simply
connected square with rounded corners forn = 0,1,2,3,4, ( =0.1 and F = 0.0,...,1.0.

3.2. Doubly connected cross-sectional areas
(a) Flow through a doubly connected duct of square cross section

// -t o \\

4 b
;e \\ ‘!
1 .' / bt ' |a
: | / / 1 "

1
\\ \ I' /

A W
v -1---"7 TTu=constant

FIGURE 10. Cross-section of a doubly connected square.

First consider the case when both inner and outer boundaries have polygonal cross-section. Therefore
we want to map this shape onto a doubly connected annular region where the outer boundary is the unit
circle (see Fig. 10). We do this using the well known Schwartz-Christoffel transformation to approximate
the mapping function as it is not known [3].

( ’ 2
z=9(() = alrn/o (14t")"ndt (44)

where a, = the apothem of the regular polygon,
n = the number of sides on the polygon, and
I'»is the mapping coefficient given by
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T, = 1//01(1 )4t (45)

The numerical values of the mapping coefficients for some regular polygons are given in Table 1,

TaBLE I. Numerical values for mapping coefficients of regular polygonal transformations.

# Sides, n | Mapping Coefficient, [',
3 (triangle) 1.135
4 (square) 1.079
5 (pentagon) 1.052
6 (hexagon) 1.038
7 (heptagon) 1.028
8 (octagon) 1.022

and from other results in the literature [3] we know that for a polygon of 4 sides, the mapping function
can be approximated by

sxa [1.0807C — 0.1081¢° + 0.045¢° — 0.0242¢*3 + 0.0174¢*" — 0.0126(21] . (46)

This function can be used to map the unit circle onto the outer boundary square. Now we need to map
another concentric circle of radius, y < 1, onto the inner boundary square. The value of the side length,
b, in this square can be denoted by

b=al, / "(1— 4 bat 47)
0

SO
0.01267%" — 0.0177"7 J 0.02424'3 — 0.0457° + 0.10817° — 1.0807+ + g =0 (48)

must be solved to obtain the concentric inner circle radius, v. We can then completely map this cross-
section using the mapping function (Eq. 48) to obtain H'( F') after integrating across the contour integrals
from 0 to /1 — 72. The unsteady equation can then be solved, and Fig. 11 shows the graphs of V//W* for
varying side ratios 8 = 7/1 < 1 and values of = a)\, where W* = I%}%L The results in Fig. 11(a) for
the limiting case, 3 = 0 are also in excellent agreement with the results for a simply connected four-sided

polygon given in [9].

(b) Flow through a duct of doubly connected cross-section with a polygonal outer boundary
and a circular inner boundary .

u=constant

FIGURE 12. Cross-section of a doubly connected duct with polygonal outer boundary and
circular inner boundary.

In this case we again want to transform the cross-section (see Fig. 12) onto an annular region. We know
the mapping function for the outer boundary can be approximated by

2= a [1.0219¢ — 0.0282¢° +0.0092(*° - 0.0048¢% — 0.0008¢% + 0.0026¢*'] . (49)
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Fiure 11. Amplitude sitribution of the oscillatory flow over the cross-section of a doubly-
connected square for 3 = 0.0,0.0925,0.4648, n = 1,2,3,4,5, ¢ = 0.1 and F =
0.0,...,1.0.
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FIGURE 13. Amplitude distribution of the oscillatory flow over the cross-section of
the doubly connected duct with polygonal outer boundary and inner boundary for
B =10.0,0.09786,0.48928, n = 1,2, 3,4, 5, ¢(=0.1and F =0.0,...,1.0.
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We also know from Laura [7] that circles in the {-plane will map into approximate circles in the z-plane,
with radius of the inner boundary given by

B=— (50

where c; is the first coefficient of the mapping polynomial, and R is the radius of the inner boundary in
the physical plane. So

R
# = Te10a Gh
and similarly to part (a) we integrate across the contour integrals from 0 to /T — 57 and then use the _

mapping function, z, to solve the unsteady equation and obtain the graphs of V'/W™ displayed in Fig. 13.

(c) Flow through a duct of doubly connected cross-section with a corrugated outer bound-
ary and a circular inner boundary

u=constant

I‘-:'IGURE 14. Cross-section of a doubly connected duct with circular inner boundary and
corrugated outer boundary.

Consider the diagram in Fig. 14. To solve this case we adopt the same method as in part (b), except
the mdpping function for a corrugated boundary is

—_ a n+1
z——1+m((+m( ) (52)

where n = the number of axes of symmetry,
a = the radius of the circumscribing circle, and

m<
n+1
and the radius of the inner concentric circle will be

_R(1 +m)'

8= (53)

a
The results are given in Fig. 15.
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FIGURE 15. Amplitude distribution of the oscillatory flow over the cross-section of the
doubly connected duct with circular inner boundary and corrugated outer boundary for
8 =10.0,0.11,0.55, n=1,2,3,4,5, ( =0.1and F =0.0,...,1.0.
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4. CONCLUSION :
We have thus obtained an accurate approximate solution for the analysis of a wide spectrum of fully
developed fluid flow problems in simply and doubly-connected ducts of arbitrary cross-sections. The
essence of the present approach is to reduce the partial differential equation for the transverse velocity
component to an ordinary second order differential equation using the concept of contour lines on a typical
cross-section of the duct. Next, the method of conformal transformation is applied to find the velocity
distribution in a typical cross-section for a number of duct shapes. The approach presented is quite simple
and straightforward.

The examples discussed show a very good agreement between the calculated values and the values
existing in the literature, and confirm the usefuiness of the method.

Furthermore, the present study has been limited to the study of velocity distribution in a duct flow.
Many other problems, for example the dynamic response of MHD (magnetohydrodynamic) flow in
conduits when subjected to pressure gradient can be analysed in a like manner, which is to be carried out

in subsequent papers in this series.
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