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1. INTRODUCTION AND PRELIMINARIES

The following concept of complete convergence was given by Hsu and Robbins [1].

DEFINITION 1.1. A sequence {X,, n > 1} of random variables converges completly to the
constant C if

©o

Y P[X.-C|>e] <00, Ve>0.

n=1
The main result of Hsu and Robbins [1] states that for a sequence {X,, n > 1} of i.i.d. random

variables with zero expectation and EX? < oo, we have

S P[Sa > ne] < 00, Ve>0, (1.1)

n=1
where S, = > ;_, Xk, i.e. the sequence of arithmetic means S,/n, n > 1, completly convergence
to 0. Erdos [2] proved the converse statement.
Extensions and generalizations of those results were summarized by A. Gut [3]. Extensions
of (1.1) to randomly indexed sums of i.i.d. random variables one can find in Szynal (4], Gut
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(5], Zhidong and Chun (6], Adler {7] and Klesov [8]. Some results concerning complete conver-
gence for randomly indexed sums of nonidenticaly distributed random variables were given by
Kuczmaszewska and Szynal [9], [10].

In this note we extend results on the complete convergence for randomly indexed sums in spirit
of Gut [5] and Klesov [8] to nonidentical distributed random variables.

We use the following concept of regular cover of ( the distribution of ) a random variable.

DEFINITION 1.2. (See Pruss [11]). Let X;,..., X, be random variables and let £ be a random
variable possible defined on a different probability space. Then Xi,..., X, are said to be a
regular cover of (the distribution of) £ provided we have

1 n
E[G(§)] = - > E[G(X1)], (1.2)
k=1
for any measurable function G for which both sides make sense. If X;,...,X,, are in addition

independent, then we say they form an independent regular cover of £.

2. RESULTS.
The following theorem contains as a particular case the main result of Klesov (8]

THEOREM 2.1. Let {Xnx, n > 1, k > 1} be an array of rowwise independent random
variables with EX,x = 0,E|X,k|” < oo, for some r > 1, and n > 1, k > 1, such that
Xn1,Xn2,...,Xnk,n > 1, £ > 1, form an independent regular cover of a random variable ¢
with B¢ = 0, E[¢|” < oo, for some r > 1. Suppose that {vk, k > 1} is a sequence of positive
integer-valued random variables. Then for S, = z;;l Xk we have:

oo
> n?P[IS,,| > evf] < o0, Ve >0, (2.1)

n=1
fora > 1/2, ar > 1 and 8 > 1, whenever

Zn"‘""zP[un < nB] < oo, (2.2)
n=1
and (2.1) holds true for a > 1/2, ar > 1, and 0 < 8 < 1, whenever additionally with (2.2) the
condition

oo
Zn“"zp[ﬁa.x | X k| > eu,‘:] < oo, Ve>0, (2.3)
n=1 S¥n

is satisfied.

PROOF. Firstly we prove that (2.2) and (2.3) with a > }, ar > 1, and 8 > 0 imply (2.1).
Taking into account

oo oo oo
Z n®"2P[|S,,| > evg] < E n“"zP[IS.,nI > evp,vn > nﬁ] + Z n® 2Py, < n’s]
n=1 n=1 n=1

we see that we need only to show that

Zn""zP[lSvnl > evg,vp > n’s] < oo. (2.4)

n=1
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Let 6 > Lar,%l), { ;,_) < v <1 and g be a positive integer such that ¢ > (% Define the sets
(cf. Klesov [8]):

B = [3k < vt |Xoe| 2 22,
q
BSLZ) = [3 at least g indices k < vy, ¢ | Xpi| > V,’,"‘],

B = [| 3 Xarl[1Xoi] < 43| > 22],
k<vn q

where I[A] is the indicator function of an event A. Taking into account that
(15,1 > ev2] € BO UBD U BY

we note that (2.4) will be proved if we show that

oo
Y 2 PP[BY N 2 nf]] <oo, i=1,2,3. 29
n=1
For : = 1 we have
znnr—2P[B'(tl) N [Vn > np]] < Z n“"zP[Ek S<wvp: ank| > (EV:)/Q]
a1 n=1

oo
< Z n""'zP[%alic | Xnk| > s'u,‘f], e =¢/q.

n=1

In the case 1 = 2 we state that

oo
Z n‘""zP[B,(f) N [vn > nP]

n=1

) oo
< znar—2 ZP[B&Z) n [Vﬂ =j]7Vn 2 nﬁ]
n=1

1=1
Z ar=? Z Yo Pl =51Xml 257 | Kk, 2 57 v > 1)
n=1 1=11<k1 <k2<. .. <k <5
) .
CSnert A S e S Bl B Xk i = o > )
n=1 =1 1<k <ka <o She <
oo oo
< nar-—2-55 Zjé—qr'va Z Elxnl Ir . E’X'nkq lr
n=1 =1 1<ky <k <...<ke <)
kg—1 ka2 —1
- Z ar—2—86 215 grya E EIXnk Ir Z EIXnk,_llr . Z E|Xnk1|r
n=1 j=1 kg=q kg-1=¢-1 k1=1
Now using the assumption (1.2) we get
k2-1
> ‘"‘"”"Z: e 3 Bl ¥ Etar - 2 ElXnil
n=1 kq=q kq—1=¢-1 ky=1
ke—1 ks—1

< Z ar—2— 55E|§lrzj5—q"‘va+l E E]Xnk Ir Z Elxnkq_xlr Z E|Xnk2|r
n=1

j=1 kq=¢q kg—1=¢—1 k=2
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=) =)
< z nar-2—ﬁ6 (E'ﬂr)qz j5+q(1—r‘ya) < 00
n=1 =1

as&>°‘r_ ,‘y>—a.ndq>i.

yar—1
To prove (2.5) for i = 3 we write

Y0 = Xaw[| Xnkl < 57 = EXprd[| Xni| < 579,

1<k<jj>landn>1.
Then we see that

S e [BY o > o] 26)
n=1
<Sn S P Kl Pl < 57012 220 = ]
n=1 j>[nP] k<)
<constzn°" -2 E '“°"E|ZX e[| Xkl < 37%))°
=1 j>[nP] k<;

< COIlSt E ar—2 E —aaEIZYkJ|a+Znar—2 Z .—a,|ZEXnkI[|Xnk' <J‘7a]| ]
n=1

12[n#] k<) 12[nf) k<)

for every s > 0 and a positive constant c.

We note that the second term in the last inequality is finite as

Sonemt S Y EX [ Xkl < 577 (27)

n=1 12[nf] k<)

ar—2 s E| Xk I[| Xnk| > 777\ s
N N

n=1 1>[nP] k<jy

Fourr 3 e ity
n=1

j>[nP] k<

) oo .
< const Zj—aa+c—-ya(r—l)a+:(E|€|r)8 - COnSt(Elﬂr)’ ch—a(a-f-ar‘y-'ya—-l) < o0
1=1 =1
for s > ;ﬁ:;ﬁ—;-;_—l.
Now we can write

EIY Yol —/ 27PNV > 2)de (2.8)

k< k<j
j‘!
=/ "1PIEY|>zdz+/ #P YR > 2]de
k<; = k<j
SJ“YGJ+/ s—1P|ZYkJI>Z]
e k<j

But the Fuk-Nagaev inequality (cf. Fuk and Nagaev [12]):

P[Iixil > z]

=1
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(1 —n)?a?

< Z(EP 1X.| > ne] * o E/ |ul*dFx, (u +62P(—W))’

where t > 2,7 = H—LZ’ allows us to show that
(=]
f 27PN Y > 2)dz (2.9)
e k<s
J oo 2 J oo nz
< 2(2/ 7PV > nz]dz + 72/ z’-'-l/ |ul'dFyp (u)
k=172"¢ n k=177"° 0 ’

+[°° z’_lezp( i‘—L)dz).

e 2e 'ZJ— (YkJ

Now we see that

zn‘"_z 3 -a’Z/ 2P|V > nz)dz (2.10)

n=1 1>[nf) k<
1 7 oo
=G L z a2 3~ j=e 3BV < const 3 5TG(77%)° < o0
n=1 J)[n’] k=1 1=1
for s > a(l_'y)

Moreover, using the assumption on a regular cover (cf. Definition 1.2), we have

oo

nz

Znar—Z Z —asZ/ 2t 1 / |u|tdFYk';(u))d2 (211)
n=1 J>[‘nﬁ] e 0

Son ¥ 5 [T B v < s

n=1 i>[nA) k=1"77%

hd J
< comnst En“"’ Z joe ZE|XM|¢I[|XM| < jre)jrele=t

n=1 i2[nf] k=1
< const Z nor—2 E c—as+ya(s—r) 2E|Xnk
12[nf]
oo
< constE|§|"Z jrastetyalsnHl o o
=1
for s > %(";__—‘Sr.

Further on, we note that

Zna,._z Z [ lezp(__Mfin_)dz (212)

n=1 ]>{nﬂ] 2et Zi:l E(Yk])2

J oo
<cont et 3 (Y BE) [T ey
k=1

12[n”]

<consth ar=2 Z i~ ( ZE(YkJ ’/2

j>[nf]
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Assume now that » > 2. Then we have

oo J oo
r— -—as s/2 ar— —as /2
Zn" z Z i e (ZE(Y,:;)Z) Sconsth 2 Z i (GEIEP)’
n=1 1>[nf] k=1 n=1 i2[nf]
oo
< constz:j""w'c""’/2 < o© (2.13)
Jj=1
for s > a"_"il/z.
Similarly it can be proved that for r < 2
oo J oo
Znar—z Z j—aa(z EYI?])S/Z < constEj—«lla—l/Z—’va(z—r)/2]+c < o0 (2.14)
n=1 1>[n8] k=1 =1

2a—1
2—-r "

whenever s > ;:‘l—/—zjfg;—l(z?,’m and v is such that v <

Collecting the estimates (2.7) - (2.14) we see that the series in (2.6) converges which completes

the proof of (2.1) for 8 > 0.
But for the stronger requirement 3 > 1 we note that the condition ( 2.3) is fulfilled under the

assumption E| X k" < 00,7 > 1, k>1,n>1.
Indeed, we see that

oo
Z nar—ZP[’;ngava: | Xnk| > su,",‘]
n=1
oo oo
< Z n'"_zP[u,. < nﬁ] + E n“"zP[ﬁax | Xnk] > evd,vn > nﬁ],
n=1 n=1 Stn

(> <]
-2
3 ner P[,g%auf | Xnk| > evs,vn > nf]

n=1

oo
< const Z(2'")°'_1P[k121a.x [Xzm| > evgm,vam > (27)7]
<vam

m=1

oo (> <]
< const E(Tn)ar-l E P[kl?ax | Xomp| > Eygm,(z.?)ﬁ <vpm < (2]+l)ﬁ]
<wvam

m=1 =m

< const Z (2my=r-? Z P[ksx(lzl?x“)ﬂ | Xame| > €(27)%7]

m=1 =m

< const Z P[k<ma.x [Xame| > €(2m)a5] E(Zk)m_l
m=1 -

2m+1)8
( ) —t

[ <]
< t omyer-1p Xomi| > g(2™)2F
< cons m;( ) [ksgl"a‘-fl)ﬂl ami| > €(2™)*7]

< const 2:(2"‘)""'_l Z P[|Xomi| > E(Zm)aﬂ]

m=1 k5(2“+‘)’
oo
E|Xomi|"
S const Z z W
m=1 k< (2m+1)8

(= -]
= constE[¢]" Y (2™)* 71 7Rl < oo

m=1
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for B > 1, which gives (2.3) and ends the proof of Theorem 2.1.

Now we note that the condition (2.3) (0 < 8 < 1) is fulfilled under a stronger moment condition
than that of Theorem 2.1.

COROLLARY. Let {X,x, n > 1, k > 1} be an array of rowwise independent random variables

such that X,;, Xn2,...,Xnk, » > 1, k > 1, form an independent regular cover of a random
ar—14p
variable ¢, and assume that EX,; = 0, E|Xpk] T < oo, n>1, k>1 Ef =0, and

Elﬁlatsw <ooforr>1l,a>1/2, ar>1, 0<B<1.

If {vn, n > 1} is a sequence of positive integer-valued random variables such that

oo
Z n‘"_zP[un < nﬁ] < o0,

n=1
then for any given € > 0
oo
EP[lSV"I > ev?] < oo.
n=1
PROOF. It is enough to see that under the considered case the condition (2.3) is satisfied.

Since
oo

Z nar—zp[ﬂau): | Xnk| > evg]
n=1 -
oo oo
< Z nar_zp[Vn < nﬁ] + Enar—zp[km?x IXnkI > 5":"’71 > nﬁ]$
n=1 n=1 S¥n

then we need only to note that

oo
Z nc"_zP[ma.x | Xnk| > evg v > nﬁ]
k<vn

n=1

(= <]
< const Z (2"‘)“"1P[kt£vax | Xomk| > eVgm,vam > (2"‘)3]
Svam

m=1

o0 oo
< const ) (27)° 30 P max [Xomi] 2 evfn, (27)° < am < (274))F]
<vpm

m=1 =m

<const 3 (2™)*"7H 30 P[ Jmax | [Xami] 2 6(27)°7]

m=1 =m

< const Z P[ max  |Xomg| > E(Zm)aﬁ] Z(zk)m_l
m=1

k<(2m+1)P
<@ ) k=1

oo
< myar—1 - myaf
< const ,,,E=1(2 ) P[ksg}l{‘)’ 1 Xomi| > €(2™)%]

Scomst Y (2™)*1 Y P[|Xamk| 2 €(2™)*]
m=1 k<(2m+1)R
ar—148

< const 2(2"’)‘"_”5P[[§]$ > €(2™)] < constE|¢| =F < oco.

m=1

Note that the moment condition of Corollary is close to optimal which shows the following

statement.
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THEOREM 2.2. Let {X, i, n > 1, k > 1} be an array of rowwise independent random variables
such that Xn1,Xn2,-..,Xnk, » > 1, kK > 1, form an independent regular cover of a random
variable £, and assume that EX,, = 0.

Then forr > 1, a > 1/2, ar > 1, 8 > 0, the convergence of the series

Y noTEP(|S(ne)| 2 en*P] < o0 (2.15)

n=1

implies E|¢| e < oo.
PROOF. Let p, be a median of S, i.e. pp, = {t : P[S, < t] > 1/2}. By the standard
symmetrization inequalities (cf. Loéve [13]) we have

P[|S[,,p]| > en°B]

l 1

5 [|5[n, | > 2en® ] > ZP[IS[nP] — Kmey| 2 2en°‘ﬁ]
1
ZP[S[na] Kine) 2 2€n°‘ﬁ],

which by (2.15) gives

> n" 2P [S(ne) — ppme) > 26n°F] < 0. (2.16)

n=1

We note that 7, = sup{7: P[{ > 7] > #}. We note that 7, > 7,,_;, and

1 1
Pl¢>m] > ywveE Pl¢<m]>1- vt (2.17)

ar—14
If the 7, are all negative then P[{ < O] =1so E({"’) “F " = 0 < oo. Thus, assume that for n
sufficiently large we have 7, > 0. Moreover, we note that by (2.17)

P[Xnk > 1) SP[Xn1 > 7] +... + P[Xppne) > 7a) (2.18)

SnBP[f >'rn] =nﬁ(1—P[§ an]) < %

Furthemore, for k € {1,...,[nf]} define {pnk,1 < k < [nP]} with

b

Prk = sup{p : P[S(ne) — Xnk 2 p] > 7 3

Then we have
(2.19)

Wl

) .
P[Sine) = Xnk > pnk] > 3 P[Sine) — Xnk < prt] >

Using the independence Sj,s) — X,k and Xk, (2.18) and (2.19) we get
P[S[n’] <ttt Pnk] > P[Xnk < Tn, S[nﬁ] - Xne < Puk]

= P[Xnk < Tn]P[S[nﬂ] — Xnk < Pnk]

N =

= (1 - P[Xnk > Tn])P[S[nP] - Xnr < Pnk] >

Now using
Tnw = [Xnk > zencxﬂ + Tn]y R,y = [S[n}’] - Xnk > pnk]
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we see that
P[Sine) > 26n° + pijney] (2.20)
[nf)

> P[Sine) > 26n° + 7 + pr] 2 P[|J (Tok N Roi)]

k=1

]
=Y P[(Tn1 N R1)* NN (Tak=1 N Rak=1) N (Tnk N Ruk)]
k=1

()
> S P[T5 0 . 0Ty N Tak 0 Rui]
k=1

)
> S {P[Tak N Rok] = P[(Ta1 U... U Tak—1) N Ru] }
k=1

(=]

[n*]
> Y P[Tui] {P[Rni] - X_j P[Tne]}

k=1
Having 7, > 0 for sufficiently large n we get

(=°] (=]

N P[Tui] =Y P[ Xk > 2en°F + 7]
k=1 k=1

1
< nﬁP[ﬁ > 2en®f +7a) = nf (1 -Pt< 2en®P + 7)) < T
where we have used the covering identity (1.1) as well as (2.17).
Thus, (2.20) implies that
1
P[S["B] > 2en®P + H[nﬁ]] > ﬁ[nB]P [E > 2en®? + Tn]
for n sufficiently large.
Hence, by (2.16) we conclude that
Z nor-2tfp [{ > 2en®f 4+ ‘r,.] < oo
n=1
which is equivalent to
(==}
3 @™ TPE > 26(2™) % + mam] < oo (2.21)

m=1

Similarly as in Pruss [11] (cf. Lemma 4) we can show that for m sufficiently large we have
Tom+1 < 2™e + Tom.
Assume that M is a positive integer number such that
Tom+r < 25(2"‘)aﬂ +7ym for m>M.
Iterating this inequality for m > M we obtain

Tom < 25(2’")aﬁ + TomM
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11.

12.

13.
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which gives 2¢ (2’“)0“3 + Tym < 45(2"‘)“5 + Tom.
Therefore, using (2.21), we have

3 @™ T PE > 46(2™)% 4+ mpm] < o0

m=

=

which proves that
o
oo > Z noT"2+Ap [{ > 4en®f + rzu]

n=1
e ar—148
> Z n® 2P > (4e + mm )] > constE(EY) T P
n=1

ar—

B
Similarly one can show that E(£™) Ch < 0o, which completes the proof of Theorem 2.2.
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