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ABSTRACT. In the paper we study the continuity properties of the solution set of upper
semicontinuous differential inclusions in both regularly and singularly perturbed case. Using a
kind of dissipative type of conditions introduced in [1] we obtain lower semicontinuous dependence
of the solution sets. Moreover new existence result for lower semicontinuous differential inclusions

is proved.
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1. INTRODUCTION
In the paper we consider the following regularly perturbed multivalued differential equation:

z(t) € F(z(t),a), z(0)==z¢; t€[0,1] (1.1)

Where z € H (Hilbert space), a € D (metric space), F is a multi from H x D into H and has
closed convex bounded images. Moreover F(.,a) is upper semicontinuous, F(z,.) is continuous in
the sense of graph. Let H = H; x H,, H, is Hilbert 7 = 1,2. The following Cauchy problem:

ey(t)

called singularly perturbed is also considered. For € = 0 one has

( B ) € F(z,y), (0) =20, ¥(0)=yo 42

(ig‘)) € F(z,y), 2(0)=zo (1.3)

The last system is called reduced inclusion. The pair of AC z(.) and L, —y(.) is a solution of (1.3),
when (1.3) holds for a.e. ¢t. Suppose F is one side Lipschitz on z we prove that the solution set
Z(a) of (1.1) depends continuously on a in C(I, H). In the literature the continuous properties of
Z(.) are studied when F(.,a) is Lipschitz (in that case F(.) is continuous). So our results are new
also in case of finite dimensional spaces. For F(z,.) with convex graph the upper semicontinuous
properties of the solution set of (1.2) are studied in [2]. The lower semicontinuous properties of
the last set are studied in [3] under different type of hypotheses then theese of [2]. The existnce
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of Lipschitz solution of (1.3) is proved in [4]. Using refined version of the lemma of Plis, Veliov
shows in 3] that the solution set of (1.2) is LSC at e = 0% with respect to C(I, R") x Lo(I,R™)
topology. In both papers F' is assumed to be Lipschitz. In our paper the Lipschitz continuity
requirement of F' is dispenced with. The LSC of the solution set for more general systems than
(1.1) is investigated in [1] for one side Lipschitz F. However F is assumed to be continuous. When
F is only USC it is difficult to show the existence of solutions when F does not satisfy additional
compactness hypotheses. Such a problem is considered in [5] when H* is uniformly convex Banach
space. Here we use the techniques developed there (we generalise theorem 1 of [5]). In section
2 we extend the well known lemma of Plis [6]. In paragraph 3 as a trivial consequence of the
refined version of the last lemma we show the continuous dependence of Z(.) on « for (1.1). We
also obtain existence result for lower semicontinuous diffrential inclusions which do not satisfy
any compactness conditions. In the last section using similar ideas as in [3] we prove the LSC
dependence on ¢ of the solution set of (1.2) at ¢ = 0. We note that the main results in the paper
can be proved also for Banach H with uniformly convex dual H*.

2. PRELIMINARIES.

In the paper I := [0,7T] (commonly T = 1), H (for system (1.2) H = H; x H,) is a Hilbert
space with scalar product < .,. >, while o(z, A) is the support function sup,c4 < z,a >. The
graph of the multi F : H — P;(H) (Nonempty closed convex bounded subsets of H) is the set
éraphF := {(z,y) € Hx H : y € F(z)}. When this set is closed in H x H we say that F
has a closed graph. We denote by d(z,A4) = inf{|z — y| : y € A}. The Hausdorff distance is
Dy (A, B) := max{sup,c, d(a, B),sup,cp d(b, A)}. The multi F is called USC (LSC) at z, when
to € > 0 there exists § > 0 such that F(z)+eU D F(y));(F(z) C F(y)+eU) whenever |z —y| < 6.
Here U = {z : |z| < 1}. The multi F from I x E into P;(E) is said to be almost upper (lower)
semicontinuous (AUSC) if to € > 0 there exists I, with meas(I\I,) > 1 — € such that F is USC
(LSC) on I. x E. The Lipschitz function z with constant < N will be called N—Lipschitz. For
the system (1.2) we will use the following hypotheses:

Al. F(.,.)is USC, closed convex valued bounded on bounded sets.

A2. (One side Lipschitz condition) There exist positive constants Ly, L,, L3, .

If (z1,41), (z2,92) € Hy x Hz and f € F(z1,y1), then there exists g € F(z2,y2) such that:

<z =2, f* = ¢" >< Lilzy — z2f* + Loz — 2allys — w2l
<y1=y2, f' = ¢ >< Lalzs — zallys — y2| — pln — yglz-
Here f* and f’ are the projections of f on H; and H, respectively.
REMARK. Obviously if F(z,y) = Fi(z,y) X F2(z,y) then A2 becomes:
o(z1 = 22, Fi(z1,31)) — o(21 — 22, Fi(22,92)) <
Lilzy = 22 + La|z1 — z3l|y1 — y2l
a(yr = y2, F2(z1,41)) — o(y1 — y2, Fa(22,92)) <
Ls|zy = zallys — w2l — plys — val*.
A2 is a one-side Lipschitz condition combined with a stability-type condition. If the y part of

(1.1) has the form
fly(®) + V((t)

then A2 is equivalent of f is dissipative, i.e.

<y1— v, f(11) = f(y2) >< —plyr — v2f
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and V(.) is Lipschitz. If f(z) = Az (f is linear) and H is finite dimensional then A2 is fulfilled,
when the eigenvalues of the matrix A have negative real parts. Various prototypes of A2 are
common in the singular perturbation literature.

PROPOSITION 2.1. Let Al, A2 hold. then there exist constants k., k,; M such that
|z(t)] < kz;lye(t)| < ky and [F(z,y)] < M,t € I for every ¢ > 0 and every AC (z,y.) with
d[(ze,Ye, Te, €Ye), GraphF] < 1

PROOF. Using standard arguments [7], [3] one can show that there exist r,s such that
r > |z |% s > |y|* and

F=Cir+Cs+C;, r(0) = I-""e(o)lz

€= Dir —ps+ Dy, 5(0) = |y.(0)
where C1,C3,C3, D, and D, are positive constants. Since s < u;(Dir + D;) or § < 0 one has that
r < exp(Cy + C2D1/u)(Cs + r(0)) and s < p;(Dir + D) + s(0). QED.

REMARK. In view of proposition 2.1 we suppose |F(z,y)| < M, since we consider only AC
functions (z,y), satisfying the conditions of proposition 2.1.

The following lemma extend the well known lemma of Plis [6]. Using similar arguments as in
[5] we relax the continuity and Lipschitz assumptions of [6] and refine the estimation as well.

LEMMA 2.1. Let d[(zc,yc, Z, €Y ). Graph F] < & and let y, be N-Lipschitz. Then for every
‘A > 0 there exists a solution (z,y) of (1.2) such that |z(¢) — z.(t)|* < m(t) + A;  |y(t) = ye(t)]* <
r2(t) + A, where r; and r, are the solutions of the system:

1 =4Liry + Lory /Ly + Ci6 11(0) = |z(0) — z(0))
fp =€ T {2Lar — pPr2 + C28} 12(0) = |ye(0) — y(0)]
where C; and C; are constants (depend on M and N, but not on §).

PROOF. Fix v > 0. We claim that there exist M- Lipschitz u(.) and M/e- Lipschitz v(.) such
that d[(u,v,4, €0), GraphF] < v and moreover the following inequalities hold:

[u(t) = z()* < m(t);  Jo(t) = ye(t)[* < n(t), where
m(t) = 4Lym + LonfLy + Ci(§ + v), m(0) = |z,(0) — u(0)/? (2.1)
n(t) = € M{2Lam — un + C2(6 + v)},  n(0) = |y.(0) — v(0)]*. (2.2)
Obviously the claim holds for ¢t = 0. Suppose that it also holds on [0, 7] with 7 > 0. If 7 < 1, then we
let by A2 (f(t),9(t)) € F(u(r),v(r)) to be strongly measurable such that for [z—z| < 6, [y—ye| < 6
the following inequalities are valid:
<z —u(r),&(t) = f(t) >< Lifu(r) = 2(t)* + Lau(r) = z(t)l]v(t) = y(t)] + Crélz = u()].
€ <y = o(7),ge(t) = g(t) >< Lafu(r) = ze(t)lle(r) = ye(t)] = plo(7) = ye(8)[* + C26ly — v(7)].
The existence of such f(.), g(.) follows immediately by A2, when z.(.),y.(.) are simple functions,
because F(u(r),v(7)) is fixed set. The general case is a trivial consequence of the fact that every
strongly measurable function is an uniform limit of simple functions. Since |. —.] and < .,. > are
continuous there exists 7' > 7 such that denoting u(t) = u(7)+f} f(s)ds;v(t) = v(r)+1/e f} g(s)ds,
one obtains
< zo(t) = u(t), 2.(t) — w(t) >< Lyfu(t) — ze(t)]* + Lalu(t) = z(t)lo(t) — y(t)]
+C16|z(t) — u(t)| + 26 M.
€ < ult) = (t), 5elt) = 5(¢) > Lafu(t) = 2Dlle(t) — 3e(8)] — wlo(t) ~ 9O
+C26ly (t) — v(t)| + 26 M.
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becauce u(.) is M- Lipschitz and v(.) is M/e-Lipschitz. Therefore:

lilu(i) = z(t)]? < Lifu(t) = 2() + Lafu(t) = z(t)llo(t) = g (t)] + C1(é + vIM(1 + Ly) .
1d
24t

for a.e. t € [r,7']. If moreover |7’ — 7| < v, then d[(u,v,u,€0). GraphF] < v. Thus the claim

holds also on [0, 7'} and hence on [0,1]. Consider now the sequences {\,}%2,, {(z:,¥.)}%, sucd
that denoting y; = v;z; = u one has |z,41(t) — z,(t)] + |y:41(¢) — 3:.(¢)] < A, v and y,4; are

N/e-Lipschitz. We prove that such sequences exist:

let d[(z.,y:, &, €.), GraphF] < v, for i = 1,2,... and |z,41 — z,| < m,, |yss1 — 4] < n,, where

m,,n, satisfy (2.1) and (2.2) with é,v replaced by v,,v,4; respectively and m,(0) = n,(0) = 0.

Obviously v, 1,41 can be chosen such that |m,(t)| + |n,(t)] < A, (if A, is given). If <, A, < A,

then the sequences {z,}%2; and {y,}%, are Cauchy ones in C(I, H;) and C(I, H,) respectively.

Obviously their cluster points z(.) and y(.) are solutions satisfying the conclusion of the lemma.

QED.

In the same fashion one can prove the next variant of lemma 2.1.

LEMMA 2.2. Let d[(z.,y., 2., €je),GraphF] < 6 on I x H with meas] > 1 -6 andet
t'i[(z,,y[,:b(,ey(),GraphF] < Mon Ax H;A=I\I . For every A > 0 there exists a solution (zy)
of (1.2) such that |z(t) — z(t)]2 < mi(t) + A |y(t) = ye(t)|* < ro(t) + A, where 7, and r; are the

solutions of the system:

[y(t) — v(t)]* < Lalu(t) = z(t)l[v(t) — ye(t)] = plo(t) — y () + C2bly — v(r)| + Cé

t1 S 4Ly 4 Lara /Ly 4+ Ci(6 + a(t))  r1(0) = |z(0) — z(0)]
2 S € T 2Lsr — plra+ Co(§ + (1))} 2(0) = |y.(0) — y(0)]

Here a(t) = M,t € A; and a(t) = 0 otherwise.
The only different step is to prove the existence of u(.) and v(.) such that

fu(t) = ()] < m(t), |o(t) —y(t)* < n(t), d[(u,v,u,ed),GraphF] < v and
< 4lym + Lon/Ly + Ci(6 + a(t) + ) m(0) = |u(0) — z(0)|
i < T 2Lom — i + ColS +alt) + )} n(0) = fo(0) ~ y(0)].

The fashion however is the same and the proof is omitted. QED

Fix « and consider the system (1.1) under the assumptions:

C1. F(.)is USC closed convex valued bounded on the bounded sets.

C2. o(z -y, F(z))~o(z -y, F(y)) < L|z — y|*. Here F(z) =F(z,a).

COROLLARY 2.1. If y(.) is AC function such that d[(y,y), GraphF] < ¢, then there
exists a solution z(.) of (1.1) such that |z(t) — y(t)|*> < r(t) + A, where r(.) is the solution of
7(t) =4Lr +Ce, r(0) = |2(0)—y(0)]. Here C depends on M (see proposition 2.1), but not on e.

REMARK. When H= R™ one can replace A by zero.

3. REGULARLY PERTURBED CASE.

Using lemma 2.1 and corollary 2.1 we will prove our main results, which are similar in the
regularly and singularly perturbed case.

Let M be metric space and let the parameter « € M. Suppose that C1, C2 hold uniformly on
a. Let A C H be compact. Denote the restriction of F on A by F4 and the solution set of (1.1)
by Z(a). The following theorem is valid.

THEOREM 3.1. If lim‘_’AGraphFA(.,a) = GraphF4(.,8) for every compact A C H in the
sense of the HausdorfT distance, then Z(.) is LSC. Le. to every solution x/s(.) of (1.18) there exigs



REGULAR AND SINGULAR PERTURBATIONS 703

a net z,(.) of solutions of (1.1a) such that z, (.) converges uniformly to z4(.) as a — /3. Moreoer
if limq, gGraphF(.,a) = GraphF(.,8), then Z(.) is continuous.
PROOF. Let z(.) be a solution of (1.1g). The set

A:={z€ H:3tel:z=z(t)} is compact. Therefore

Dy(Graph Fy(., @), GraphF4(.,8) — 0 as @ — 8. The proof is complete thanks to corollary 2.1.
QED

If hm,‘_,sl}f(GraphFA(.,a),GraphFA(.,_B)) = 0, where D*(C, D) = sup.infeep|c — d|,
then Z(.) is LSC.

Consider now the following nonautonomous problem.
I(t) € F(t,I), .‘5(0) =Zo (31)

H1. For every z € H, F(.,z) admits a strongly measurable selector, F(t,.) has a closed graph,
F is convex compact valued and |F(t,z)| < K(1 + |z|).
H2. o(z —y, F(t,z)) — o(z — y, F(t,y)) < L|z — y|?, recall that H is a Hilbert space.

Consider also the discretized version of (3.1).
i(t) € F(t,z(n)), z(0) =z, tE€|[n, ) (3.2)

Here 7, = th,h = 1/k. Denote by R(1) and R(2) the solution set of (3.1) and (3.2).
THEOREM 3.2. Under H1- H2 the differential inclusion (3.1) admits nonempty compact
solution set. Moreover there exists a constant C with Dy (R(1), R(2)) < ChY/2,
PROOF.. First note that there exist N > |F(t,z)| and M > |z| when

z€ F(t,z+U)+ U, =z(0)==z0o

Let z(.) be a solution of (3.1). We construct y(.) on 7, 7,4+1) as follows y(t) € F(t,y(w)) is such
that

< z(t) —y(n),z(t) = 9(t) ><  L|z(t) — y(n.)|>. Therefore

<z(t)—y(t),2(t) —y(t) >< < z(t) —y(n),z(t) - y(t) > +

<y(n) —y(t).&(t) = y(t) ><  Llz(t) = y(r)* + (t = n)N|£(t) - y(t)]|

< Liz(t) — y(t)* + 2M N Lh.

If m = |z — y|? then m(t) < exp(2Lt)AMNLh, i.e. |z(t) — y(t)| < 2exp(Lt)(MNL)"?h'/2. That
is C = 2exp(L)(MNL)'?. Let now y(.) be a solution of (3.2). Consider another partition of [0, 1]

on subintervals [77,75,), 77 = jh,. Choose
&(t) € F(t,2(77)) with < 2(7]) = y(n.), £(t) = §(t) >< L|z(7]) ~ y(r)[*
Analogously following inequality holds
< z(t) — y(t), 2(t) = §(t) >< Llz(t) — y(t)]* + 2MNL(h + h2)

Using the construction in the proof of lemma 2.1 one can show that for every such y(.) and every
s0 A there exists a solution z(.) of (3.1) such that |z(t) — y(t)| < Ch}/2 + ). Here C is determined
above. Since F(.,.) is compact valued one has that the solution set R(2) of (3.2) is C(I,H)
compact and hence the solution set of (3.1) is compact. Thus A can be replaced by 0. QED
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Obviously using the same fashion and more careful estimations one can prove the variant of
theorem 3.2 for Banach H with uniformly convex H*.

THEOREM 3.3. Under Hl and o(3(z —y), F(t,2)) - o(y(z —y), F(t.y)) < L]z — y|?, where
j(z) == {e € H" :< e,z >= |z|* and |e| = ||}, the differential inclusion (3.1) admits nonempty
compact solution set such that limye0+ Dr(R(1), R(2)) = 0.

Using this result one can obtain interesting existence result for LSC differential inclusions.

Corollary 3.1. Let G be closed valued almost LSC multi satisfying the inequality of theorem
3.3. Denote F(t,z) := Nesocleco{u: u € G(t,y) : [y — z| < €}. If F satisfies H1 then the following

differential inclusion admits a solution
z(t) € G(t,z), z(0)=xo (3.3)

PROOF. Let N be as in the proof of theorem 3.2. From theorem 2 of [8] we know that there
exists a TV*+! continuous selection g(t,z) € G(t,z). Recall that f(.,.) is called T'V*! continuous
at (t,z) when f(t,,z,) — f(t,z) whenever |z, — z| < (N 4+ 1)(t, —t) and ¢, \, t. An obvios
modification of the proof of theorem 6.1 of [9] shows the existence of solution of # = g(¢,z). QED.

REMARK. The question of the approximation of the solution set of (1.1) is studied in [10] for
general nonauthonomous systems. We note only that to the author’s knowledge all the existence
refults in the litherature use compactness conditions on G or the nonemptiness of the interior of
cleoG(., .). (see e.g. §9, 10 of [9])

4. SINGULARLY PERTURBED CASE.

In this section we consider the differential inclusion (1.2). The next theorem shows the LSC
dependence of Z(¢) at e = 0% with respect to C' x L, topology.

THEOREM 4.1. Suppose Al, A2 hold. Let (z,y) be solution of (1.3) and let y(.) be
continuous. If 7 € (0.1) and if § is fixed then there exists €(6) such that to every € < ¢(é) we have
|z(t) — z(t)] < & and |y(t) — ye(t)|r, < 6 for some solution (z,y.) of (1.2).

Proof. Fix A > 0 and € > 0. Let 2(.) be N-Lipschitz function such that |z(t) — y(t)] < A.
Therefore d|(z, z, , €2), GraphF] < A + Ne, since d[(z,y,%,0),GraphF] = 0. From lemma 2.2
there exists a solution (z,y.) of (1.2) such that |z(t) — z(t)] < r(t), |2(t) — y(t)| < s(t), where s?
and r? are the maximal solutions of the system:

(r3) = 2Lyr? + 2Lgrs + 2MA  (0) = 0
(s?) = 2Lars/e — 2us’ /e + 2(Mfe+ N)X  5(0) = |z(0) — ol
Let m > r? and n > s? be such that
m=3L1m+L2n/L1+M/\ m(0)=0 (41)

n = 2Lsm/(ue) — unfe + 2(M/e + N)X, n(0) = |2(0) — yo| = no (4.2)

Then m(t) > 0 for a.e. t € I. Using the Cauchy formulae and integrating by parts one obtains
from (4.2) n(t) < exp(—ut/e)ng + 2A(Ne + M)/u + 2Lzm/u. From (4.2) one obtains m(t) <
(3Ly + 2L3/p)m + 2L A\(Ne + M)/(L2p) + exp(—pt/€e)no. Denote ¢; = 3Ly + 2L3/p and ¢; =
Ly(M + Ne¢)/(Lap). From the Cauchy formulae follows

m(t) < exp(ct)[no. /ot exp((—p/e = c)T)dr + . /ot exp(~erm)d7]
< exp(art)(c2h + noe/ ]
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Denote c3 = 2(M + Ne+ 2L3/p)/p; ca = exp(cit)/u hence n(t) < exp(—u7/e) + c3A + cqe. Thus
n(t) < noe/(uT) + c3) + cq€ on [7,1] since exp(—ut/e) < €/(pT). Since ¢;,c2,¢3 and ¢4 do not
depend on 6 one can find A and € such that n(t) < § and m(t) < é. QED.

COROLLARY 4.1. Under Al, A2 the solution set Z(¢) depends lower semicontinuously on
€at e=0%.

PROOF. Let (z,y) be a solution of (1.3). Fix é and ¢. Since y(.) is bounded one has that
there exists K > 0 and K — Lipschitz z(.) such that |2(t) — y(t)| < ¢ on Iy and |z(t) — y(t)| <M
on A. Here Ipand A are as in lemma 2.2. Thus d[(z, z, %, €2),GraphF] < § on Iy x Hwith mas
Is>1-6and d[(z,2,%,€ez),GraphF] < M on A x H for small e. From lemma 2.2 there exists a
solution (u,v) of (1.2) with [z(¢) — u(¢)|? < ri(t) + A;  |2(t) — v(t)|* < 72(t) + A, where r; and r,

are the solutions of the system:

71 4Ly + Laro /Ly + Ci(6 + a(t))  71(0) = |z(0) — z(0)]
f2 S € TN 2Lary — plry + Ca(6 + a(t)) + K€} m5(0) = y(0) — y(0)]

One has only to prove that (ry,r;) converges to zero in C x L, as ¢ — 0, which is standard and
is omitted. QED.
EXAMPLE 4.1. Consider the system

#(t) € 23 + |y| +[0,1] z(0) = 0.
ey(t) € —y+[0,1] y(0)=1.

Obviously the solution set of this system is not LSC at € = 0, because the first inclusion is not

Lipschitz. Consider however

#(t) € —z'3 4 |y| +{0,1] =z(0) =0.
ey(t) € —y+(0,1] y(0)=1.

The solution set of last system is LSC since theorem 4.1 holds, however the right-hand side is not
Lipschitz. This is true also for the first inclusion (without y(.) and without singular perturbation).
In that case theorem 3.2 is valid.

As we have seen the LSC dependence on parameters in regulary and singulary perturbed cases
can be investigated under the same approach. The USC dependence however can not. We give an
example for system which is not USC at e = 0*.

EXAMPLE 4.2. Consider the system

ex(t) = —z+ w(t) z(0) =0, here w € [-1,1].
ey(t) = -2y +w(t) y(0)=0

For € = 0 the solution set of this system is R(¢) = (w(t), w(t)/2) where w(.) is arbitrary measurable
w(t) € [-1,1]. Let wa(t) = 1,t € [(2k)/(2n),(2k + 1)/(2n)); wn(t) = —1 otherwise. Consider
the sequence ¢, = 1/(2n). Let (z,,yn) be the solution of the system for w = w,. It is easy to show
that lim, o+ f |Zn(t) — 2ya()|dt > (e — 1)*/(e* — 1). Thus the solution set of this system does
not depend USC on € at 0% in L, — strong topology (of course z, — 2y, — 0 in L;-weak). This
example is studied in [7].
5. CONCLUSION REMARK.

We note that using the properties of the duality map j(.) (see theorem 3.3 for definition and

[9] for the properties) one can prove similar results as theorem 3.1 and theorem 4.1 in case of
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uniformly convex Banach space H*. Using technique as in the proof of theorem 3.2 and by more

carefull estimations one can obtain similar results also in case of nonautonomous system.
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