Internat. J. Math. & Math. Sci. 69
VOL. 21 NO. 1 (1998) 69-72

ON SOME COMPACT ALMOST KAHLER LOCALLY SYMMETRIC SPACE

TAKASHI OGURO

Department of Mathematics and Information Science
Graduate School of Science and Technology
Niigata University
Niigata, 950-21, Japan

(Received April 8, 1996 and in revised form May 3, 1997)

ABSTRACT. In the framework of studying the integrability of almost Kahler manifolds,
we prove that if a compact almost Kahler locally symmetric space M is a weakly *-Einstein

manifold with non-negative *-scalar curvature, then M is a Kahler manifold.
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1. INTRODUCTION

An almost Hermitian manifold M = (M, J,g) is called an almost Kahler manifold if the
corresponding Kahler form is closed, or equivalently 6 9((VxJ)Y,Z) =0 for all X, Y,

Z € X(M), where X(M) denotes the Lie algebra of a.ll smooth vector fields on M and (-5

denotes the cyclic sum with respect to X, Y, Z. By the definition, a Kahler manifold (VJ 0)
is necessarily an almost Kéhler manifold. It is well-known that if the almost complex structure
of an almost Kéhler manifold M is integrable, then M is a Kahler manifold. A non-Kabhler,
almost Kéhler manifold is called a strictly almost Kahler manifold. Several examples of strictly
almost Kahler manifolds have been constructed ([1], [6], [9], [13] and so on).

Concerning the integrability of almost Kahler manifolds, the following conjecture by Gold-
berg is known ([4]).

CONJECTURE. The almost complex structure of a compact almost Kahler Einstein
manifold is integrable.
About the above conjecture, some progress have been made under some additional curvature
conditions. For example, Sekigawa proved that the conjecture is true if the scalar curvature is
non-negative ([11]). Further result have been obtained ([2], [3], [7], [8], [10], [12] and so on).

On any almost Hermitian manifold, we can define Ricci *-tensor, an analogue of the Ricci
tensor, but involving the almost complex structure (see (2.1) below for the definition). On
a Kahler manifold, the Ricci tensor and the Ricci *-tensor coincide. Therefore, it is natural
to consider star-version of the Goldberg conjecture. An almost Hermitian manifold is called

weakly *-Einstein if the Ricci *-tensor is a (not necessarily constant) multiple of the metric
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and *-Einstein if the Ricci *-tensor is a constant multiple of the metric.

In the present paper, concerning the star-version of the Goldberg conjecture, we shall prove
the following.

THEOREM. Let M = (M, J,g) be a compact almost Kahler locally symmetric space
which is a weakly *-Einstein manifold with non-negative *-scalar curvature. Then, M is a
Kahler manifold.

The author express his sincere thanks to Prof. K. Sekigawa for his many valuable advice.
2. PRELIMINARIES

Let M = (M, J, g) be a 2n-dimensional almost Hermitian manifold with the almost Hermit-
ian structure (J, g) and § the corresponding Kéhler form of M defied by Q(X,Y) = ¢(X, JY)
for X, Y € X(M). We assume that M is oriented by the volume form dM = (;nl-')—nﬂ".
Let V be the Riemannian connection and R its curvature tensor given by R(X,Y)Z =
[Vx,Vy]Z — Vixy)Z for X, Y, Z € X(M). We denote by p and 7 the associated Ricci
tensor and the scalar curvature, respectively. Moreover, let p*, respectively 7*, denote the

Ricci *-tensor, respectively the *-scalar curvature, defined by

p*(z,y) = 9(Q*z,y) = trace (z — R(z,Jz)Jy), (2.1)

™ = trace Q,

for z, y, z € T,M, the tangent space of M at p € M. By using the first Bianchi identity, we
have easily
‘ p*(z,y) = % trace (z — R(z, Jy)Jz). (2.2)
Thus, in general, p* is neither symmetric nor skew-symmetric. But it satisfies the following
identify.
P(X,Y) = p*(JY,JX),

for any X, Y € X(M).

Let {el, e ,eg,.} be an orthonormal basis of T,M at any point p € M. In the present
paper, we shall adopt the following notational convention:

Rijki = g(R(es, €j)ex, 1), Riji = g(R(Jes, e )er-e), -, Rizar = g(R(Jey, Je,)Jex, Jer),
Py = ples ;). o5 = p(Jes, Je5),  py, = p(ess€5),- .. 03 = p*(Jei, Jej),
JlJ = g(Jen e,), Vijk = g((ve.'])ep ek)v

and so on, where the latin indices run over the range 1, 2, ..., 2n. Then, we have easily
Jij = =Jsi ViJjk = =ViJij, Vidsk = =ViJ. (2.3)

Now, we shall define smooth functions A, B on M respectively by

2n
A= Y (VaJi)(VaJ)Riju,
a,1,3,k,l=1
2n
B= Y (Vedi))(Vadu)(Vsdij) VT,

a,b,1,,k,l=1



COMPACT ALMOST KAHLER LOCALLY SYMMETRIC SPACE 71

at any point p € M.
Now, we assume that M = (M, J,g) is an almost Kahler manifold. Then it is known that
M is a quasi-Kahler manifold, namely, the equality

ViJje = =ViJ5 (2.4)

is valid. Thus, it follows immediately that M is a semi-Kéahler manifold, namely, the equality
2n
Y Veli=0 (2.5)
a=1

is valid. We now recall the following curvature identity established by Gray ([5]):

2n

Rkt — Ryjpi — Rizu + Rizri + Rijje + Rijui + Rijei + Rygg = 2 Z(V,J.-,)V.,Jk,. (2.6)
a=1
From (2.1) ~ (2.3) and (2.6), we have easily
2n
P+ === Y (Vadit)VaTjks
a,k=1
and further
IVJ|? = 2(7* = 7). 2.7

On one hand, transvecting > _,(VsJ,;)VsJir with (2.6) and taking account of (2.4), we have
easily

B =4A. (2.8)
Further, we may easily observe that M is Kahler if and only if B = 0 holds identically on M.
3. PROOF OF THEOREM

Let M = (M, J,g) be a 2n-dimensional compact almost Kahler locally symmetric space
which is weakly *-Einstein with 7* > 0. We define a smooth vector field £ on M by

2n 2n
f=2( Z Rukl-’:chJkl)ea

a=1 “i,3,k,l=1
at each point p € M. Then, taking account of VR = 0, the Ricci identity and (2.2), we have

2n
div{ = z Va(Rtjlit)VaJkl)

a,1,3,k,1=1

= Z Ry;xi(VaJij)Vadu + Z Rijuid,;, Vi Ju

=A=" Rjudyy(Vidia + ViJur)

=A+ Z Rijxidy;(Raktv Jsa + RakasJis + RatasJok + RatksJas)

=A- z Ry ety Raptk Jap — 2 Z Riykidyy Jisprs

=A+4) (o) -4 pipu (3.1)
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Since M is weakly *-Einstein, from (3.1), we have
dive=A+ %‘r'(‘r‘ —7).
Thus, form (2.7) and (2.8), we have finally
dive = %B + %r'uwu?.
Therefore, by Green’s Theorem, we obtain a following integral formula:
/M(nB +47*||VJ||2)dM = 0.

Since B > 0 and 7* > 0, it must follow that B = 0 holds identically on M, and hence M is a
Kahler manifold. This completes the proof of Theorem.
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