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ABSTRACT. In this paper, a new inequality for the weight coefficient w(g, ) in the form

= 1 n\ Ve T 1 1 1
w(g,m) '_"; m+n(;) < sin(r/p) 2nl/P +n-1/s (q >1, ? +E =lne N)

is proved. This is followed by a strengthened version of the Hardy-Hilbert inequality.
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1. INTRODUCTION
00
Ifa,>0,0< 3 n2a2 < oo, then the Karlson's inequality is

n=1
(ia,.) <7r22 Zn a,‘, (1.1
n=1 n=1

where the constant 72 cannot be made smaller. However, it can be strengthened (see Mikhlin [1], p. 7)
as

RS EEHE

In recent years, considerable attention has been given to develop some types of strengthened
inequality (see [2]-[10]) by estimating the weight coefficient w(g,n) as

wig,n) = Z (m+n) ( )I/q(q> L,p'+¢l=1neN). 1.3)

Some improvement of Hardy-Hilbert's inequality (see Hardy et al. [11]) has been made in the form

00

- 1/p 0 1/q
WL mn(w/p){;a"} {glb,’;} . 14

In their recent work, Xu and Gau [2] considered the following weight coefficient (1.3) and proved
the following inequality
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T Mp o
w(Q» n) < sm(7r/p) - nl/p +n-1/g’ T =P 1 (15)
Then a strengthened Hardy-Hilbert's inequality
. . 1/7 ¢ o 1/q
amb, T p-1 » T __a9-1 7
by Z; m+n S {,.;[sin(w/p) nl/v+n-1/q]“"} {,.Z;[sin(f/v) n"’+n“"’]b" (49

was proved. The key is to estimate the corresponding weight coefficient effectively. Hsu and Wang [3]
proved the following inequality

w2,n) <m— %, 6= \% -1=112132* (neN). a7

Then they gave a new strengthened Hilbert's inequality which is the same as (1.6) with p=2.
Since 0 in (1 7) is not the best possible, Gau [5] obtained the best possible value of

0=m— 2 Neey (7-) = 1.2811*. Subsequently, Gau [6] considered the general case and proved a

new mequahty for the weight coefficient w(g, n) as

w(q,n)<sg(:w—% (q>l,% %=l,n€N), (1.8)
where 6, = (p— 1). Recently, Gau [7] replaced (p — 1) by 8, = 6,(n) > 0in (1.8). But the problem is
that 6,(n) depends on both p and ¢. Simultaneously, Yang [8] found that 6, = 6 = 0.341295%, but the
constant 8, = 6 is not the best possible value. Finally, Yang and Gau [9] found the best possible value
for 6, = 6 =1 — C = 0.42278433*, where C is a Euler constant. They also proved the following new
Hardy-Hilbert's inequality

T 1-C VP ( o - 1-C 1/q
szw {E[sm(w/p) ‘J/?}“ﬁ} {Z[W‘W]"ﬂ} - 09

m=1n= n=1 n=1

It is important to point out that (1.5) and (1.8) are different, and the constant 7, in (1.5) depends on p.
The main objective of this paper is to prove an improved version of (1.5) as

1

s
W(qyn) < sm(w/p) - 211,]/7 +n-l/q

(q>1,% 5—1 neN) (1.10)

and then prove a strengthened version of Hardy-Hilbert's inequality as follows:

1/p 1/q
) - 1 ) [ T 1
Z Z m+n {Z [5“1(7"/?) 2n1/P+n‘1/9] a"} {Z [sin(w/p) - 2n1/¢+n-l/p] b‘,’,} - (11D

m=1 n=1 n=1 n=1

For this, we need the following inequality (see Yang [8] Lemma 1): If
f(z) >0, f%V(z) <0, f%)(z) > 0,z € [1,00)(r = 1,2), f(00) = O(r = 0,1,2,3,4),
and [;* f(z)dz < oo, then

> sm) < [ f@ua+ 310 - 5 ). (112)
m=1
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2. SOME LEMMAS
LEMMA 2.1. Ifg>1,p ! 4+qg ' =1,n € N, then

wlg,m) < ~ 5 Un(e) +0a(2)) @1

-
sin(w/p)
where w(g, n) is defined by (1.5), and

1 1 1

fa(®) =P+ + + +
M =P 1 T U+ | 12pn? T 31+ 3p)d

= 7 1,1 7
9P = Topm T 20+ 2pm? 12 20 12m2 1208

PROOF. Let

1

f@) = G’

z €[1,00)(¢ >1,n € N).

By (1.12), we obtain that

b 1 7 1 1 1
Z / ——dz + (— - = + ) 22)
(m+ n)ml/q = (z+n)zle 12 12p)1+4n  12(1+n)? ’

Since

1/n 1/n oo
./o a +y)yl/v / 2 (~1y ey
v v- ( - l)v
= Z( -1) / Vagy = - E DY sy

(-1 _ (=1 5 (-
nl/PZ(l+vp)n" m[p+z ,,Z.__;V(1+VP)""]'

v=1

Putting z = ny, we find that
® 1 1 [~ 1
/1 Grman =R /m arown @
LS Y e Y LA
~nll /o A +yp'e y—./o Trowin @
- ladm - S|
nl/a | sin(n/p) nl/P & (1+vp)n¥

1 n 1 3(-1)” 5 (-1)”
<MW‘5[‘” D B e b

v=1 v=1

we then find that

and

- Y P T2, 3
(l+n) T nz n? n n2)’

Substituting the above results in (2.2), by (1.5), we have (2.1). This proves the lemma.
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LEMMA 2.2. Ifp> 1, n € N, then

1 1 1
fa(P) + 9n(p) > 2 12n a3 23)
PROOF. Since
1+n? 1 1
! =1- - -
@ 12n2p2 (14 p)’n  (1+3p)°n3
1+n? 1 1

>1- - -
122 (141)%n  (1+3)%n3

and )
9n(p) = 12P2n 1+ 2p)*n2 >0,
then f,.(p) + g.(p) is strictly increasing for p € (1, 00), and
12(9) + 6a(0) > Hm(fal0) + gn(P) = 3 ~ 7=~ 515,

'l:hus the lemma is proved.
LEMMA 23. Ifg>1,p' + ¢! =1, n € N, then inequality (1.10) is valid. So is the following
inequality:

T 1

wip,m) < sin(w/p)  2nl/a +n-1/p° @49
PROOF. Since forn > 3,
R ST RN JEE U1 S N A
2 12n 2nd 2n 2 n\6 24n 2n2 4nd 2’
then
1 1 1
2 12n 273 > 2+n-1 (n23)
By (2.1) and (2.3), we have
wlgyn) < —— — L l__l__L)
e sin(mr/p) nl/P\2 12n 2n3
s 1
- >3).
< sin(w/p) 2nV/P 4+n-1q (n 23)
Taking 6, = 1 — C, by (1.8) (see Yang and Gau [9]), we find that
T 1-C ™ 1
WO < ST T T st 2x1T1 23
Since C < 3/5 = 0.6, then we have
1 1-C
2 x 2P 4 2-1/q < 2l/p °
and
wig2) < —m— -0 T 1 2.6)

sn(n/p) 27 " sn(n/p)  2x2VF F2
It follows that for n = 1,2, (1.10) also holds. Then (1.10) is valid for any n € N. Interchanging p, g in

(1.10), since =%~ m(r = squ), we have (2.4). The lemma is proved.
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3. MAIN RESULTS
THEOREM3.I. Ifp>1, pl+g =1, a, 20, 6,20, and 0< 3" a? < oo,

n=1

00
0 < 3 b2 < oo, then inequality (1.11) is valid. We also have

n=1
o0 0 14 -1 oo
Qn ™ ™ 1
"gl(;mﬂ) <[sin(7r/p>] E[sin(w/p)'znw+n-1/v]“*' Gn

n=1

When p = ¢ = 2, this inequality reduces to the form

g(im+n) wg - m]az (3.2)

PROOF. By Holder's inequality, we have

00

) B )"”am][(m g (2)7]
{sz+n( )l/q } {g‘:i ( )l/pn}l/q

m=1n=1

e} el

~{Suama) {0 o)

n=1

[V]a

Hence, by (1.10) and (2.4), inequality (1.11) holds.
Since by (2.4), w(p,n) < then by Holder's inequality, we obtain

M(R/v) ’

N O M| ol

® 1 1/q , 1P ( o 1 m1/p 1/q
S{; m+n(_) 4%} {§m+n(;) }
=~ 1 rm\1] r y
- (Sl ) o
[ 1 val 1P e
<{§ o (m) a,»;} {=tm)

By (1.10), we find
1P/¢ 0 o 1

™ n\1a
7] o mm) %

m=1n=1

[
- [sm(:/p)]rlg [,2 e (ﬁ)w] o
[

T 171
- w(g,n)a}
sin(/p) | ,.Z;: "

-1 o© [ - _ 1 ] )
< [sin(w/p). sin(r/p) _ 2n1/7 + n-174 | "

n=1

This proves result (3.1). Thus the proof of Theorem 3.1 is complete.
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4. CONCLUDING REMARKS
(a) Inequality (1.11) is a definite improvement over (1.6).

(b) Since, forn > 3, C > (££), then

L 1 T _ 1-0)
sin(n/p) 2nl/? +n-19 " sin(n/p) nl/p

, (n23). @4.1)

In view of (2.5), (2.6) and (3.3), it follows that (1.9) and (1.11) represent two distinct versions of
strengthened inequalities. But they are not comparable.
(c) Inequality (3.1) reduces to

o [ oo P P o
a, T
Z<Zm+n) < =Gl 5= ¢

m=1 \n=1 n=1

This is an equivalent form of Hardy-Hilbert's inequality (1.4) (see Hardy et al. [11], Chapter 9).
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