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ABSTRACT. This paper is concerned with the transient waves created by a line heat source that
suddenly starts moving with a uniform velocity inside a thermoelastic semi-infinite medium with thermal
relaxation of the type of Lord and Shulman The source moves paralle! to the boundary surface which is
traction-free. The problem is reduced to the solution of three differential equations, one involving the
elastic vector potential, and the other two coupled, involving the thermoelastic scalar potential and the
temperature. Using Fourier and Laplace transforms, the solution for the displacements have been
obtained in the transform domain. The displacements have been calculated on the boundary surface for
small time
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1. INTRODUCTION

The problem of heat sources acting in an elastic body is one of mathematical interest as well as of
physical importance The dynamic heat source problem was first investigated by Danilovskaya [1] using
the uncoupled theory of thermoelasticity. The problem of instantaneous and moving heat sources in
infinite and semi-infinite space, and static line heat sources in semi-infinite space were considered by
Eason and Sneedon [2], Nowacki [3] and others, under the coupled theory of thermoelasticity Dhaliwal
and Singh [4] gave the short time approximation due to a suddenly applied point source inside an infinite
space. Nariboli and Nyayadhish [5] gave exact solutions of the one-dimensional coupled problem of
impulse and thermal shock at the end of a semi-infinite rod for small time.

However, the coupled theory of thermoelasticity suffers from a serious drawback, namely, the heat
conduction equation is parabolic and consequently predicts an infinite velocity for heat propagation To
remedy this defect the theory of generalized thermoelasticity with one relaxation time was formulated by
Lord and Shulman [6]. The heat conduction equation here is a hyperbolic one so that there is a finite
speed of propagation for thermal waves.

Nayfeh and Nemat Nasser [7, 8] studied the problem of transient waves in thermally relaxing solids
Wang and Dhaliwal [9] have studied the fundamental solutions for generalized thermoelasticity, including
problems of body force and heat source.

In this paper, we make a study of the thermoelastic disturbances created by an internal line heat
source that suddenly starts moving uniformly inside a semi-infinite space with thermal relaxation. The
problem is solved by using joint Fourier and Laplace transforms. The expressions for displacements in
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the transform domain indicate the existence of dilatational, transverse and thermal waves inside the
medium. The displacement components have been evaluated on the boundary for small time only, the
general inversion being too complicated. Presence of high thermal damping makes the short time solution
meaningful.
2. FORMULATION OF THE PROBLEM

We consider a homogeneous isotropic thermoelastic solid occupying the region o > — h which is
initially at rest, and the free surface z; = — h which is stress free. A line source starts moving suddenly
inside the medium at a depth h below the free surface uniformly in the z; direction. The line source is
parallel to the z3 axis so that all quantities are independent of 3, and the third component u3 of the
displacement vector vanishes. The governing equations are:

1. Strain displacement relation

2e; =u,; 4y, i,j=12. 2.1)
2. Stress-strain relation
Tij = 2ue,; + Aegrbij — v06,,, i,5=1,2. .2
3. Heat conduction equation
pco(6 +708) +~8p(i,, + 7otk ,,) — Q —T0Q = kb4, i=1,2. 23)
4. Equations of motion
A+ p)uyy +pgy — 8, = pit,, 1,5=1,2. 249

5. Initial conditions and boundary conditions
The initial conditions are

u, =0, =0, at t<0 in z3> —h .
, =1,2. 2.5
4, =0, 6=0, at t<0 in xzz—h,} =t @)
The stress-free boundary conditions are
Tige =T =0 on zo=—h for t>0. (2.6)
The regularity conditions are
6,u; =0 as zy — 00, Ty — £ o0. 2.7
The thermal boundary condition at zo = — h is
H,6+ Hz65 = 0. 2.8)
Scalar and vector potentials ¢, (0, 0,) are introduced as follows:
up=¢1+¥2 }
TPl 2.9
ug=¢2— ¥, @9)
where
¢ = ¢(z1,22,t) and P = (z1,72,1).
Taking divergence and curl of equations (2.4) gives
Vip—mb= 3, (2.10)
)
V= b, @1
%

where
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82 82
2 9 , 0
V= oz? + oz%’
From equation (2.3), we have
kV26 = pc,(8 + 78 ) + 160 (Vad + 10V ) — Q — 70Q. (212

Introducing the following dimensionless quantities
T; = 2;/(Crw), Un/(Crw), 6=m4,
0 =¢/(Crw)’, ¥/(Crw)’, T=t/w,
T= TO/“", Q= mQ/pCv: ?t] = TiJ/F'» (2.13)
where w = k/pc,C2 is of the dimension of time, (2 14)

the equations (2.10)-(2.12) become

—_—2=— - 1=
_5=13 2.15
Vo= (6+78) +<(V'3+79'8) -7 -0, @17)
where
N
= %?_'_E% (2.18)

and € = p'zchcfon,, is the coupling parameter.

Henceforth we shall omit the bars in equation (2.15)-(2.17). We shall also write z, y for z,, r2 and
u, v for u;, us respectively.
The Laplace transform of a function A(z, y, t) with respect to ¢ is defined as

00
SAGu) = [ ™A@ = A@un)
0
and the Fourier transform of A as

3'(‘a (I, Y, P)) = /m e—‘fzj (z! Y, p)d.‘b‘ =A" (E’ Y, p)‘

-0

Inverting the transforms gives
-1 1 it - 1€z
A(zsyat) =£ '2— A ({v‘yv p)e d€
T J-00

where £! denote the inverse Laplace transform.
Taking Laplace and Fourier transform of both sides of equations (2.15)-(2.17), we have

d2 -
[@ . p2]¢ =0, (2.20)
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(Z-e-ssm)r-ausm(-¢)e=-a+me. e

The stresses are transformed as

T =2 G+ (284 )8 222)
5, = (° +26%)¢" — 2i¢ %. (2.23)
=2 —— d¢‘ ﬁ; +p’y". (2.24)

The moving source is located at the origin, at time ¢ = 0" and starts moving along the positive z-
axis, with uniform velocity V. The source is assumed in the form

Q =Qué(z - VI)5(»)H(t), Q" =Qoé(y)/(p+iV). (225)

In solving the above equations (2.19) (2.21), we impose that ¢*, ¢, 6%, satisfy the regularity
conditions at infinity. Moreover,

T, =7,=0 on y=—h (2.26)

Further, since the stress components are continuous across y = 0, it follows that
d¢* d’¢" . dyt diy
dy d y2 b ) dy Y d y2 b}

¢, (2.272)

are all continuous across y = 0.

To obtain the jump discontinuity due to the presence of §(y) in Q*, equation (2.21) is integrated
fromy = —ntoy=mn, (n>0), and finally n made to tend to 0*

d3¢t _ de*

dy’ y—0* dy

= —(1+p7) Qo (2.27b)

Y0 p+ iV’

3. SOLUTION OF THE PROBLEM
Substituting from equation (2.19) in equation (2.21), we get a fourth order equation in ¢*

[ - (Z+saraa+m)p+ Ba+m]e = -@f Bl 6

where
d 2
= _¢2, 2
D=—5-¢ 3.2)

The solution of (3.1) satisfying regularity conditions is

Aje @V + Age ™V + Aze™V + Aje™V, —h<y<0
¢ = 3.3)
Bye Y + Bje Y , y>0
* 1/2
v =Cexp{ - (€+5)""y}, -h<y<oo 349

where
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oy = +%[p(1 +o01 +w)+§] x;

2 3 1/2
<% +p(1+pr)(1+ e)) - 4%(1 +p'r)} , 3.5

a} , both are assumed to be real and positive.
The displacement fields u*, v* are

{ 1€(A1e7%Y + Age Y + Aze®V + Ae™) — Chie™™¥, —h<y<0

*

U= (3.6)
i€B1e %Y + i€ Bye~%Y — Chie™™V ) y>0
—a1A1e”Y — gy Ase™ + a; Aze®Y + ag A%V —iCe™™Y, —h<y<0
—a;B1e™®Y — gy Bye Y — ifCe™™Y , O0<y<oo
where by = (¢ +p2)1/2. (3.8)

Using conditions (2.27a) and (2.27b), we obtain a set of four equations involving the six constants
Alt A?r A3r A4) Bly B2:

A +Ay+A3+A—B—B; =0 3.9)
a1A; +aAy +a1A3 +asAy — a1 By — 9By =0 (3.10)
G%Al +0%A2+G%A3+G§A4 —G%Bl —ang =0 (311
1+ pr7)
34, + a3 Ay + a3 A + a3Aq — a3By — 3By = Qo - : 3.12
ajA1 + a3 Az +ayA3 + a3 Ay — a1B1 — 3 By Q°p+i§V (3.12)
The conditions (2.26) imply
d(Are®™® + Age™h + Aze™h + Age™) + 2ithCeM* = 0, (3.13)
2i§(a1A1e“"‘ + agAge™* — ay Aze ¥ — aﬂhe‘“"’) —dCe"h =0, (3.14)
where d=p*+2¢. (3.15)
The thermal boundary condition (2.8) gives
(A) Hy=1 Hy=0 ie, 6§=0 on y= —h, (3.16)
(the zero temperature boundary condition)
®) Hy=0,Hy=1 ie, ,=0 on y= —h, 3.17)

(the zero heat-flux condition on the boundary).
For case (A), on using equation (3.3) and (2.19) condition (3.16) reduces to

Ar(a} = B)emh + Ay (o} — B)e™ + Ag(a — )t + Au(a — H)e =0 (3.18)

where by = & + (p2/F°). (3.19)
From equations (3.9)-(3.14) and (3.18), we obtain

A= - K[e("""')"(al + ag){d2(a1 —ap) — 4¢b1a1ay + 4§2blb§}
+8a1£%by (a3 — b3)]/a1 Deln et (3.20)
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Ay = — K[k (a) + ay){d?(as — a1) — 4€%b1a10p + 4€2b, b3 }
+ 8a2€%by (a} — b2))/ag Deler ok, (3.21)

=K/a;, Bi=A;+ A3, Bo=Ay+ Ay,

and C = ide ™" (A " + Age™* + Aze™h + A7) /2¢b,,
Qo(1 +p7)
where = - ) 3.21
2l - ) p + V) @20
A = (a1 - a5){d%(a1 + ap) — 46°b1a10; — 4€%b,1b3 ). (322)
The surface displacements are
- 2,Q0P2§b1(1 + pT) —a1h -azh
u = —————" (e —-e , 3.23
y=—h (P + sz)A ( ) ( )
. _ QoA +P7) [ _ah e
= ——————" (e —e7%"), 3.24
N T TrEV)A (e ) (.249)

For the case B, the condition (3.17) can be written as
a14;(a? — b3)e** + ap Ay (af — b2)e* — a1 A3(a} — b3)e " — @y Aq(ad — b})e ™k =0, (3.25)

which when combined with (3.9)~(3.14) yield the corresponding values of the constants. The surface
displacements are given by

. 2,Qop?¢b1 (1 + p1) ek _ g em0h
= ) 3.26
T GrEE @ ) 629
. QopPd(1+p7)  _oa —agh
v = ——" (age —aje s 3.27
o RS, @ ™) @27
where Dy = (a1 — ag)[d%(a? + a10; + 6} — b3) = 4¢%b1a102(a1 + a2)]. (3.28)
4. SMALL TIME APPROXIMATION
To the first order of approximation in €;, a? and a? may be written as
1 +pT)
Q= P2 Pl+pr) 41
e Eare @
2 _ g2y 12y PP
a=£+10"+p+ Trpr © “42)
1
where v’=7-=. 43
7 “4.3)

For a short time approximation to the displacement components, we expand a1, ag, b; in terms of
powers of p, and consider relevant terms as p — oo.
Then

2ﬁ;1'2 + % 49

ap ~
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1 5\/;

~— Y 4.

ay N +py/Tmy 4.5)
52
~ = 4.6
br~p+ 2 4.6)
where
€T €T

Tn]—l—é?, M2=1+F. 4.7

It is clear from (4.4)-(4.6) that there are three waves with velocities 5/m;, l/mgﬁ and 1
respectively representing the dilatational, the thermal and the transverse elastic waves.

However, the inversion of u*, v* inside the medium is too complicated, we evaluate the surface
displacements only from (3.29) and (3.30) for the zero temperature on the boundary.

For a small time, using (4.4), (4.5) in (3.23), (3.24),

. 2,Qoé(1 + pr)(e” " —e7®*)
il o+ i€V)PL @D
J L Qe — et
v — o+ i€V)L , (4.8)
2 1/2
where L= [(% +7+ e-r) - 462—T] . “4.9)
Finally, taking inverse Laplace and Fourier transform from (4.7) and (4.8) gives
s~ 2] - (/267" J - - FCF -], @0
Vly=mh = % [exp{ - (eh/2ﬁ37’2) }f2 - e_ﬁ; (1‘#”) f4] , (411)
where
fi= (t-%) (r+%(t—m—ﬁ—1h)>6(x)H(t—r%h), (4.12)
f2=flf—(t+7+€;-%ﬂl>li(t—ﬂﬁlﬂ—%), (413)
f3 = (t = mahy/T) <‘r + %(t - mzhﬁ))é(z)ﬂ(t — mahy/T), 4.19)
1
f4=V(t+7+%—mgh\/;)H(t—mh\/_—%). (4~15)

It is observed that the surface displacements for small time consist of dilatational waves propagating with
velocity (6/m1) and a thermal wave moving with velocity (1/my+/7). Also the waves are attenuated
by exponential factors depending on € and 7. The terms containing f;, f3 in u represent the displacement
at the point z = 0, while terms containing f2, f4 represent the surface disturbance up to the point above
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the position of source at the time. The non-relaxing thermoelastic case may be obtained simply by putting
7 = 0 in the above results.
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