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ABSTRACT. The almost hyperbolic Hermitian manifolds introduced in [1] were classified for the first
time in [2]. In this note we construct an example of an almost hyperbolic Hermitian manifold which

belongs to a certain class that we study here
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1. INTRODUCTION
We recall now that the almost hyperbolic Hermitian manifolds have been studied by several authors

(see the list of references in [3]). It is known that an almost hyperbolic Hermitian (called also
parahermitian) manifold is a pseudo-Riemannian manifold (M,g) endowed with an almost product
structure P wich is skew-symmetric with respect to g, i.e.:
P?=1d, P #+1d; gPX,Y) + g(X,PY) =0,V XY € x(M). (1.1)
It follows that M has an even dimension, g has the signature (n,n) and the eigenvalues +1 and
-1 have the same multiplicity. These manifolds were clasified in [1] with respect to the covariant
derivative of the almost symplectic structure Q, called the symplectic 2-form associated to (P,g) and

defined by:
QX,Y) =g(PX.Y), VXY e x(M) (1.2)
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M is called an almost hyperbolic Kdihler manifold if Q is closed The notion of almost hyperbolic
Hermitian manifold was extended in a natural way to the vector bundles in [4]

We define here a certain class of the almost hyperbolic Hermitian manifolds, that 1s the locally
conformal hyperbolic Kahler (abbreviated 1 c.h.K.) manifolds and then we give an example of such a
manifold We recall that the locally conformal Kahler manifolds were studied by 1. Vaisman [5] and they
are particular cases of locally conformal symplectic manifolds, i.e. there 1s a family (U, .f,),., such that

(U,),c; is an open covering of M and for each iel, f, isa C* function on U, such that the form f, Qs

closed. This implies the existence of a globally defined 1-form @ on M (called the Lee form) such that
dQ=0AQ. (13)

When the dimension of M is greater than 2 then the converse holds good, that is the existence of ®
satisfying (1.3) implies the locally conformal symplectic structure.

We say that an almost hyperbolic Hermitian manifold (M,P,g) is l.c.h K. 1f it is locally conformal
symplectic and P is integrable, that is P is a product structure.

It is easily seen that o 1s closed. If moreover ® is an exact form, then (M,P,g) is called a globally
conformal hyperbolic Kahler manifold.
2. THE L.C.H.K. MANIFOLDS

From now on, we take (M,P,g) to be a l.c.h K. manifold having a nowhere zero Lee form . Since g
establishes an isomorphism between the tangent and the cotangent bundle, let A and B be two vector
fields defined by .

g(X,A) = o(PX) and g(X,B) = o(X), VXe x(M). 2.1

Then we get A =-PB and g(A,B) =0.

We recall that Xe (M) is a time-like, space-like or isotropic vector field if g(X,X) <0, >0, =0,
respectively.
PROPOSITION 1. Under the above notation, we get :

a) A is a Killing vector field if and only if it is an infinitestmal automorphism of the almost product
structure P and in this case [A,B] =0,

b) A is a time-like (resp. space-like) vector field if and only if B is a space-like (resp. time-like);

c) The following assertions are equivalent : i) A is an isotropic vector field; i) B is an 1sotropic vector
field; 1i1) Q(A,B) = 0.

Our aim now 1s to study when B is a Killing vector field.

LetK = {Xe x(M) | ®(X) = 0} be the null distribution of ®. We remark that K is of dimension
n-1 Since @ Is etosed, it follows that K is involutive.

Case 1.If B is not an isotropic vector field, we get the orthogonal decomposition TM =K L span{B}
and it follows that K is a nondegenerate distribution with respect to g.

We say that B is Killing on a submanifold N < Mif L;(g/N) =0, thatis (L ;g}(X,Y) =0,
VXY e x(N).
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PROPOSITION 2. Under the above notations, we suppose B 1s a nomisotropic vector field. Then any
leaf of K 1s a semi-Riemannian hypersurface H of M which is normal to B. Moreover, B is Killing on H 1f
and only if H is a totally geodesic hypersurface of M.

PROOF. For the study of semi-Riemannian manifolds and submanifolds we mention [6]. The induced

connection D of the Levi-Civita connection V of the semi-Riemannian manifold (M,g) to the semi-

Riemannian submanifold (H,g|y; ) of it is also Levi-Civita. From the Gauss formula

V.Y =D, Y+h(X,Y), VX,Ye x(H),

H is said to be totally geodesic if h vanishes identically. Now, the assertion of Proposition 2 follows from
a straightforward calculation
Case 2. If B is an 1sotropic vector field, then AB € K
PROPOSITION 3. Under the above notation, there is an isotropic vector field C such that o(C) =1
PROOF. As g is nondegenerate, there is a vector field Q such that g(B,Q) = 0 We take C = aA + bQ,
where a,b € R and we impose the following conditions :
g(B,C)=1and g(C,C)=0

to be satisfied. Therefore we obtain :
C = -g(Q,Q)B/2(g(B,Q))* + Q/g(B,Q).

Now, we have the direct sum decomposition TM = K @ span{C}

As a consequence of Proposition 3, we get that span{B,C} 1s nondegenerate with respect to g If we
take a supplimentary orthogonal distribution S of span{B,C} in TM, then S is a nondegenerate
distribution. Since B belongs to K and in the same time is orthogonal to K, we obtain the orthogonal
decomposition K =S L span{B}.

Now, by applying the general theory of degenerate submanifolds of semi-Riemannian manifolds
studied in [5], we proved :

PROPOSITION 4. Under the above notation, any leaf of K is a degenerate hypersurface H of M which
1s normal to B and the distribution S restricted to H is just what A Bejancu called in [7] the screen
distribution.

According to the general results of [7] adapted here, if V is the Levi-Civita connection of the semi-
Riemannian manifold (M,g), then its induced connection D on the degenerate submanifold (H,g/H) 1s not
necesarily Levi-Civita and the following conditions are equivalent : a) B is a Killing vector field; b) H is
totally geodesic in M; c) D is a metric connection; d) span{B} is parallel with respect to D
3. AN EXAMPLE OF A L.C.H.K. MANIFOLD

We recall from [1] that the pseudo-Euclidean space of dimension 2n and of index n (R" <>),

-1, 0
where the pseudo-Euclidean metric <,> has the matrix [ 0 " I :} with respect to the canonical basis of
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R>" can be endowed with the hyperbolic Kahler structure (P ,<>), where P“" has the matnx

n >

0 I 2n can
L 0" ] with respect to the canonical basis of R, . We denote by Q™ its fundamental 2-form

Now, let H"/'(r) = {xeR¥™ | <x,x> = -r?} be the pseudohyperbolic space of radws r > 0, of
dimension 2n-1 and of index n-1, ne {2,3...}
Let N be the unit normal time-like vector field [6]

Since H2"'(r) is a pseudo-Riemannian submanifold of the hyperbolic Kahler manifold

(R2" P™ <>), we denote by g the restriction of <> to H>"}'(r).

We recall now the construction of the almost paracontact metric structure defined in [8] Let us
denote by D the orthogonal distnbution with respect to g of the vector field £ = P™ N. We define a
tensor field F of type (1.1) such that F/D = P and FE = 0 F is well defined since the tangent bundle
T(H2"' (1) can be decomposed into the direct sum T(H2";' (r)) = D ® span{E} It1s easily seen that
(F', &,m,8) 1s an almost paracontact metric structure, where m is an 1-form defined by n(X) = g(X, &),
VXe x (HJ"' (). Let ¢ be the 2-form defined by o(X,Y) = g(FX,Y), VX,Ye x (H2";'(r) It follows
that ) and o are closed, [8] We recall from [6] that H2";" (r) is a totally umbilic submanifold of R>",

n > 2 and we have

h(X,Y) = g(X,Y)H, 3.1
where h is the tensor field of the second fundamental form and H is the vector field of the normal
curvature defined by H=N/r

Let S' be the unit circle having d / dt as a nowhere zero vector field and let © be the 1-form such

that ©(d/dt) = 1 We denote by y the canonical Riemannian structure of S'

Now, we construct M = S'x H:f;' (r), where r > 0, ne {2,3,...} and let G be a pseudo-Riemannian
y O
structure on M defined by 0ol
g

Moreover, we define on M a tensor field P of type (1,1) such that : P(d/dt,0) = (0,£),
P(0, &) = (d/dt,0); P(0,X) = (0,FX), VXeI'(D). It follows that (P,G) 1s an almost hyperbolic Hermitian

structure on M, whose associated symplectic 2-form will be denoted by Q.
2
Now, we construct an 1-form @ defined by o, ., = =(0,.,0), V(p,g)eM. By calculation, we get
r

that the relation (1 2 :« satisfied and therefore (M,P,G) is an almost hyperbolic Hermitian manifold wich
is locally conformal symplectic We remark that since the 1-form © 1s not an exact form, this structure 1s
not globally conformal symplectic. Since in Proposition 4 the ntegrability of P i1s not required, its

statement can be applied here.
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4. CONSEQUENCES

We recall here a relation between the hyperbolic Hermitian structure and the Hermitian structure on
vector bundles
THEOREM S. [4]. Let (E,I1,M) be a real vector bundle of rank 2k.

(i) If (P,g) is a hyperbohc Hermitian structure of E, then it induces a Hermitian structure (J.h) and the
associated symplectic structures of (P,g) and (J,h) are equal, that is g(PX,Y) = h(JX,Y), VX,YeI'(E)

(11) Conversely, if (J,h) is a Hermitian structure of E with the associated symplectic structure ©
(defined by O(X,Y) = h(JX,Y), VX,YeI'(E)) and S is a rank k invanant vector subbundle of E with
respect to J (thatis S, JS, = {0}, peM), then (J,h) induces a hyperbolic Hermitian structure (P,g) of

E. If moreover S is Lagrangian with respect to © (that is @/S = 0), then © is also the symplectic structure
associated to (P,g) (1.e. O(X,Y) = g(PXY), VX,YeI(E)).

By taking into account the definition of a locally conformal Kihler manifold [S] recalled here in
section 1, 1t follows

THEOREM 6. Let M be a 2k-dimensional manifold, k>1

(1) If (P,g) 1s a L.c.h K. structure on M, then it induces a locally conformal Kihler structure (J,h) on
M

(1) Conversely, if (M,J,h) 1s a locally conformal Kihler manifold and S is an anti-invanant

distribution of M with respect to J (that1s S, ~ JS, = {0}, peM) such that S 15 Lagrangian (i.e. rank S =

k and the fundamental 2-form associated to the almost Hermitian structure (J,h) is zero on S), then (J,h)
induces al c.h.K. structure (P,g) on M.

PROOF. By taking the vector bundle E to be the tangent bundle TM of the manifold M, it follows that
Theorem 5 establishes the conditions under which an almost hyperbolic Hermitian structure on M induces
an almost Hermitian structure and conversely Since the associated symplectic 2-forms are the same, we
obtain that the condition (1.3) for the l.c.h K. structure and for locally conformal Kihler structure are
simultaneously satisfied and therefore we complete the proof.

Now, we suppose (M,P,g) is a l.c.h.K. manifold with the vector field B nonisotropic, that s |lo, || =
8, (0,0)=g,(B,B)#0, peM.

We take u = @ / ||@ || and let Ue y (M) be the vector field defined by g(X,U) = u(X), VXe x (M)
We denote V =PU and v=uP.

A new structure on M can be constructed here By a straightforward calculation, we obtain the
following :
PROPOSITION 7. Under the above assumption, if U is a time-like (resp. space-like) vector field, then
the tensor field L of type (1,1) defined by L =PFu ® V + v ® U satisfies L’ ~L =0, which 1s a special
structure studied in [9].Moreover, we get the following relation between the structure L and the metric g:

gLXLY) = -g(X.Y) £ v(X)MY) Fu(Xu(Y), VX,Y € x (M).
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