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ABSTRACT. The object of the present paper is to give some generalizations of results for certain
analytic functions which were proved by Saitoh (Math. Japon. 35 (1990), 1073-1076). Our results
contain some corollaries as the special cases.
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1. INTRODUCTION.
Let A(n) be the class of functions of the form

f(z) = z+i arz* (mneN={1,23,..}) (1.1)
k=n+1
which are analytic in the open unit disk U = {z : |z| < 1}. We introduce the function F(a, B3; z) defined
by
F(a,B;2) = af(2) + Bzf'(2) 12

for f(2) € A(n), where a and  are complex numbers.
For B € R (the set of all real numbers) and a = 1 — 5, Owa [2] has shown some properties for
F(a, ;z). Recently, fora =1 — B and S € C (the set of all complex numbers), Saitoh [3] has proved
THEOREM A. If f(z) € A(n) and

Re{&f—’ﬂ—;ﬁ} >a (zeU) (1.3)
for some a(0 < a < 1) and B (Re(B) > 0), then
f(2) 2a +nRe(p)
Re{ , }>—2+nRe(ﬁ) (zeU). (1.9

THEOREM B. If f(z) € A(n) and
Re{il_—fﬂ—;z)} <a (z€U) (1.5)

for some a(a > 1) and B(Re(B) > 0), then
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f(2) 2a + nRe(f)
Re{—z—} <m (zeU), (1.6)
THEOREM C. If f(z) € A(n) and
Re(F'(1-8,B;2))>a (z€U) (1.7)
for some a(0 < a < 1) and B(Re(B) > 0), then
Re(f'(2)) > 2—;‘%:(;)) (zeU). (18)
THEOREM D. If f(z) € A(n) and
Re(F(1-8,6;2)) <a (z€eU) (1.9)
for some a(a > 1) and S(Re(f) > 0), then
Re(f'(2)) < %(? (zeU). (1.10)

In the present paper, we give the generalizations of the above results by Saitoh [3].
2. GENERALIZATION PROPERTIES

To derive our generalizations, we have to recall here the following lemma by Miller and
Mocanu [1].

LEMMA L Let ¢(u,v) be a complex valued function,

¢:D-C, DccC? (C is the complex plane) ,

and let u = u; + fup and v = vy + fvy. Suppose that the function ¢(u, v) satisfies
(i) &(u,v) is continuous in D,
(i) (1,0) € D and Re(¢(1,0)) > 0;
(iii) Re(¢(tug,v1)) < 0 for all (iug, v;) € D and such that

v < —n(l+4d)/2.
Let p(2) = 1+ P,2" + pp12™*! + ... be regular in U such that (p(2), 25/(z)) € Dforallz€ U.
If Re(¢(p(2), 2P/ (2))) > 0(z € U), then Re(p(2)) > 0(z € U).

Now, we derive
THEOREM 1. If f(2) € A(n), a € C, B € C(Re(B) = 0), a+,6€R and

Re{fE'—z‘?—'—zl} > (2€U) 2.1)
for some v(y < a + f3), then
f(z) 2y +nRe(B)
Re{ S }>—__2(a+ﬁ)+nRe(ﬂ) (zeU). 2.2

PROOF. Define the function p(z) by

f (’) =6+(1-08)p(z), @3)

where

2v +nRe(B)

= 2(a + B) + nRe(p) @4
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Then p(z) = 1+ p,2" + p,12"*! + ... is regular in U, and

F@bz) 2 4 gy

z
= (a+B)5+ (a+P)(1 - 8)p(z) + B(1 - 6)2p'(2) -

Therefore, we have

Re{F—(g’;M - 'y} = Re{(a+ B)6 — v+ (a+ B)(1 - 6)p(z) + B1 — 6)2p'(2)} > 0.

If we define the function ¢(u, v) by
¢(u,v) = (@+B)5—v +(a+ P - 6u+pB(1- b
with u = u; + #up and v = vy + iy, then
(i) ¢(u,v)is continuousin D = c
(i) (1,0) € D and Re(¢4(1,0)) = (a+B) =7 >0,
@iii) for all (fug,v;) € D suchthat v; < —n(1 +43)/2,
Re(¢(iug,v1)) = Re{(a+ B)6 — v+ B(1 — 6)m} \
<t Bi—y-(1-5)Re(m) 2

Q- 55;Rc(ﬁ) v

IAN I

0.
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@.5)

(2.6)

@7

Thus the function $(u, v) satisfies the conditions in the lemma. This gives that Re(p(z)) > 0(z € U), so

that

f&) ,_ _2tnRe®)
Re{_z_} > 8= e+ B) +nRe(B) (zel).

REMARK. Letting a = 1 — £ in Theorem 1, we have Theorem A due to Saitoh [3].
Taking o = £ in Theorem 1, we have
COROLLARY 1. If f(z) € A(r), B € C (Re(B) > 0), and

Re{f—(ﬁ—’zé;—z-)-}>7 (zeU)

for some (v < 2Re(f3)), then

f(2) 2 +nRe(pB)
{2} dion ¢
Further, if
Re{ﬂ[_z’—:ﬁ}>gRe(ﬁ) (zeU),
then

Re{f—(z—)} >Z—j_—": (zel).

(2.8)

29)

(2.10)

@.11)

2.12)
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Next, we prove
THEOREM 2. If f(z) € A(n), a € C, B € C (Re(B) > 0), a+ 6 € R, and

Re{ia’zﬂ;—z)}<7 (zeU)

for some ¥(y > a + ), then

f(2) 27 + nRe(B)
{2} v S0

PROQOF. Let us define the function p(z) by

f? =6+(1-8)p(2)
with
___2y+nRe(B) 51
" 2(a+ B) +nRe(B) )
It follows from (2.15) that p(2) = 1+ p,z" + p, 12"+ + ... is regular in U, and
Re{y - HOLDY = Refy - (@4 6 - (a-+ F)(1 = p(a) - B2 - 2P ()} > 0.

Define the function ¢(u, v) by
p(u,v)=7—(a+B)6 - (a+p)(1—-6u-pBQ1-6
with u = u; + tup and v = v; + 9. Then
(i) ¢(u,v) is continuousin D = C?;
@) (1,0) € D and Re(¢(1,0)) =7y — (@ + ) >0;
(iii) for all (fug,v;) € D suchthat v; < —n(l+43)/2,
Re(¢(iug,v1)) = Re{y — (@ + )6 — B(1 — 6)ni} \
<7 (@+B)5+(1 - HRe(s) 22

- &6)nR
=(1 ); e(ﬂ)ug
<0.

Consequently, applying the lemma, we have that Re(p(z)) > 0(z € U), which implies, that

f(2) ___27+nRe(f)
Re{'z—} <8=ath tnRep V)

REMARK. If we take a = 1 — G in Theorem 2, we have Theorem B by Saitoh [3].
COROLLARY 2. If f(z) € A(n), B € C (Re(B) > 0), and

Re{fa;’zﬂ—;i)}<7 (zel)

for some y(y > 2Re(f)), then

f(2)\ _ 2v+nRe(B)
RC{T}<W (z€U).

@.13)

(2.14)

(2.15)

(2.16)

@17

(2.18)

(2.19)

(2.20)

(221)
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Further, if

Re{f(ﬁ’z—ﬁ"l} < gRe(ﬁ) (zel),

then

Re{I—(zi)-}<i—I—3 (zeU).

Employing the same manner as in the proofs of Theorems 1 and 2, we have
THEOREM 3. If f(z) € A(n),a € C, € C (Re(B) > 0), a+ F € R, and

Re(F'(a,B;2) >7  (2€0)

for some y(y < a + ), then
27 + nRe(B)

2a+th) tnReg) €U

Re(f'(2) >

REMARK. Taking a = 1 — 3 in Theorem 3, we have Theorem C due to Saitoh [3].

COROLLARY 3. If f(z) € A(n), B € C (Re(B) > 0), and
Re(F'(B,B;2)) >y  (2€U)

for some y(y < 2Re(3)), then

Re(f'(2)) > 22% (zel).
Further, if

Re(F(B,6:2) > SRe() (€0,
then

Relf()> e (z€D).
THEOREM 4. If f(2) € A(n), a € C, € C(Re(B) > 0), a+f € R, and
Re(F'(e,f;2)) <y  (2€U)
for some y(y > a + (), then

2v + nRe(B)
2(a + B) +nRe(B)

REMARK. Making o = 1 — 3 in Theorem 4, we have Theorem D by Saitoh [3].
COROLLARY 4. If f(2) € A(n), B € C(Re(B) > 0), and

Re(F'(B,B;2)) <7 (2€U)

Re(f'(2)) < (zeU).

for some y(y > 2Re(5)), then

27 + nRe(B)

@inke@ U

Re(f'(2)) <

Further, if
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(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(227

(2.28)

(2.29)

(2.30)

(231)

(2.32)

(2.33)
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Re(F(B.6:2) < SRe(®) (z€U), (234

Re(f'(2)) < L—t—: (zeU). 2.35)
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