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ABSTRACT. In this paper, we investigate some generalized results of applications of fractional integral
and derivative operators to a subclass of analytic functions for operators on Hilbert space.
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1. INTRODUCTION AND DEFINITIONS
Let A denote the class of functions of the form:
o0
f2) =Y an12™ (a1:=1), amn

n=0

which are analytic in the open unit disk
U={z:2€C and |z| < 1}.

Also let S denote the class of all functions in .A which are univalent in the unit disk U.
Let So(e, B, 7, p) denote the class of functions

f@) =2 =) anp2™? (anip 20), (12)

n=1
which are analytic and p-valent in U and satisfy the condition

zf'(2) ‘ zf'(2)

- p| < Bla + - 13
fo) P B %) (-7 (1.3)
for0<a<1,0<0<1,0<v<p peNand z€U. SeeLee et al [1] for further information on
them. It is easily found that Sy(a, 8,7, p) C A whenp = 1.

Let a,b, and c be complex numbers with ¢ # 0, — 1, — 2, ---. Then the Gaussian hypergeometric
Jfunction o Fy (z) is defined by

oF1(2) =2 Fi(a,b5¢; 2) (1.4)
=\ (a), (), 2"
:=Z( In(b)n 2"

g (), n!

’

where ()),, is the Pochhammer symbol defined, in terms of the Gamma function, by
LA +n)

1 (n=0)
={A()\+1)---(A+n—l) (neN:={1,23,}) a5
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Let A be a bounded linear operator on a complex Hilbert space H. For a complex valued function f
analytic on a domain E of the complex plane containing the spectrum o(A) of A we denote f(A) as
Riesz-Dunford integral [2, p. 568], that is,

FA) = 5 /C F(2)(al - A)dz, (1.6)

where I is the identity operator on H and C is positively oriented simple closed rectifiable contour
containing o (A).

Also f(A) can be defined by the series f(A) = mA" which converges in the norm
topology [3].

Xiaopei [4] defined Sy(a, 3,7, p; A) by the class of functions

f(2)=2" = anipz™® (anip 2 0),
n=1
which is analytic and p-valent in U and satisfies the condition,
Af'(A) — pf(A)ll < BllaAf'(A) + (p— 1) f(Al ()]

for0<a<1,0<f<1,0<v<p,pe€ N and all operators A with ||A|| <1 and A # 6 (6 denotes
the zero operator on H).

Let A* denote the conjugate operator of A.

DEFINITION 1 ([4]). The fractional integral for operator of order a is defined by

1
D3%f(A) = F-(l&—) /0 ARF(EA)(1 — o dt, 18)

where a > 0 and f(z) is an analytic function in a simply-connected region of the z-plane containing the
origin.
DEFINITION 2 ([4]). The fractional derivative for operator of order a is defined by

DAf(4) = =g 9 (4), 1.9)

where g(2) = 01 217%f(t2)(1 —t)™®dt (0 <a < 1) and f(z) is an analytic function in a simply-
connected region of the z-plane containing the origin.
Srivastava et al. [5] introduced a fractional integral operator Ioa:f“ defined by (cf. [6])

-b 1
Ig'b'cf(z) =2 _ / (1-1)*"1,F (a+b, —c;a;1 —t)f(t2)dt
* L'(a) Jo
(a>0;b,c €R; f(z) € A) (1.10)
and Owa et al. [7] studied the fractional operator Jg»* defined by (see also Kim ef al. [8])

Fr2-»)r@2+a+c) "I°b°

B O = " ta-b+q

f(z) (FeA). 1.11)
The fractional derivative operator Do":',’" is defined by (cf. [91)
-b 1
Dg:',"cf(z) = % (17(—1{:—;) /o‘ 1-t)yF(b-a+1, —-cl—a;1- t)f(tz)dt)
(0<a<1bceR;f(z) € A). (1.12)

And we define D }**° by
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Dy f(2) = —-—D““f(z). (1.13)

For all invertible operator A, we introduce the following definition:
DEFINITION 3. The fractional integral operator for operator Igff is defined by

1
25 f(A) = F(la_) /O AFi(a+b-ciail—£)f(tA)1 — £ ldt, (1.14)

wherea > 0and b,c € R.
The fractional derivative operator for operator Dg::’f is defined by

DR £(4) = =gy 9 (4), (115)

where
1
g(z) = / Z_bgFl(b —a+1, —¢l—a;1-1t)f(tz)(1 —t)~°dt,
0

0<a<1and b,ceR. Inboth (1.14) and (1.15) f(z) is an analytic function in a simply-connected
region of the z-plane containing the origin with the order

f(2)=0(|z[), z-0,

where ¢ > max{0,b — c} — 1 and the multiplicity of (1 —¢)*"! is in (1.14) (and that of (1 —¢)™ in
(1.15)) removed by requiring log(1 — ) to be real when1 — ¢ > 0.
We note that

I33°°f(A) = Dg°f(A) and D§5 ' f(A) = D4f(A). (1.17)

The object of this paper is to prove the distortion theorems of fractional integral and derivative
operators to So(a, 8,7, p; A).
2. RESULTS

LEMMA 1 (Xiaopei [4, Theorem 2.1]. An analytic function f(2) is in the class Sy(a, 3,7, p; A) for
all proper contraction A with A 3 6 if and only if

" {k+Blp— 7 +alk +p)}arep < B(p — 7+ap) @1
k=1

for0<a<1,0<p8<1,0<y<p andpeN.
The result is sharp for the function

o B(p—~+ap) k
(@) =2 k+ﬁ[p—7+a(k+p)]z+p (k2 1).

THEOREM 1. Let p>max{b-—c—1,b—1, ~1—c—a} and a(p+1)>bla+c) If
f(2) € So(e, B,7,p; A), then
be T(p+1-b+c)I(p+1)
”Ia"f(A)”Sr(p+1 bl(e+p+1+c)

Blp—v+ap)l(p+1-b+c)I'(p+1)
{1 +Bp—v+al+ 1)) (p+1-b(a+p+1+c)

AP~

4P @2

and
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F(p+1-b+c)l(p+1) AP~
F(p+1-b(a+p+1+c)
_ Blp—v+ap)l(p+1—-b+c)l(p+1)
{1+B8p—v+alp+ 1)} T'(p+1-bl(a+p+1+c

Ie4ef(a)]| >

) APt (23)

for a>0,b,c € R and all invertible operator A with (A47)" A% = A3(As)"(g € N),||A] <1 and
Tsp(A)rsp(A™1) < 1, where r,,(A) is the radius of spectrum of A.

PROOF. Consider the function
F'p+1-bl(a+p+1+c)

F(A) = Flp+1-b+c)'(p+1)

AT f(A)

_Ap_iI‘(k+p+1—b+c)1"(p+1+k)1"(p+1—b)[‘(a+p+1+c)a k4
= £4T(k+p+1-bl(a+k+p+1+cf(p+ 1T (p+1-b+c) ***

00
= AP =) Bi,AFP, (2.4)

k=1
where

P(k+p+l—b+c)P(p+1+k)I‘(p+1-—b)1"(a+p+1+c)a
T(k+p+1-blla+k+p+1+c)L(p+1)L(p+1—-b+c) 7

Bk+p =

Hence, for convenience, we put

Tk+p+1-b+c)l(p+1+kIT(p+1-bT(a+p+1+c)

&(k) = T(k+p+1-bl(a+k+p+1+c)l(p+1)I(p+1-b+c)

(keN). (2.5)

Then, by the constraints of the hypotheses, we note that ®(k) is non-increasing for integers k > 1 and
we have 0 < ®(k) < 1. So F(z) € S(a,B,7,p; A). By Lemma 1, we get

a +ﬂ[p—v+a(p+1)1}ki3k+, < i{kw[p—wa(lc + )1} Bess
=1 =

<Y {k+B8p-v+alk+p)}laks,
k=1
<B-~v+ap), (2.6)
which gives

> B(p—~+ap)
,;B"*’S {1+B8p-v+ale+1)]}

Therefore, in a similar way with the proof of [4, Theorem 2.3, p. 305], we obtain

Clp+1-b+cC(p+1) -
Tp+1-bT@rprise 4 1141
_ Bp—v+ep)l(p+1-b+c)(p+1)
{1+B8p—-7+al@+1)}l(p+1-bT(a+p+1+c)

55 fa) =

AP+ la=tl @n

and

T'p+1-b+c)l'(p+1) b
Tp+1-Dlatprita 4 AP
Bp—v+apl(p+1-b+c)l'(p+1)
{1+8p-y+a+1)}I(p+1-b)(a+p+1+c)

| Is4ef(a)l| <

+

AP la™]. @8

By equation (7) of [4, p.307],
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4%l =141® @ > o). @9)
Since A*A = AA*, ||A|| =r,(A). So
1= “AA_IH <4l “Aq” = r,,(A)r,,(A'l) <1
Thus
a7 =140 (2.10)
By (2.9) and (2.10),
l4°] = 1141° @11)
for all real b. Therefore from (2.7), (2.8) and (2.11) we have the desired estimates.
THEOREM 2. Let p>max{b—c—1,b, —2—c+a},c+1<(p—-b)(1—a+p+c), and
b(2—-a+¢c)<(1-a)(1+p). If f(2) € So(a,B,,p; A), then

Tp+1-b+c)I(p+1) "A"P_,,_l

F(p-bdIl(2—-a+p+c)
Blp+1)(p—v+apT(p+1-b+c)I(p+1)

{1+B8p—v+a+))}II'(p-dl(2—a+p+c)

1G4 Fa)l <

+ AP (212)

'and

Tp+1-b+c)I'(p+1) ||A||""’"

I'p-bdlr(2—a+p+c)

__B+)p—r+apl(p+1-b+c)I'(p+1)
{1+Bp-v+al@+1)}'(p-dl(2—-a+p+c

for 0 < a < 1,b,c € R and all invertible operator A with (A¢)" A3 = A7 (At)"(g € N), | A]| <1 and
Tsp(A)Tsp(A71) < 1, where r,,(A) is the radius of spectrum of A.
PROOF. Consider the function
I'(p—bl(2—-a+p+c)

_ b+1 ab.c
€A =rori-brore+D T DA ()

| Ds%F(A|| >

) 4P (2.13)

_Ap_iI‘(k+p+1—b+c)1"(p+1+k)1"(p—b)1"(2—a+p+c)a k4P

- £T(k+p-bL2~a+k+p+cl(p+)l(p+1-b+c) 7

— AP‘ZC’HP Ak+P (2.19)
k=1

where

F(k+p+l—b+c)F(p+1+k)F(p—b)I‘(2—a+p+c)a
T(k+p-bl2-a+k+p+c)L(p+1)[(p+1-b+c) 7

Ck+p =

Hence, for convenience, we put

Tk+p+1—-b+c)I(p+k)T(p—bdIl(2—a+p+c)
Fk+p-bl2—a+k+p+c)L(p+1)I'(p+1-b+c)

(k) = (keN). (2.15)

Then, by the constraints of the hypotheses, we note that ¥ (k) is non-increasing for integers k > 1 and
we have 0 < ¥ (k) < 1,1ie,

Tk+p+1-b+c)I(p+1+k'(p—bl2—-a+p+c)

k+p.
O F k¥ p_tTCZ—atk+p+l(p+ TP+ 1l—btc) ~F TP
Also, by the relation
k+
;_—11’{1+ﬁ[17—'v+a(p+1)]}sk+ﬁ[p-'r+a(p+k)] (k>1), (2.16)

we get
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00

3 522 (14 flp - v+ alp+ DI EIansy S 3 (k4 Blp— 7 + alk + P ¥ (Klawey
k=1

<B-7v+ep), (217
that is,
Ble+1)(p—7+ep)
{14+B8p—v+alp+1)]}
Therefore, in the same way with the proof of Theorem 1, we obtain
Fp+1-b+c)'(p+1)
F'p—-bdI'(2-a+p+c)
T -b T =
R Er et | Ll DICRT LI
=1
Pp+1-b+c)l'(p+1) ||A||"b'1
“T'(p-bI(2~-a+p+c)
Blp+1)(p—v+ap)l(p+1-b+c)['(p+1)
{1+B8p—-v+eal+))}T(p-bIT(2—-a+p+c)

S (k+P)U()agp <
k=1

1 Dgse ()| < [V ima

+ I (218)

and

F'(p+1-b+c)I'(p+1) M

I'(p—-bl(2—a+p+c)

__B+l)(p—v+apl(p+1-b+c)I(p+1)
{1+B8p-v+ealp+)]}T'(p-bdT(2—a+p+c)

REMARK. (i) By the proof of Theorem 1, if we put

'p+1-bdl'(a+p+1+c)
Cp+1-b+c)T(p+1)

| Dghef ()| >

4lF=®. @219

F(z) = J3yef(2) =

LI f(2), (2.20)

then we know that J(‘,"f' ‘; is a fractional linear operator from Sy(a, £, v, p) to itself.

(ii) From (1.17) it is easy to see that Theorem 1 and Theorem 2 are generalizations of [4, Theorem
3.1 and Theorem 3.2].
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