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ALMOST SURE CENTRAL LIMIT THEOREMS FOR STRONGLY
MIXING AND ASSOCIATED RANDOM VARIABLES

KHURELBAATAR GONCHIGDANZAN

Received 24 January 2001 and in revised form 9 June 2001

We prove an almost sure central limit theorem (ASCLT) for strongly mixing sequence of
random variables with a slightly slow mixing rate x(n) = O ((loglogn)—1-9). We also show
that ASCLT holds for an associated sequence of random variables without a stationarity
assumption.
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1. Introduction and main results. The almost sure central limit theorem (ASCLT)
has been first introduced independently by Schatte [11] and Brosamler [4]. Since then,
many interesting results have been discovered in this field. For further results on
ASCLT we refer to Berkes [1].

An interesting direction is to prove ASCLT for weakly dependent cases, namely, «,
p, ¢-mixing, and associated random variables. Among the results in this direction we
refer to Peligrad and Shao [9], Hurelbaatar [5], and Matula [7].

Let X1, X>,... be asequence of random variables on some probability space (Q,%,P),
and let 0’5 be the o-algebra generated by the random variables X, X;+1,...,Xp. For
any two o-algebras «,% C %, define

(s4,%) = sup{|P(AB) —P(A)P(B)|; A€ s, B € B} (1.1)
and put
a(n) =supx(of,o8,)- (1.2)
k=1

The sequence X1, X>,... is called strongly mixing if «(n) — 0 as n — .
A sequence of random variables X1, X»,... is called associated if for every n > 1 and
any coordinatewise increasing functions f,g:R" — R!,

Cov (f(X1,X2,...,Xn),9(X1,X2,...,X,)) =0 (1.3)

whenever the covariance is defined.

We set S, = X7 + X» + - - - + X;;, and the notation a,, < b,, means a, = O(b,,). The
function I4(-) denotes an indicator function on the set A.

Peligrad and Shao [9] proved ASCLT for stationary Gaussian sequences as well as
stationary associated random variables. Their main results are as follows.
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THEOREM 1.1 (see [9, Theorem 3]). Let X1,X>,... be a stationary x-mixing sequence
With EX; = 0, EX? < 00, a2 = ES2 — 0 asn — o and «(n) < log ¥ n, for some y > 0.
Assume that

Sn 9 N(0,1) asn — . (1.4)
an
Then ASCLT holds, that is,
. 1 &1 5k> 1 I 2
1 S (2K) = == | e 2 5. 1.
n%logn,;kA(ak V2T Ae atas (1.5)

for all Borel sets A C R with A(0A) =0

THEOREM 1.2 (see [9, Theorem 2]). Let X1, X>,... be a stationary associated sequence
with EX; =0, and >.;_1 EX1 Xy < o. Then (1.5) holds.

In this paper, we prove almost sure limit theorems which generalize Theorems 1.1
and 1.2. We also show that under the stationarity assumption, Theorems 1.4 and 1.6
imply Theorems 1.1 and 1.2, respectively. For strong mixing we impose much slower
mixing rate. Our main results are as follows.

THEOREM 1.3. Let X1,X>,... be a sequence of random variables with zero mean.
Assume that

n
ar| > lf(&) < (loglogn)~'~€log’n (1.6)
i kT \ar
for all bounded Lipschitz functions f (x). Then (1.5) holds if and only if

&1 1 22
naoolog g k <_ ) 2w L‘e at -7

for all Borel sets A C R with A(0A) =0

THEOREM 1.4. Let Xy, Xo,... be a strongly mixing sequence of random variables with
mean zero, and let a,, > 0 be a numerical sequence such that ES? < a2 and forn > k

an n\”
akz(k) , y>0. (1.8)
Assume that
«(n) < (loglogn) 179, (1.9)

Then (1.5) and (1.7) are equivalent.

Berkes, Dehling, and Mori [3] gave an example of independent random variables
such that (1.5) was satisfied, but (1.4) failed. This shows that the class of sequences
satisfying ASCLT is larger than the class of sequences satisfying CLT. Berkes and
Dehling [2] proved the equivalence of (1.5) and (1.7) for independent random variables
not necessarily identically distributed, under mild technical condition on generalized



ALMOST SURE CENTRAL LIMIT THEOREMS ... 127

moments of the partial sums. This result has been generalized by Hurelbaatar [5]
for strongly mixing and associated random variables. In Theorem 1.4, concerning the
limit distributional behavior of S;,/a,, we require more restrictive moment condition
than the one in Hurelbaatar [5] and Berkes and Dehling [2].

REMARK 1.5. For stationary sequence of x-mixing random variables, it is known
that a,, = nL(n), where L(n) is a slowly varying function at infinity, provided the
central limit theorem holds (see [6, page 316]). By the representation theorem of slowly
varying function, L(s)/L(t) > (s/t)~€ for any € > 0 and s > t > ny(e) and we see
that condition (1.8) is satisfied for the a, and y = 1/2 — €. Therefore, for stationary
sequence of random variables Theorem 1.4 implies Theorem 1.1.

THEOREM 1.6. Let X1,X>,... be a sequence of associated random variables with
mean zero satisfying

un) < oo (1.10)

for alln = 1 and where u(n) = supy.; > j:jk—jj=n COV(Xi, Xj).
Assume that (1.8) is satisfied for some y > 0 and

li}{nianaer > 0. (1.11)

Then (1.5) and (1.7) are equivalent.

REMARK 1.7. In stationary case, the assumption of Theorem 1.2 implies the one of
Theorem 1.6. We can easily verify that

> Cov (X1, Xk) < oo, (1.12)
k=1

um)=sup >  Cov(Xg,X;) < oo (1.13)
k=1 jik—jl=n

are equivalent for a stationary sequence of associated random variables. It is well

known that if (1.12) holds, then

VarT(S”) —EX2+2 > EX X;. (1.14)
k=1

lim

n—oo

Choosing ai as Var(Sy), we see that (1.8) is satisfied with y = 1/2. By Newman and
Wright [8, Theorem 3], (1.4) is true under the assumption of Theorem 1.2 and implies
(1.7). Thus Theorem 1.2 is a stationary case of Theorem 1.6.

2. Proofs

PROOF OF THEOREM 1.3. It suffices to show that (see [2])

1
~ logn

21
Hn > Egk —0 as. (2.1

k=1

for any bounded Lipschitz function f, where & = f(Sx/ax) —Ef (Sx/ax).
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By (1.6) we have

1 &1\
EH%=E<10gnZE§k> logn (Z Ek)

o 2.2)
= loglznvar<k§ %f(i—’;)) < (loglogn)~17¢,
and setting ny = exp(exp(k?)),
Eup, < ((loglognk) l_e) < kvdro, (2.3)
Hence
i Euflk < 00 (2.4)
k=1
forany y > 1/(1+¢€).
By the well-known result that
i EX) < o0 implies i X <o a.s., (2.5)
k=1 k=1
we have
Hp, — 0 as. (2.6)
It is easy to see that
((1+k)¢—k€) — 0 as k— oo foranye <1, (2.7)
and thus
1081kt _ k71" | g5 k — o, (2.8)

logny

Obviously, for any given n there always exists k such that ny <n < ny,; and we have

n 1 1 N 1 Ni+1 1
b =< log ;E lognk Z_|§k| log ny k% % |8l

(2.9)

1 logng.1

— (1 1-1 -1].
< | tn | + lognk( ognk+1-logny) < |, | +< Togny
It follows that

nhlrlo“" =0 a.s. (2.10)
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PROOF OF THEOREM 1.4. According to Theorem 1.3, it suffices to show that for all
bounded Lipschitz,

< l 22K -1-€
Var(log gk ( )) < (loglogn)~1-¢. (2.11)

Here & is the same variable as we defined in the proof of Theorem 1.3. For [ > 2k,

we have
g = o1 ()1 ()|
<Jeor(r (G ) () -1 (05| 212
leor(r (G 2 -
Since f is bounded, by [10, Theorem 1.1], we get

‘Cov( (ik),f(sl a52k>>‘ < «(k), (2.13)

k

and by Cauchy-Schwarz inequality, Lipschitz property of f, the facts that ES2 < a2,
and by (1.8) we have

o () (@) = Ca))]

1Soe| S \2 1/2 . kY (2.14)
<<E(—> < (E(—) ) <« — K (—) .
ap ap ap l
Noting that
n 2 n
E(ZIEk) - Zi E|&|22 3 1E(&&) | 2 |E(&E) |
k=1 k k=1 k 1<k<l<n kil 1<k<l<n kl (215)

2k=1 2k<l
=T +T>+T;

and since & is bounded, we have the following estimations for the first two terms

n

=1
T < > 7 < To < > Z < logn. (2.16)
k=1 e K

By (2.12), (2.13), and (2.14) the third term is estimated as

k\” k
Ty < > kl<l> + > %=T31+T32, (2.17)

l<k<l=n l<k<l=n

2k<l 2k<l
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and furthermore

-1 n n
x(k) (k) 1
L

M=
— =

T32 <

Lok - k2
1=2 © k=1 k=1 1=k (2.18)
S logk loglogn) '3 log?
< ;W < (loglogn) og°n,
n l n 1
Ty < > ( ) Z Z s < > - < logn. (2.19)
l<k<l=n kl =1 k=1 =1 l
2k<l
Now it can be easily shown that (2.15), (2.16), (2.17), (2.18), and (2.19) together give
(1.6) which is equivalent to (2.11). O

PROOF OF THEOREM 1.6. The general idea of the proof is similar to the method in
the proof of Theorem 1.4. We will verify (2.11). From (2.15) we see that

w($1r(2)) -5($ o)

Z EIEkI +2 > Ekgl 2 Y §k§z (2.20)

1<k<l<n l<k<lsn
2k=1 2k<l
=T +T,+Tjs,
and moreover,
|E(&&) | ’ Sk S
ne 3 SR 3 el (G))
l<k<l=n kl 1<k<l<n kl Ak a
2k<l 2k<l
< 3 alebr(G) o (@) - (%))
1<k<l<n kl Ak a a
2k<l (2.21)
S1—Sak
e 3 gale(r () ()
1<k<l<nkl ai
2k<l
=T3; +T3o.

For a bounded Lipschitz function f, it is shown, by Peligrad and Shao [9], that

Cov(f(&>,f<sl Sz")) < Cov (Sk Si= SZk) (2.22)
ag ap 233 ap
Hence
Ty < > l‘COV<S" Si- SZ")‘ < v Lkuk) (2.23)
l1<k<l=n kl Ak a 1<k<l=n kl axai
2k<l k<l

For associated random variables, clearly

n
VarS, = > VarX?. (2.24)
k=1



ALMOST SURE CENTRAL LIMIT THEOREMS ... 131

By the assumption that ES2 < a? and (1.11), we get

n
az > > VarXi > n, (2.25)
k=1

therefore,

ku (k) Louk) < 1
T < D k3121372 <<kzl k1/2 %13/2
l<k<l=n = =

2k<l (2.26)

n

logk L1872
< k; Koglog k)17 < (loglogn) '~%log”n.

By (2.14) and (2.19)
T3, < logn, (2.27)

and (2.16), (2.26), and (2.27) follow (2.11). |
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