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It is shown that every asymptotically regular or λ-firmly nonexpansive mapping T : C → C
has a fixed point whenever C is a finite union of nonempty weakly compact convex subsets
of a Banach spaceX which is uniformly convex in every direction. Furthermore, if {Ti}i∈I is
any compatible family of strongly nonexpansive self-mappings on such a C and the graphs
of Ti, i∈ I, have a nonempty intersection, then Ti, i∈ I, have a common fixed point in C .
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1. Introduction. The closed unit ball and the unit sphere of a real Banach space

(X,‖ · ‖) are denoted by B(X) = {x ∈ X : ‖x‖ ≤ 1} and S(X) = {x ∈ X : ‖x‖ = 1},
respectively. The function δX : [0,2]→ [0,1], defined by δX(ε)= inf{1−‖(x+y)/2‖ :

x,y ∈ B(X), ‖x−y‖ ≥ ε} for any ε ∈ [0,2], is called the modulus of convexity of

the Banach space X. The Banach space X is called uniformly convex (UC) if δX(ε) > 0

for every ε > 0. When δX(2) = 1, the space X is said to be strictly convex, that is,

‖(x+y)/2‖< 1 whenever x,y ∈ B(X) satisfy ‖x−y‖> 0. For each ε > 0, the modulus

of convexity of X in the direction z ∈ S(X) is defined by δ(ε,z)= inf{1−‖(x+y)/2‖ :

x,y ∈ B(X), x−y = λz, |λ| ≥ ε}. Obviously, δX(ε)= inf{δ(ε,z) : z ∈ S(X)}. A Banach

space X is called uniformly convex in every direction (UCED) if for any z ∈ S(X) and

ε > 0, δ(ε,z) > 0. It is clear that every UC Banach space is UCED and every UCED

Banach space is strictly convex.

Let C be a nonempty closed subset of a Banach space X. A mapping T : C → C is

said to be nonexpansive if ‖Tx− Ty‖ ≤ ‖x−y‖ for all x,y ∈ C . A nonexpansive

mapping T on C is said to be asymptotically regular on C if limn→∞‖Tnx−Tn+1x‖ =
0 for any x in C . A nonexpansive mapping T : C → C is strongly nonexpansive if

whenever {xn−yn}∞n=1 is bounded and ‖xn−yn‖−‖Txn−Tyn‖ → 0 it follows that

(xn−yn)− (Txn−Tyn) → 0, as n → ∞. If there exists a λ ∈ (0,1) such that ‖Tx−
Ty‖ ≤ ‖(1−λ)(x−y)+λ(Tx−Ty)‖ for all x, y in C , then T is said to be λ-firmly

nonexpansive. For details of these mappings, see [1, 3]. It is obvious that every λ-

firmly nonexpansive mapping is nonexpansive. In view of [3, Proposition 1.2], we see

that every strongly nonexpansive mapping T : C → C on a nonempty weakly compact

convex subset C of a Banach space X is asymptotically regular.

In general, for a nonexpansive self-mapping T on C , the fixed point set F(T)= {x ∈
C : Tx = x}may be empty. The basic theorem about the existence of fixed points for a

nonexpansive mapping T is independently due to Browder [2], Göhde [5], and Kirk [8].
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From the point of view of fixed point theorem for the class of closed convex subset

C , λ-firmly nonexpansive mappings T : C → C do not exhibit better behavior than

nonexpansive mappings (cf. [4, page 43]). However, the story is completely different

if C is nonconvex. For details, see Smarzewski [9], whose work was extended by Hong

and Huang [6] to a weakly commutative family of λ-firmly nonexpansive mappings

instead of a single mapping. In this paper, we show that the Smarzewski fixed point

theorem for λ-firmly nonexpansive mappings remains true when the underlying space

is a UCED Banach space. Further, the fixed point problem for asymptotically regular

or strongly nonexpansive self-mappings on a nonconvex subset of a UCED Banach

space is also investigated. It is shown that every asymptotically regular nonexpansive

mapping T : C → C has a fixed point whenever C is a finite union of nonempty weakly

compact convex subsets Ck of a UCED Banach space. Moreover, if {Ti}i∈I is any com-

patible family of strongly nonexpansive self-mappings on such a C and the graphs of

Ti, i∈ I, have nonempty intersection, then Ti, i∈ I, have a common fixed point in C .

2. Fixed point theorems for asymptotically regular or λ-firmly nonexpansive

mappings. Let C be a nonempty subset of a Banach space X and {xj} a bounded se-

quence in X. The asymptotic radius of {xj} at a point x ∈X is the number limj→∞‖x−
xj‖ and is denoted by r(x,{xj}). The number r(C,{xj}), defined by inf{r(x,{xj}) :

x ∈ C}, is called the asymptotic radius of {xj} with respect to C . A point z in C is

said to be an asymptotic center of {xj} with respect to C if r(z,{xj}) = r(C,{xj}).
The set of all asymptotic centers is denoted by A(C,{xj}).

In this section, we show that every bounded sequence {xj} in a UCED Banach space

X has a unique asymptotic center with respect to any nonempty weakly compact

convex subset C of X, and then apply this result to study the fixed point property for

asymptotic regular or λ-firmly nonexpansive mappings.

Lemma 2.1. Let C be any nonempty weakly compact convex subset of a Banach

space X. Then for any bounded sequence {xj} in X, A(C,{xj}) is nonempty.

Proof. This follows from the observation that f : C → [0,∞) defined by f(x) =
r(x,{xj}) for x ∈ C is norm continuous and convex, therefore, weakly lower semi-

continuous, and so attains its minimum on the weakly compact set C .

Lemma 2.2. Every bounded sequence in a UCED Banach space X has a unique as-

ymptotic center with respect to any nonempty weakly compact convex subset of X.

Proof. Let {xj} be any bounded sequence in X and C a nonempty weakly compact

convex subset of X. Put f(x) = r(x,{xj}) for x ∈ X and denote r(C,{xj}) by m. By

Lemma 2.1, it suffices to show that A(C,{xj}) consists of exactly one point. Assume

that there were two distinct points u and v in A(C,{xj}). Then m> 0 and u−v = λz
for some λ > 0 and z ∈ S(X). Since X is UCED, for the above z and ε := (m+1)−1λ > 0,

we have δ(ε,z) > 0. Choose η ∈ (0,1) so that (m+η)(1−δ(ε,z)) < m. Then, ‖xj −
u‖ ≤m+η and ‖xj −v‖ ≤m+η for all sufficiently large j. Let p = (1/2)(u+v),
which is in C by the convexity of C . The uniform convexity in the direction z implies

that ‖xj−p‖ ≤ (1−δ(ε,z))(m+η) for all sufficiently large j once we note that
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(m+η)−1
∥
∥xj−p

∥
∥= 1

2

∥
∥
∥
∥
xj−u
m+η +

xj−v
m+η

∥
∥
∥
∥,

(m+η)−1
∥
∥xj−u

∥
∥≤ 1, (m+η)−1

∥
∥xj−v

∥
∥≤ 1,

(m+η)−1[(xj−v
)−(xj−u

)]= (m+η)−1(u−v)= (m+η)−1λz

(2.1)

with (m+η)−1λ≥ ε. Hence f(p) <m, a contradiction. Therefore, A(C,{xj}) consists

of exactly one point.

Lemma 2.3. Let C = Ynk=1Ck be a finite union of nonempty weakly compact convex

subsets Ck of a UCED Banach space X, and let uk ∈ Ck be the unique asymptotic center

of a bounded sequence {xj} in X with respect to Ck, 1≤ k≤n. Then

r
(
C,
{
xj
})=min

{
r
(
uk,

{
xj
})

: 1≤ k≤n}. (2.2)

Proof. Let m = min{r(uk,{xj}) : k = 1,2, . . . ,n}. Then for any x ∈ C , there is i
such that x ∈ Ci, and so

r
(
x,
{
xj
})≥ r(Ci,

{
xj
})= r(ui,

{
xj
})≥m. (2.3)

Taking the infimum for x over C yields r(C,{xj}) ≥m. On the other hand, choose

i∈ {1,2, . . . ,n} such that r(ui,{xj})=m. Then,

m= r(ui,
{
xj
})= r(Ci,

{
xj
})≥ inf

{
r
(
x,
{
xj
})

: x ∈ C}= r(C,{xj
})
. (2.4)

This completes the proof.

Lemma 2.4. Under the same hypothesis as Lemma 2.3,

A
(
C,
{
xj
})= {ui : r

(
ui,
{
xj
})=m}≠∅, (2.5)

where

m=min
{
r
(
uk,

{
xj
})

: 1≤ k≤n}. (2.6)

Proof. If ui satisfies r(ui,{xj}) = m, then it follows from Lemma 2.3 that

r(ui,{xj}) = r(C,{xj}), which implies that ui ∈ A(C,{xj}). For the other inclusion,

let v be any member of A(C,{xj}). Choose Ck such that v ∈ Ck. Then

r
(
v,
{
xj
})=m≤ r(uk,

{
xj
})≤ r(v,{xj

})
, (2.7)

so r(v,{xj}) =m = r(uk,{xj}). By the uniqueness of the asymptotic center, we see

that v =uk ∈ {ui : r(ui,{xj})=m}.
Lemma 2.5. Under the same hypothesis as Lemma 2.3, and suppose that T : C → C

is nonexpansive. Then for any z ∈ C , A(C,{Tjz}∞j=1) is T -invariant.
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Proof. For each k ∈ {1,2, . . . ,n}, let uk ∈ Ck be the unique asymptotic center of

{Tjz} with respect to the nonempty weakly compact convex subset Ck, 1 ≤ k ≤ n.

Define f :X → [0,∞) by f(x)= r(x,{Tjz}) for x ∈X. Then by Lemma 2.4,

∅≠A
(
C,
{
Tjz

})= {ui : f
(
ui
)=m}, m=min

{
r
(
uk,

{
Tjz

})
: k= 1,2, . . . ,n

}
. (2.8)

Since T is nonexpansive, for any k∈ {1,2, . . . ,n}, we have

f
(
Tuk

)= lim
j→∞

∥
∥Tuk−Tjz

∥
∥≤ lim

j→∞
∥
∥uk−Tj−1z

∥
∥= f (uk

)
. (2.9)

Now, for any a∈A(C,{Tjz}), it follows from (2.8) and (2.9) that

m= f(a)≥ f(Ta)≥ inf
x∈C

f(x)=m. (2.10)

Consequently, f(Ta) = m. Appealing to (2.8) once more, we obtain that Ta ∈
A(C,{Tjz}). This completes the proof.

With the aid of Lemmas 2.3, 2.4, and 2.5, we obtain one of our main results.

Theorem 2.6. LetC =⋃nk=1Ck be a finite union of nonempty weakly compact convex

subsets Ck of a UCED Banach space X. Suppose that T : C → C is an asymptotically

regular nonexpansive mapping. Then T has a fixed point in C .

Proof. Choose any z ∈ C . Since C is T -invariant and C is bounded, the sequence

{Tjz}∞j=1 ⊂ C is bounded. For any k∈ {1,2, . . . ,n}, letuk ∈ Ck be the unique asymptotic

center of {Tjz} with respect to the nonempty weakly compact convex subset Ck of

X. By Lemmas 2.4 and 2.5, A(C,{Tjz}) is a nonempty subset of {u1, . . . ,un} and is

T -invariant. For any a ∈ A(C,{Tjz}), we see via the finiteness of A(C,{Tjz}) that

there are distinct positive integers p,q such that Tpa = Tqa. Assume that q = p+r
for some r ∈N. Define w = Tpa∈A(C,{Tjz}). Then

w = Tpa= Tqa= Tr (Tpa)= Trw. (2.11)

This means that w is a fixed point of Tr . Put nk = kr , k ∈ N. It follows from the

asymptotic regularity of T at w that

‖Tw−w‖ = ∥∥Tnk+1w−Tnkw∥∥ �→ 0 as nk �→∞. (2.12)

Hence Tw =w. This completes the proof.

Since it is not known whether every λ-firmly nonexpansive mapping is asymptotic

regular, the generalization of the Smarzewski fixed point theorem to λ-firmly non-

expansive mappings does not follow directly from Theorem 2.6. However, the proof

of the following theorem is similar to that of Theorem 2.6. To begin, we recall the

following known lemma.

Lemma 2.7 [6, Lemma 2.2]. Suppose that C is any nonempty subset of a strictly

convex Banach space X, and that T : C → C is a λ-firmly nonexpansive mapping for

some λ∈ (0,1). If x,y are in C so that ‖Tx−Ty‖ = ‖x−y‖, then Tx−Ty = x−y .



FIXED POINT THEOREMS FOR NONEXPANSIVE MAPPINGS . . . 255

Theorem 2.8. LetC =⋃nk=1Ck be a finite union of nonempty weakly compact convex

subsets Ck of a UCED Banach space X. If T : C → C is λ-firmly nonexpansive for some

λ∈ (0,1), then T has a fixed point in C .

Proof. Choose any z ∈ C . The sequence {Tjz}∞j=1 is bounded in C . So, it follows

from Lemma 2.2 that for any k ∈ {1,2, . . . ,n}, {Tjz} has a unique asymptotic center

uk with respect to the nonempty weakly compact convex subset Ck. By Lemmas 2.4

and 2.5, A(C,{Tjz}) is a nonempty subset of {u1, . . . ,un} and is T -invariant. So, there

is w ∈A(C,{Tjz}) and � ∈N such that T�w =w. If � = 1, T has a fixed point w in C .

Otherwise, noting that

‖w−Tw‖ = ∥∥T�w−T�+1w
∥
∥≤ ‖T�−1w−T�w∥∥≤ ··· ≤ ∥∥Tw−T 2w

∥
∥≤ ‖w−Tw‖,

(2.13)

it follows from Lemma 2.7 that

w−Tw = Tw−T 2w = ··· = T�−1w−T�w, (2.14)

which implies that

w = T�w = T�−1w−x
= (T�−2w−x)−x
= T�−2w−2x

...

=w−�x, where x =w−Tw.

(2.15)

Consequently, �x = 0 and hence x = 0, that is, Tw = w. This completes the proof.

For the case that k= 1, we have the following corollary.

Corollary 2.9. Let C be a nonempty weakly compact convex subset of a UCED

Banach space X. Suppose T : C → C is a λ-firmly nonexpansive mapping for some

λ∈ (0,1). Then T has a fixed point in C .

The following conclusion is immediate from Theorem 2.8 and the fact that every

uniformly convex Banach space is a UCED Banach space.

Corollary 2.10 [9]. Suppose that C =⋃nk=1Ck is a finite union of nonempty weakly

compact convex subsets Ck of a uniformly convex Banach space X and that T : C → C
is a λ-firmly nonexpansive mapping for some λ∈ (0,1). Then T has a fixed point in C .

3. A common fixed point theorem for strongly nonexpansive mappings. By [3,

Proposition 1.2], it is easy to see that every strongly nonexpansive mapping T : C → C
on a nonempty bounded closed subsetC of a Banach spaceX is asymptotically regular.

With this observation, the result of Theorem 2.6 can be strengthened.

Theorem 3.1. Let X be a UCED Banach space, and let C = ⋃n
k=1Ck be a finite

union of nonempty weakly compact convex subsets Ck of X. Suppose that T : C → C
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is a strongly nonexpansive mapping. Then for any z in C , A(C,{Tjz}∞j=1) ≠ ∅ and

A(C,{Tjz}∞j=1)⊆ F(T).
Proof. For each k ∈ {1,2, . . . ,n}, let uk ∈ Ck be the unique asymptotic center of

{Tjz} with respect to Ck. By Lemmas 2.4 and 2.5, we see that A(C,{Tjz}) is a fi-

nite nonempty subset of {u1, . . . ,un} and is T -invariant. Moreover, from the proof of

Theorem 2.6, we see that for any a ∈ A(C,{Tjz}) there is � ∈ N such that T�a is a

fixed point of T . Let η= T�−1a andw = T�a. Then Tη=w and Tw =w. Letm be the

asymptotic radius of {Tjz} with respect to C . Then

lim
j→∞

∥
∥η−Tjz∥∥=m= lim

j→∞
∥
∥w−Tjz∥∥= lim

j→∞
∥
∥w−Tjz∥∥, (3.1)

where the last equality follows from the monotonicity of the sequence {‖w−Tjz‖}∞j=1.

Now we claim that limj→∞‖η−Tjz‖ =m, also. In fact, by the nonexpansiveness of T
we see that

lim
j→∞

∥
∥Tη−Tj+1z

∥
∥≤ lim

j→∞

∥
∥η−Tjz∥∥, (3.2)

and hence

m= lim
j→∞

∥
∥η−Tjz∥∥≥ lim

j→∞

∥
∥η−Tjz∥∥≥ lim

j→∞

∥
∥Tη−Tj+1z

∥
∥

= lim
j→∞

∥
∥w−Tj+1z

∥
∥=m. (3.3)

Therefore, we have

∥
∥w−Tjz∥∥−∥∥Tw−Tj+1z

∥
∥ �→ 0,

∥
∥η−Tjz∥∥−∥∥Tη−Tj+1z

∥
∥ �→ 0 as j �→∞. (3.4)

It then follows from the strong nonexpansiveness of T that

(
w−Tjz)−(Tw−Tj+1z

)
�→ 0,

(
η−Tjz)−(Tη−Tj+1z

)
�→ 0 as j �→∞. (3.5)

Since

‖η−Tη‖ = ∥∥(η−w)−(Tη−Tw)∥∥
≤ ∥∥(η−Tjz)−(Tη−Tj+1z

)∥∥+∥∥(w−Tjz)−(Tw−Tj+1z
)∥∥,

(3.6)

we conclude that η = Tη. Thus, we have shown that T�−1a is also a fixed point of T
whenever T�a is a fixed point of T . Repeating this argument, we finally obtain that a
is a fixed point of T . This completes the proof.

A family {Ti}i∈I of self-mappings on a metric space (X,d) is said to be weakly

commutative if d(TiTjx,TjTix) ≤ d(Tjx,Tix) for any i,j ∈ I and for any x in X.

{Ti}i∈I is said to be compatible if limn→∞d(TiTjxn,TjTixn) = 0 whenever {xn} is

a sequence in X such that for some t ∈ X, limn→∞Ti(xn) = limn→∞Tj(xn) = t for all

i,j ∈ I. Obviously, a weakly commutative family is compatible but not conversely ([7]).

Just as the proof of [7, Proposition 2.2], we have the following lemma.
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Lemma 3.2. Suppose that {Ti}i∈I is a compatible family of self-mappings on a metric

space (X,d). If z ∈ X is such that Tiz = Tjz for all i,j ∈ I, then TiTjz = TjTiz for all

i,j ∈ I.
Theorem 3.3. LetC =⋃nk=1Ck be a finite union of nonempty weakly compact convex

subsets Ck of a UCED Banach space X, and let {Ti}i∈I be any compatible family of

strongly nonexpansive self-mappings on C . Suppose that the graphs of Ti, i∈ I, have a

nonempty intersection, then Ti, i∈ I, have a common fixed point in C .

Proof. By assumption, there is z ∈ C such that Tiz = Tjz for all i,j ∈ I. Then in

view of Lemma 3.2, we have TiTjz = TjTiz for all i,j ∈ I. Consequently,

T 2
i z = Ti

(
Tjz

)= Tj
(
Tiz

)= T 2
j z, (3.7)

for all i,j ∈ I. By induction, we obtain that Tki z = Tkj z for any k∈N and for all i,j ∈ I.
Then from the proof of Theorem 3.1, we see that A(C,{Tni z}∞n=1) ≠∅ and any point

w in A(C,{Tni z}∞n=1) is a common fixed point of Tj , j ∈ I. This completes the proof.
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