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ON THE MAXIMUM VALUE FOR ZYGMUND CLASS ON AN INTERVAL
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We prove that if f(z) is a continuous real-valued function on R with the properties f(0) =
f(1) =0 and that || fllz = infx ¢ [(f(x+1) —2f(x)+ f(x—1t))/t| is finite for all x,t € R,
which is called Zygmund function on R, then maxyec[o,17|f(x)| < (11/32)[|fllz. As an
application, we obtain a better estimate for Skedwed Zygmund bound in Zygmund class.

2000 Mathematics Subject Classification: 30C62, 30C75.

1. Introduction and the main results. A continuous real-valued function f(x) on
R is said to belong to the class A (R) if there exists a constant C such that

|fx+t)-2f(x)+f(x-t)| <Cltl, (1.1)

for all x,t € R. This class introduced by Zygmund [8] is called Zygmund class, and
we denote the infimum of the values C in (1.1) by || f||z. Gardiner and Sullivan [6]
proved that by applying the Beurling-Ahlfors extension formula [1] to the function
f(x) € A« (R), then the Beurling-Ahlfors extension Fga = U(x,y) +iV(x,y), where

X+

¥
Sfadt,

1
Ulx,y) = 5 ey

1 [ (x> x (1.2)
V(x,y)=§<J f(t)dt—J f(t)dt),

x x-y

has bounded 0-derivative in the upper half plane H = {(x,y) | ¥ > 0}, where 0 =
Ox +10,. On the other hand, from Ahlfors and Bers [2], for any L. complex-valued
function p(z) defined for z in C there is a curve of quasi-conformal homeomorphisms
ft of C defined for [t] < || ull=! such that f is holomorphic as a function of ¢ and
its derivative in t is given by the following formula:

fH=z+tF(z)+0(t?), (1.3)

where the constant in O (t?) is uniform for z in compact sets. If f* is normalized to
fix 0, 1, and oo, then F(x) is in the function space A, (R). The necessary and sufficient
condition for a real-valued function f(x) on R to have an extension F(z) on H with
bounded o-derivative is f(x) € A« (R), which is proved by Gardiner and Sullivan in [6]
also by Reich and Chen in [7]. It is hoped that the knowledge of the special properties
of such functions may be applied to the study of quasi-conformal theory.

In order to prove that the Beurling-Ahlfors extension Fg has bounded O-derivative,
Gardiner and Sullivan [6] applied these Zygmund function properties by solving the es-
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timate of max{|f(x)|:0 < x <1} when f € A, (R) is normalized by f(0) = f(1) = 0,
in fact, they proved the following theorem.

THEOREM 1.1. Suppose f(x) € Ax(R), and f(0) = f(1) = 0. Then,
M:max{|f(x)|:Osxsl}s%\lfllz. (1.4)

In 1995, Chen and Wei [4] said that the above result could be improved and they
showed the following theorem.

THEOREM 1.2. Suppose f(x) € A« (R), and f(0) = f(1) = 0. Then,
M:max{|f(x)|:Osxsl}s%\lfllz. (1.5)

More recently, in their joint paper, Baladi et al. [3] also used the Skewed Zygmund
bound property to estimate the upper and lower bound for some transfer operators.
They introduced the Zygmund space Z on I, where I denotes a compact interval as
the complex vector space of continuous functions @ : I — C such that

Z(p) = su;l) | Z(@,x,t)] < o, (1.6)

X
t>0:x+tel

where Z(p,x,t) = (p(x +t) + p(x —t) —2@(x))/t. And they proved the following
useful result.

THEOREM 1.3 (Skewed Zygmund bound). Forall p € Z, x,y € I, where I denotes a
compact interval, 0 <t <1,

[1-D@0) +1@() P ((L-Dx + 1Y) | = 5 Z(@)x -1, (1.7)

In this paper, first we will point out that the proof of the theorem has error, so that
Theorem 1.2 is not proved. And then we will prove the following theorem.

THEOREM 1.4. Suppose f(x) € A« (R), and f(0) = f(1) = 0. Then,
11
M:max{|f(x)\:Osxsl}sﬁ\lfllz. (1.8)

As an application, we will use our result to obtain a better estimate for the above
Skewed Zygmund bound in Section 3.

2. Preliminary results and the proof of Theorem 1.4. We assume f € A, (R) and
f(0) = f(1) =0, and we need the following results due to Chen and Wei [4].

LEMMA 2.1. Let f € A, (R), and max{|f(a)l,|f(b)|} < A. Then,

a+b
()
‘f(%”’)‘ <a+ 25,

b—a
max |feO| = A+ ==1f1-. (2.2)

b-a
sA+T||f||z,

(2.1)
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First, we will point out that there is an error in the proof of Theorem 1.2. Chen and
Wei set in [4] that

3ap+b +b
[a0,bo] = 10,11,  [a1,b1] = [%%} (2.3)
and, by deduction, they set
[anlbn] = |:3an14+ bn71 ) An-1 ; bn71 :| . (2-4)

As Chen and Wei used in [4], they denoted by A, the Zygmund class on the interval
[an,by],n=0,1,... withmax{|f(an)l,|f(bn)|} <A, and || f||; < B, then they derived
that

sup  |[fx)|[ = sup  [fx)| = sup  [f()].  (.5)

x€lao,bol,feNg x€lay,b1l,.fen x€lap,bal,feN?

Contradicting to Chen and Wei [4], we say that the method used to obtain (2.5) does
not generally hold, and the formulas of (2.5) can only be true in the following

sup I fO)[ < sup  [fO0)]. (2.6)

x€lan,bnl,f€An-1 x€lan,bnl,fE€An

For if were true, by the same method used by Chen and Wei [4], we set that

1
[ai,b1] = [0,5], (2.7)
let A; be the Zygmund class on the interval [a, b, ] with max{|f(a1)|,|f(b1)]} < Ay
and || f||; < B, then

sup  |[f(x)[ = sup  [f(x)]. (2.8)
xelag,bol,feho xelay,b11,fen

On the other hand, by the definition of (1.1), if we set x =t = 1/8, then | f(1/8)| <
3B/16, we have max{|f(ai)l,|f(b1)|} <3B/16, and |/ f]|. < B, by (2.2), then
3B B B

XeI%’(l)%)jg]|f(x)| SE-I-E:Z (29)

Hence by (2.8), we can derive that

sup [0l = swp [f00] = max [ fGo] <5 (2.10)

xe[0,11,f€Ag x€[0,1/8],fEA x€[0,1/8]

The following example is used in [4].

EXAMPLE 2.2. A piecewise linear function fi (x) € Ax(R) with || f«|l = 1 is defined
as follows (also see [4]).
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We choose that f(x) equals zero when x < 0 and x > 1, the dividing points in [0, 1]
and the values of f at the dividing points are listed as follows:

0, x=0,1,
1 _113

fix)=13 X323 (2.11)
5 .35
16"~ 8’8’

By the above example and (2.10), we have
max | ()] < 2[lfull = 5, (2.12)
xe€[0,1],f€Ag 4 4

but, f(3/8) =5/16 > 1/4, which is a contradiction.
Thus the inequalities in (2.5) do not hold in general.

PROOF OF THEOREM 1.4. Suppose f € A4 (R), and f(0) = f(1) = 0, from Lemma
2.1, for any B > || f||;, we see that if we choose x =t = 1/2, then, by (1.1), | f(1/2)]| <
B/4,andif x =t =1/4,then | f(1/2)—-2f(1/4)| <B/4,and | f(1/4)| < B/4, also if we
choose x =t =1/8,we have |f(1/4)—-2f(1/8)| <B/8,and |f(1/8)| <3B/16.

By (2.2), we obtain the estimate in the interval of [0,1/8]

3B B B
< —+—=— 2.13
xerﬁ)él)?s] Fe] = + 16 4 ( )

while in the interval of [1/8,1/4], because of max{|f(1/8)],|f(1/4)|} < B/4, the same
way can be used to get that

B B 5B
<5, 228 2.14
comax fOl =3+ 15 =16 (2.14)

Again, if we choose x =3/8 and t = 1/8, by (1.1), then

7(6)-2r ()G =5 [()l=ve 215
and if we choose x =1/4,t =1/2, from (1.1), we obtain
()2 Ge) Q) =6 [Ge)l=%s e

Thus, max{|f(1/4)|,1f(5/16)|} < 5B/16, we can derive by (2.2) in Lemma 2.1 that

B 11B
xell /43161 [fo] < HEVIREET I (2.17)
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For the interval of [5/16,3/8], we also get, by (2.2), that

1lB
max | f(x)] < (2.18)
xe[5/16,3/8]

Letx =7/16,and t = 1/16, by (1.1), we derive that

)2l )=t ()= e

Thus, in the interval of [3/8,7/16], we obtain from max{|f(3/8)|,|f(7/16)|} <5B/16,
and by (2.2), that

I ()|_11B

max (2.20)

x€[3/8,7/16]
Also since we have | f(7/16)| <5B/16 and |f(1/2)| < B/4, so we have the estimate in
the interval of [7/16,1/2], that is

llB
< 2.21
[7/16 1/2] [ = ( )
Combining with the above estimates from (2.13), (2.14), (2.17), (2.18), (2.20), and (2.21),
we obtain that
11B
max_|f(x)| < o5 (2.22)
x€[0,1/2]
By the fact that if f(x) € Ax(R), then fi(x) = (1/a)f(ax+b)+cx+d € Ax(R), and
Il f«llz =1l.fl; for any real constants a # 0, b, ¢ and d, which is called linear-invariant
property, if f € Ag, let F(x) = —f(1—-x) € Ao, by (2.22), then we obtain that
11B

max |F(x)| = Jhax |f(x)\ <= (2.23)
x€[0,1/2]

The results we obtain hold for any B > || f||., hence we have proved that

11
max | f0)| < 55011 (2.24)
The proof of Theorem 1.4 is finished. a

3. Application to estimate Skewed Zygmund bound. We will use our Theorem 1.4
to improve Skewed Zygmund bound due to Baladi et al. [3]. Suppose I is a compact
interval and the Zygmund space Z on I as the complex vector space of continuous
functions @ : T — C such that

Z(p) = sup | Z(@,x,t)] < o, (3.1)

t>0 x+tel

where Z(@,x,t) = (p(x+t)+p(x—-t)—-2@p(x))/t.
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The vector space Z becomes a Banach space when it is endowed with the norm
l@ll = max(sup; ||, Z(@)), and it has close relation with the Banach space A% of
«-Holder functions, that is, functions @ : I — C satisfying

@lu = sup lex) -] _

! x| o, O<ux=xl, (3.2)
X+ye -

with the norm ||@ |l = max(sup; |@/|,|@l«). We know that Z & A% for 0 < ¢ < 1 and
A € Z. (See [3, 5].) Our next result will be stated in the following theorem.

THEOREM 3.1 (Skewed Zygmund bound). Forall p € Z, x,y € I, where I denotes a
compact interval, 0 <t <1,

[(1-D@ () + @) ~@((L-Dx+ 1Y) | = 5 Z(@)x -1, (3.3)

PROOF OF THEOREM 3.1. Suppose a given function @ (x) satisfying the conditions
in Theorem 3.1, for any x,y € I we define a function in [0, 1] as follows:

I _ PX) -, @)
F(t)—yian(t(y X)+Xx)+ Yo t Yox’ (3.4)

then we have a continuous function F(t) in [0, 1] satisfying

1 1
F(0) = yj@(x)—ﬁqp(x) =0,

(3.5)
F) =20, eX0=-00) o) _,
y—-Xx y—-Xx y—-Xx
By the linear-invariant property, we obtain that F(t) € Ag, and
Z(F)=Z(p). (3.6)
By Theorem 1.4, we have
11
Jnax |F(t)| < iZ(cp). (3.7)
However, we see that
F()| = | QL@ =0 +%) o) —te() ~@(x) I
V-X y-X
_ <p(<1—t>x+ty)+(t—1)cp<x)—t<p<y>‘
= Y x
(3.8)
| -Dee) +te(y) —@((L-t)x +ty)
y-x

11
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Hence, we have by (3.7) that

@((1=0x+19) ~ (1-DPE) +1e () | < Z@)x-Y. 3.9

The proof of Theorem 3.1 is finished. a

REMARK 3.2. There are also some useful applications of Theorems 1.4 and 3.1, for
example, they can be used for the estimate of the upper and lower bound for some
transfer operators introduced in [4], we omit it here.
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