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A COMMON UNIQUE FIXED POINT THEOREM FOR TWO RANDOM
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We construct a sequence of measurable functions and consider its convergence to the
unique common random fixed point of two random operators defined on a nonempty
closed subset of a separable Hilbert space. The corresponding result in the nonrandom
case is also obtained.
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1. Introduction. In recent years, the study of random fixed points have attracted
much attention, some of the recent literatures in random fixed points may be noted
in [1, 2, 3, 7, 8, 9]. In particular, random iteration schemes leading to random fixed
points of random operators have been discussed in [3, 4, 5]. In the present paper, we
work out a common random fixed point theorem for two random operators defined on
a nonempty closed subset of a separable Hilbert space. For the purpose of obtaining
the random fixed point of the two random operators we have constructed a sequence
of measurable functions and have shown its convergence to the fixed point.

We first review the following concepts which are essentials for our study in this
paper.

Throughout this paper, (Q,>) denotes a measurable space, H stands for a separable
Hilbert space, and C is a nonempty subset of H.

A function f : Q — C is said to be measurable if f~1 (BN C) € X for every Borel subset
B of H. A function f: Qx C — C is said to be a random operator, if F(-,x) : Q — C is
measurable for every x € C. A measurable function g : Q — C is said to be a random
fixed point of the random operator F: QxC — C, if F(t,g(t)) = g(t) forallt € Q. A
random operator F : QX C — C is said to be continuous if for fixed t € Q, F(t,-) : C - C
is continuous.

CONDITION 1.1. Two mappings S,T : C — C, where C is a nonempty subset of a
Hilbert space H, is said to satisfy Condition 1.1 if

ISx-Tyl? <allx -y I +b(llx -SxII*+ 1y - Ty %)

c (1.1)
+ E(I\x—Ty||2+ Iy —SxII?),

where

O<a+2b+2c<1, a,b,c>0. (1.2)
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It is well known that in a Hilbert space the parallelogram law is satisfied, that is,
Vx,y €C, lx+yIIP+lx-yI?=2lxI*+2[yI° (1.3)
We construct a sequence of functions {g,} as
go:Q—C (1.4)
is arbitrary measurable function. Fort € Q and n =0,1,2,...,

Gons1 (1) =S(t,g2n (1)), Gons2(t) = T(E,g2n41(1)). (1.5)
2. Main results. In this section, we prove a common unique fixed point theorem
for two random operators in Hilbert spaces.

THEOREM 2.1. Let C be a nonempty closed subset of a separable Hilbert space H.
Let S and T be two continuous random operators defined on C such that for t € Q,
S(t,-), T(t,-):C — C satisfy Condition 1.1. Then the sequence {g,} obtained in (1.4)
and (1.5) converges to the unique common random fixed point of S and T .

PROOF. ForfixedteQ,n=1,2...,,
[gone1 () = Gon (D2 = (IS (£, g2n (1)) = T (£, gon1 ()]
< allgen(t) — gon-1 (1)
+b(|[gon () = S (£, G20 (1) [* + [|g2n1 (1) = T(t, 9201 (1))[)
+5 (1920() =T (6, @2n1 ()] +]|g2n-1 (0 =S (t, g2n )
= allgan—1(t) = g2n (D]
+b([1920 (1) = gons1 (O + [|g2n1 (1) = gon (D)
+ 5 (119206 = g2n (O +[|g20-1 (D) = g2nsr (1))
= al|gan(t) = G2n1 (D)
+b(|lg2n (1) = Gane1 O + [|g20-1 (1) = g2 (D)
+ 21 (G201 () = Gon(0)) + (G2n (8 = Goner (D) I
= al|gzn(t) — gon-1 (1)
+b(|lg2n (1) = Gane1 O + [|g20-1 (D) = g2n (D)
+¢(llgzn1 () = g2 (O] + 11920 (6) = g2n1 D))
= S (12010 = @2n () = (@20 (1) = 201 (1))
(by parallelogram law (1.3))
< (a+b+0)||gon(t) —gon1 (D]

+ (D +0)||gzn(t) = Gone1 (D]
2.1)
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Therefore,

atb+c
¢ g ®) — g 0], (2.2)

||92n+1 (t) _g2n(t)||2 <

ForteQ,n=1,2,3,..,

1g2n (1) = Gon1 (O|F = [|T (£, g2n-1 (1)) =S (t,g2n—2 (D)’

= al|gan—2(t) — gon1 (D)

+b(||gan1 () = T(t,g2n 1 ()|
+[1gon-2(6) =S (t,gan-2 (D))
+%(||92n—1(t)_S(tsgA?an(t))||2+||92n—2(t)_T(tsg2n—1(t))H2>
(by (1.1))

= al|gan—2(t) = gon1 (D)
+b(|lg2n-1(6) = gon (O + 1| g2n—2(£) = gon-1 ()|
45 (92010 = g1 O +|g2n-2(6) ~ gn (D))

= allgan-1(t) = gon—2 (D)
+b([[gon-1() = gon (DI + [|gon-2 () = g2n1 (D))
+ 501 (@2n-2 () = Gon-1 () + (G2n-1 (1) = gan (D)

< al|gen-1(t) ~ gen—2 (0|
+-b(H92n,1(t)——an(t)H2+-Hg2n,2(t)—-g2n,1(t)H2)
+c(llgan-2() = gon 1 D] +[lg2n1 () = gon D)
= 1G22 () = Gon-1 (D) = (G2n-1(8) = g2n (D)

(by parallelogram law)
< (a+b+0)||gan-1(t) ~ g (1)}

+ (b +0)||gan-1 (1) = gan (D]
(2.3)

Therefore, forallt e Q, n=1,2,...,

a+b+c
1-b-c

lg2n(0) - gzn1 (0] < ( Jlgzn-1(6) = g2n-2(0)|I (2.4)
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Equations (2.2) and (2.4) jointly imply that forallt e Q, n =1,2,3,...,

a+b+c :
19a(®) = gnir O < (S lgn1(6) - gn (I 2.5)
Again from (1.2) it follows that
0<(?j5f2)<1. (2.6)

From (2.5) and (2.6) it follows that for t € Q, {g,(t)} is a Cauchy sequence and hence
is convergent in the Hilbert space H.
Fort € Q, let

{gn®} — gt) asn — . (2.7)

Since C is closed, g is a function from C to C.
Fort e Q,

19 =S (£, g = [[(g(t) = gon(®)) + (g2n(t) =S (£, g ()))]]*

<2[|g(6) = gen O|* +2[|g2n (1) =S (£, g (D)) |
(by parallelogram law)

=2||g(t) = gon (D> +2||T (£, g2n1 (1)) =S (£, g(1))])?
=2||g(t) = gan (D> +2al[gan_1 (1) —g (D]
+2b(||g2n-1(6) = T(t,gon1 (D) [[* +]lg (1) — S (t.g (1) |*)

t+cllgon-1 () =S (t,g(®)|* +1lg(t) = Tt,gon-1 (O)|°
(by (1.1))

=2[|g(t) = gan (D)||* +2al|gan-1 () —g (D)|*
+2b(||gon1 () = gan D* +]|g () =S (t,g(®))|*)
+c(|lgen1 (DS (£, g(0)][* +]1g (D) = g2n (D). 2.8)

Making n — oo in the above inequality we have by virtue of (2.7), for all t € Q,
llg(t)-St,g(®)||* < @b+0)||g(t) - S(t,g(t)]. (2.9)
Since 0 < 2b +c¢ < 1 (by (1.2)), we have for all t € Q,
S(t,g() =g(0). (2.10)
In an exactly similar way we can prove that for all t € Q,

T(t,g(t))=g(t). (2.11)
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Again, if A: QO xC — C is a continuous random operator on a nonempty subset C of
a separable Hilbert space H, then for any measurable function f : Q — C, the function
h(t) = A(t, f(t)) is also measurable [6].

It follows from the construction of {g,} ((1.4) and (1.5)) and the above considera-
tions that {g,} is a sequence of measurable functions. From (2.7) it follows that g is
also a measurable function. This fact along with (2.10) and (2.11) shows that g: Q — C
is a common random fixed point of S and T.

Next we prove the uniqueness. Let h : Q — C be another random fixed point common
to S and T, that is, for t € Q,

S(t,h(t)) = h(t), T(t,h(t)) =h(t). (2.12)
Then for t € Q,

lg(®) =h®| =[IS(t,g(0)) = T (£, (D))’
<allg®)-h®|* +b(llg®) =S (£, g®)|]* +[|n(D) =T (£, h(D))|]*)
5 (Ilg@ =T hO)F +[Iht) -S(L.g@)I)

=(a+0)||lg)—h®|° (by (2.12)).
(2.13)

But 0 < a+c <1 (by (1.2)). This shows that g(t) = h(t) for all t € Q. This completes
the proof of the theorem. a

COROLLARY 2.2. LetS,T:C — C, where C is a nonempty closed subset of a Hilbert
space H, be such that inequality (1.1) is satisfied along with (1.2). Then the sequence
obtained by starting with an arbitrary element

xo €C,
Xon+1 =S8Xon, m=0,1,2,..., (2.14)

Xons2 = Txon1, n=0,1,2,...,

converges to a unique common fixed point of S and T.
The proof of the corollary is immediate by assuming Q to be a singleton set.
REMARK 2.3. It is necessary to assume H to be separable in the corollary.
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