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ABSTRACI. Pseudo-Sasakian manifolds ﬁ(U,E,ﬁ,E) endowed with a contact conformal
connection are defined. It is proved that such manifolds are space forms

ﬁ(K).K < 0, and some remarkable propertics of the Lie algebra of infinitesimal
transformations of the principal vector field B on ﬁ are discussed. Properties
of the leaves of a co-isotropic foliation on ﬁ and properties of the tangent

n, "
bundle manifold TM having M as a basis are studied.

KEY WORDS AND PHRASES. Witt frame, CICR sulmanifold, relative contact infinitesimal
trans formation, U-contact concircular paivini, differential form of Godbillon-Vey,
form of E. Cartan, Finslerian form, mechanical system, dynamical system, epray,

CR product.

1980 SUBJECT CLASSIFICATION CODES. &§3C25, 64C40, 53B25

1. 1INTRODUCTI1ON.

In the last years many papers have bheen concerned with Sasakian manifold
ﬁ(o,g,%,%) and related structures. Recently Rosca [1] has defined pseudo-Sasakian
manifolds ﬁ(u,a,R,E) and Coldberg and Rosca [2] have studied CICR submanifolds
(i.e. co-isotropic CR submanifolds) of ﬁ(U,C.K,E).

In the present paper we study (2wm+])-dimensional pseudo-Sasakian manifolds
of index mtl, m > 4, structured by a contact conformal (abr. c.c.) connection. It
is proved that such manifolds are hyperbolic space forms ﬁ(x), K < 0, and with the
c.c. connection (which in fact is a natural pgeneralization of the connection defined
by Rosca [3]) is associated (compare with Rosca [3]) a so denominated principal
vector field V.

The paper is organized as follows. 1In Section 3 we develop some basic results
induced by the c.c. connection and some remirkable properties of the Lie algebra of
infinitesimal transformations defined by U. It is shown that

1) U (resp. ul) s divergence |rec (resp. defines an infinitesimal homothety)

on M and all connection forms on ﬁ are integral relations of invariance

for Ul (see Lichnerowicz ' [4]);

(ii) Y and U define an U-contact con~ircular pairing (in the sense of

N .
Rosca [5)) and any contact extension of U is a relative contact
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infinitesimal transformation (in the sense of Rosca [3]) of the
canonical 1-form :;
(Lid) ﬁ and uﬁ define both inflnitesimal automorphlisms of (2q+l)-forms
Bq = 1% (q<m) where u (resp. L) 1is the dual form of ﬁ (resp. the
(1,1)-operator taken with respect to the 2-form g = dklz)- Accordingly,if
XB is the exterior differential system defined by {Bq}, ¥ and Ul may
be considered as isovectors of ZR.
Section 4 is concerned with a co-isotropic foliation Fc on M. The leaves
Mc of Fc are CICR submanifolds of ﬁ and if codim Mc = #, then the form of

Godbillon-Vey on Mc (see Liclmerowicz [6]) is a (2%+41)-form Yo which is a rela-

tive integral invariant of U = B|N .
Further the necessary and sufffcient conditions for Mc to be foliate is that
the isotropic component UL of U vanishes. In this case Nc is a CR product (see
Yano and Kon [7] and Rosca [8]).
Finally using some notions introduced by Yano and Ishihara [9] and also by
Klein [10], we consider in Section 5 certain properties of the tangent bundle
manifold Tﬁ having the manifold N(u,g.ﬁ,}) as a basis.

, It Is proved that the complete liflc 3¢ and u® of § and u respectively
are homogeneous of degree one and that the form of E. Cgrtan ﬁ on Tﬁ is a
Finslerian form. Furthermore, we may associate with T a regular mechantieal
system whose dynamical system is a spray on M.

2. PRELIMINARIES.
Let (N,g) be a (2mt+l)-dimensional connected pseudo-Riemannian manifold of
signature (wm+l,m) and suppose that m > 4.

At each point B € ﬁ one has the standard decomposition (see Rosca h:
M) = h@ I (2.1)
P( ) P P

where TB’ H;, and T; are the tangent space, a (2m)-dimensional neutral vector
space, and a tize-like line orthogonal to ”5' respectively.

Let SB’ Sgtz HB be two self-orthogonal (abbreviation s.o.) m-distributions
which define an involutive automorphism U of square +1 (U 1is the para complex
operator defined by Libermann [11]). Let £ ¢ Tg and n e Al(g) be the pairing
which defines a contact structure oc on N, and V be the covariant differentia-
tion operator defined by the metric tensor Y. Then if for any vector fields 2,

%' on ﬁ the structure tensors (U,E,:,E) satisfy

@ =% - vde, R A T XA R R CALICAR
gZ,6) = "D, Ve = uZ, (2.2)
a2 = -28uZ, 2", e =1,

the manifold N(U,E,:,g) has been called a pseudo-Sasakian manifold (see Rosca [1]).
In order to study real eo-isotropic and isotropic foliations on M (that is

improper immersions in “), we consider an adapted field of Witt frames: W=

{hA: A,B,C = 0,1,...,2m}. The vectors ha and ha* (a=1,...,m;a*=a+m) are null

and h0 = & 1is the antsotropic vector field of the W-basis {hA}. We set

%
gg = {ha}, g,‘,’ = “'a*} 2.3)
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and as is known, one has

P *y = ~ =
’%(ha’hb ) 63')' i—:(g’ha) 0, (2.4)
S(Cyha*) = 0, s(E,8) =1
and
Uha = ha’ Uha* = -ha*, UE = 0. (2.5)

Ak A
If W = {W'} 4is the cobasis associated with W, we set Z“ = : and the line ele-

ment dg (dF is a canonical vector l-form and is independent on any connection on
n,
M) is given by

ay = M hy- (2.6)
It follows from (2.4) that the metric tensor z is:

Lk
g=2] @ +nen. (2.7
a
4" o0 iy
1f %ﬁ = WQCZC (ch € C (“)) and () ﬁ are the connection forms and the
curvature 2-forms on the bundle ﬁ(ﬁ) respectively, then the structure equations

(E. Cartan) may be written in the indexless form as follows:

Yh = 9 h, (2.8)

dw = -SAu, (2.9)
n

d§ = -0a8 + ©® (2.10)

Referring to (2.4) and (2.8), one has

% R
¥ aeWu=0, ¥ -0, Vu=o,
b A, b0 0 (2.11)
o a v ‘ _
Ba+?50 =0, ¥ +¥ =0
and
* V] ,
A S L (2.12)
a
By virtue of (2.8), (2.9),aud (2.11) one has
dn=2J6 A (2.13)
a
and
"yg = Ud'[\; => <V’2£,2'> + &a.s,% =0 (2.14)
where 2 and 2' are any vector fields on ﬁ.
In the following we agree to call the 2-form
*
F=3w A (2.15)
a
the Sundamental 2-form on M
Since by (2.11) one has
a n:‘: voa '\‘8*
2480, @+ @0, (2.16)
we shall call
=10 (2.17)
a

and

@
=
n

3 g @: (2.18)
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the Ricei 1-form and the Ricei 2-form respectively (see Rosca [12]). As is known,
the form @' g defines the first class of Chern of M.
Using (2.10) and referring to (2.12) and (2.15), one quickly obtains

13 LY
@ =@, -8 (2.19)

The above equation proves that the 2-forms és R and $i are homologous.

Hence the two cocycles éR and § belong to the 2-cohomology class Hz('ﬁ) of H.
Let now Fc be a coisotropic foliation on M and denote by Mc a maximal

integral manifold (leave) of rc. It has been shown by Goldberg and Rosca [2] that

M is a contact CR submanifold of R, that 1s there exists a differentiable

distribution D: p ~» Dp(: Tp(Mc), p € Mc (one denotes the induced elements on Mc

by suppressing ~) satisfying:

(1) D 1is tnvariant i.e. Ung; Dp, and
(ii) the complementary orthogonal distribution pt: p > D;‘: Tp(Mc) is anti-
Tuoariant i.e. up* < ™ M).
P~ P ¢

The distribution D (resp. D*) 1is called the horizontal (resp. vertical)
distribution. Such type of CR submanifolds is called CICR submanifolds (see
Goldberg and Rosca [2]).
3. PSEUDU-SASAKIAN MAN1FOLDS ENDOWED WITH A CONTACT CONFORMAL CONNECTION.

As a natural generalization of the definition given by Rosca [3], we assume

that the structure equations (2.9) are written in the form

a%“*= S A W ¥ vy, 3.1
i = @ AT+ Tl

W
where & = dX/Z, ¥a’t x € CQ(M), and u € AI(N) is a closed 1-form. Note that
N v a
t, and ta* are the components of a vector field

n, u v
- +t o .2
U g (b +E b ) (3.2)
of constant length.

We shall say (see Rosca [3]) that in this case the pseudo-Sasakian manifold N
is endowed with a contact conformal (abr. c.c.) connection, We also agree to call
N . . .

U the principal vector field associated with this connection.

"
Since g(a,“) = const, we may write by (3.2) that

N
g ta*tak = ¢, ¢ = const. (3.3)
Taking exterior differentials of (3.1), we get

N s,
¥, = <3+?i)¥1 - 23,

~ * (3.4)
dga* = (E—X)tqﬁ - 233 .

Denote by I the exterior differential system defined by equations (3.1) and (3.4)
and by I the idba% corresponding to I. The exterior differentiation of (3.4)
where &> and w? satisfy (3.1), g = dK/Z, dy = 0, leads to the identity.
Because of this, dIC I, that is I 1is a closed system. It follows from this

that the system I defining the pseudo-Sasakian manifold M endowed with a c.c.
connection is completcly integrable and 1ts solution depends on 2m constants

(the number of equations in (3.4)).
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From (3.4) and (3.3) we also obtaln
*

cu =] (ca*?,“-tawa ) (3.5)
a
and u(l) = o which shows that 4 is an integral relation of invariance for U
(see Lichnerowicz [4]). 1In the following we agree to call 4 the principal
Pfaffian associated with the c.c. connection.

Consider now the Il-form
+ta*w ). (3.6)

Taking the exterior differential of 3, one finds with the help of (3.1) and
(3.4) that c = 2. 1In this case we deduce

v =20 AV, 3.7)
and this equation asserts that v is exterior recurrent (see Datta [13] with 24

as the recurrence 1-form.
By (2.4) and (2.5) one easily finds

Gl = YW = gAY = Fab,ut -2 ] TE . (3.8)

Hence 1if b : T(y) > T*(“) is the musical iromorphism with respect to @ (see
Poor [14]), we may write: u = bw), v =b@). since § 1is closed, it follows
from (3.7) that the manifold ﬁ under consideration is foliated by 2-codimensional
submanifolds orthogonal to U and uﬁ.

Next if u: % 126, T(ﬁ) 4-]3?“) is the bundle isomorphism defined by
%= d%/Z, one readily finds

() = 2% . (3.9

In the following we agree to call the presympletic form B(dlm ker(a) # 0) the
[undamental 2-form on M.
Let now ?jf =0+ 'fz (? € c”(?()) be a contact extension of 'I\I and g"\j the

v
Lie derivative with respect to ﬁf. Then by (3.9) one quickly finds d!afn = 0.

Therefore according to the definition given by Rosca [3], we may say that Bf is
a relative contact infinitesimal transformation of %.

Denote now by 38 (resp. 38*) the simple unit form which corresponds to gg
(resp. g&). One has

N vl N
a

g~ Acch w
. ’\'l* '\’m* (3.10)
os* =w A . Aw ,

and by (3.1) the exterior differentials of (3.10) are

4" N NN N
do_. = [m(u+n)-v] A ¢
5 e S (3.11)
dgs* = [m(u—n)+v] A us* .
Since :S and gs* are both exterior recurrent, it follows from a well-~known
N .

property that both co-isotropic distributions S + {£} and 4 (¢} are involu-
tive (orth. (§+{E}) = g; orth. (§*+{g]) = s*. It is worth to emphasize that

this property is true for any pseudo-Sasakian manifold.
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Now with the help of (3.1), one finds that the connection forms are given by

* g
3: = 'E'aﬁ"’ + ?a,.:u“,“ +v/2 (o summation),
¥y A g.mb* (3.12)
b~ ¥ PR
By (3.12) and (3.6) one finds
8, = m)V/2 (3.13)

and (3.7) shows that BR is exterior recurrent.

Coming back to relations (3.12), one readily finds
i = o, ?ngtf) =0. (3.14)

Therefore we may say that all connection forms of the pseudo-Sasakian manifold ﬁ
under consideration are integral relations of invariance for the vector field ull.
Denote now by ¥ the volume elcment of ﬁ. One may take a local orientation
such that
T=O  Aogx AT (3.15)
and denote by x: AMT*N - A=Y e star operator determined by . 1f, like
qsually,i}i means the vector space of sections over Tﬁ, then, as is known, for

any vector field 2 e*?( one has

*div % = (div DT = diyt =Xy7 . (3.16)
Making use of (3.4), (3.11), (3.16), and the fact that
4
U= g (caha+?u*ha*), (3.17)
one finds after some calculations:
div ¥ =0, divuth =2 €. =4 . (3.18)
a

ience U 1s divergence free and W is an infinitesimal homothety on M.
Now if ? = QAhA. P = (2’)AhAe M are any vector fields, then, as is known

(sec Poor [14]), one has
Yy = a’%,:")l.ﬁ QA(V%%) .

Therefore, by (2.3), (3.4), and (3.12) we get

W = Gavd)ud-2iche
N n n, (3.19)
Vyulf = GOV DE .
We also note that since b(Uﬁ) = 3 is a closed form, we may say (see Poor [RERD)
that VUB is self-adjoint.
According to the definition given by Rosca [5] and Rosca and Verstraelen [15],
the formulae (3.19) show that the vector field U defines a U-contact concircular

pairing.
Denote by DU the 3-distribution defined by {ﬁ,uﬁ.g). By (2.2), (3.5),
and (3.6) one readily finds from (3.19) that

(¥,e1 =0, [ul,el=0. (3.20)

Hence both vector flelds B and vy commute with E and by (3.19) and (3.20) we
see that D, defines a 3-foliation on M.
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It is worth now to make the following considerations.
Let % € 39% be any vector field on ﬁ. Then one has the general Bochner
formula (see Poor [14]) on M:

2<er VY + V2 + MY -0 (3.21)

where & = do§ + 8od  is the Laplace-Reltrami cperater (or Laplacian) on AT*M,
N
and the trace (abr. tr) is calculated with respect to the metric temsor g of ﬁ.
v
Applying formula (3.21) to the principal vector field U and taking into

account (2.7), one has

e ¥ =3Y @ HeIV @Y +Y ALY (3.22)

h h_x h_x h [ 4
a a a a a a

bt

and

"y 2 4 n, ny
¥ ° = 2 E <Vhaﬁ,3ha*u> + <65u,%cﬁ> . (3.23)

Now by (2.14), (3.4), (3.5), (3.16),and (3.19 one finds

T v on ", o n
?/’ha*vhad = LU+ Q-EE /ul v GEE L/2-208 + ¥ b,
~v vy Y ", v N
v, vha*?I =B R - aulat E s2-0e + Th, (3.24)
WEV U= u.
Since we have found Z 't\‘a?a* = 2, we derive from (3.22), (3.23), (3.24), and (3.21)
a

that B satisfies (3.21) and this equation is consistent with "ﬁlz =4,

Let L be the operator of type (l,!) defined by the fundamental 2-form 3.
Denote then by %q = th =4 A (A'S‘i)q € A2q+lﬁ. Since 3 and 3 are both closed,
one finds by (3.9) and making use of the properties of the Lie derivative
L= fod + doi that

:tt,Bq 0. (3.25)

Hence U is an infinitesimal automorphism of all (2q+l)-forms aq (q < m).

N
On the other hand, since g(ﬁ,ﬁ) const, we may say in similar manner as in

"
U

the case of a Sasakian manifold that defines with UU an U-gection.
Like usually denote by
R(Z,2") = Yy, ¥, ] - Yoy v,y 2,2 e XN 3.26
(9 ) ['Z’ '] [Z,%'] ’ € ( )

the curvature operator. Then, as is known,the sectional curvature K(U.Uﬁ) defined
by ﬁ and UU 1is given by

Ao R(ﬁ,uﬁ,ﬁ,uﬂ)

KD = FANHEY, U -Ed, 02 G-21)
where
R(U, U0, 0,00 = ER@,ulhul, ). (3.28)
Making use of (3.5), (3.6), and (3.19), one finds
[0, 0] = a+2e) (3.29)

and

R(U, 00y = 4(50+8E) . (3.30)
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. 1
Hence by (3.27) and (3.28) one gets KQu,uu) = - 5 Now referring to (2.10) and

(3.12) one finds after some calculations

*
N N N nova N A na
éa=v Av.ox+ Vv, At -V*Ata*u)
a

S S S a S
* (3.31)
+ e G+ e A e (no summation)
a a¥*
where we have set
N LY T 1
= txw € A g
Vs E a ' (3.32)
*
n N ova 1 v
VS* = Z tam e A g .

As is known (see Libermann [11]), the components of the Ricei tensor are given by
A3 Vb, ek éﬁa va*
® a” bex® AN w ( a + ()1* = 0). Because of this, we get from (3.31) that
R x=T¢
be*  b*c
*=2’E'l\:l
aa a a

~e

(3.33)

=

x* = 1

It follows from (3.33) that the components of the Ricci tensor are disjoint (see
Rosca [16]). 1In addition, since the scalar curvature Es is the trace
of, the Ricci tensor with respect to E, one finds by (2.7) and (3.3) that
Es = 4-m (m > 4). Therefore we conclude that the pseudo-Sasakian manifold M
under consideration is a space form M(4-m) of hyperbolic type.

THEOREM 1. Let ﬁ(U,E,K,g) be a pseudo-Sasakian manifold endowed with a
dﬁ/z) be the principal vector field

c.c. connection and let ﬁ (resp. 8
assocliated with this connection (resp. the fundamental 2-form on ﬂ). One has
the following properties:
(1) ﬁ is divergence free, and UU defines an infinitesimal homothety on ﬁ;
(11) all the connection forms on M are integral relations of invariance for
UU;
(111) U and UY define an U-contact concircular pairing, and {U,Uﬁ,E}
defines a 3-foliation on ﬁ;
(iv) any contact extension ﬁf = ﬁ + ?E of B is a relative contact
infinitesimal transformation of X;
(v) U and Uﬁ define both an 4nfinitesimal automorphism of all (2q+l)-forms
Bq = qu where 3 is the dual form of Ua(q<m);
(vi) the Ricci l-form of ﬁ is exterior recurrent, and the Ricci tensor is
disjoint;
(vii) ﬁ is a space-form of hyperbolic type ; .
(viii) any such submanifold ﬁ is defined by a completely integrable system of
differential equations whose solution depends on 2m arbitrary constants.
4. CO-ISOTROPIC FOLIATION ON M(U,E,n,8).
We shall consider on M the following three distributions:
a) An tnvariant distribution " (i.e. Uﬁrqg Df) of dimension 2(m-2)+1
defined by DT = [hi,hi*,E; i=1,...,m-2; i*=i+m}.
b) An isotropic distribution D' (i.e. D" C orth D') of dimension 1
defined by p* = {hr; r=m-2+1,...,m}.
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c) A transversal distribution l)t = 09*(0719 DLXIS* of dimension £ defined

by b, = (h_ 3 r2m-2+l,...,2u).

These three distributions have no common direction and they define on M oa f-strue-
ture of rank 2% (see Sinha [17]).
~
Accordingly we shall split the principal vector field U as follows:

a S MY
i-Toited, 4.1)
where BT € Dr, ﬁl € Dl, Bt € Dt'
Denote now by

m - 32”‘“+’A...A82m (4.2)

the simple unit form which corresponds to Dt' Because Dt is orientable, m is a
well-defined global form. Since $ annihilates I?‘Q DL, the necessary and suffi-
cient condition for D' ® D' to be a co-isotropic foliation Fc is that ¥ be
exterior recurrent (see Lichnerowicz [18] and Yano and Kon [7]).

Hence one must write d% = ? A w and if HI(FC,R) represent the I-cohomology
class of Fc' then the recurrence l-form ¥ defines an element of HI(FC,R) (see
Lichnerowicz [6]). 1In the case under discussion one finds (compare with Yano and
Kon [7]) that the necessary and sufficient condition for ﬂ to receive a co-iso-
tropic follation Fc = Df(D DL is that the component Ut of ﬁ vanishes. 1In this
case the recurrence l-form ? of m is given by

Y= 2@, 4.3)

Denote by Mc a (2m-%+1)-dimensional leaf of Fc and supress ~ for the
induced elements on Mc'

According to the considerations of Section 1, it follows that Mc is a CICR
submanifold. By definition we have du = 0. Because of this and (3.1), the
exterior differentiation of (4.3) gives

dy = -22Q. (4.4)

Equation (4.4) shows that the restriction Q = B M is an exact form.
c

On the other hand, the form of Godbillon-Vey (see Lichnerowicz [6]) on Mc is
the (22+1)-form Vg € A21+1(Mc) given by

w. = YA(Ady)E. (4.5)

G

One knows (see Lichnerowicz []8]) that the class of cohomology of wG which is

an element of H21+1(MC;R) is an invariant of the foliation. Using the same
notation as in section 3 and applying (4.4), we may write

W, = c(Llu-Lln) = C(Bl-LG) (4.6)
where we have set c = —2112+1.

Thus it follows from (3.22) that
[
we = -cib(L n). (4.7)
By means of (2.13) and (3.9) one has

awtn) = 20! (4.8)
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and
L L
dlU(L n) = 4Lu(AQ)” . (4.9)
Therefore we get
2
2, W = cunowt = -8, (4.10)
and finally
iuw“ = cRy . (4.11)

Since Bl is closed, the above equation gives = 0 and allows us to say

e
that w. is a relative integral invariant of U.

Further since the submanifold MC is co-isotropic, it follows from this that

the normal bundle T*Mc of MC coincides with DL.
*

Since M_ 1s defined by 0 =0, r = 2m-t+l,...,2m, we derive from (2.8)
and (3.12) that the covariant derivatives Vhr of the null normal sections hr
satisfy

= V.
Vh =35® h_ . (4.12)

Since hr are null vector fields, equation (4.12) shows that ht are geodesic
directions. Hence according to the definition of Rosca [19], one may say that p*
has the geodesic property.

Further if X and Y are any vector fields of DL, one has VYX € DL. Thus
according to a known definition, the distribution D' 1is autoparallel.

Setting lr = -<dp,Vhr> for the second fundamental quadratic forms associated
with the improper immersion x: NC > (lr is a field of symmetric covariant
tensors of order 2 on Mc), we derive by a simple argument that all lr vanish.
Therefore according to a well-known definition, we agree to say that the improper
immersion x: M_ -+ M ois improper totally arodesic.

Lt was proved by Goldberg and Rosca [2] that the distribution p* is always
involutive. If M* are the leaves of DL, then in a similar manner as for Mc
one easily finds that the improper immersion x: M+ N s improper totally geo-
degsic. Since x: lp.a-ﬂ is a proper immersion, it is totally geodegic.

Next as it was proved (Goldberg and Rosca [2]) the necessary and sufficient
condition for the manifold MC to be fuliate is that the simple unit form ¢
which correspounds to p' be exterior recurrent.

Since obviously one has ¢ = wm-l+lA...Awm, then by (3.1) one finds that the
property of exterior recurrency for ¢ 1is equivalent to the condition vt = 0.

Since by definition in this case Dr Ls iuvolutive, let us denote by U
a (2(m-%2)+1)-dimensional leaf of D'. Because Mc is a CICR submanifold, u"
is as 1s known an invariant submanifold of ﬁ, and this implies (see Rosca 0h
that M' is minimal.

Coming back to the case under discussion, using (2.8), (3.12) and the fact
that on M one has Ut =0, vt 0, we can show by means of a simple calculation

that M1- is also totally geodesic,

Hence MC is foliated by two families of orthogonal totally geodesic sub-
manifolds M- and Mr.
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On the other hand, let X eIr% be any vector field on Hc. According to
Rosca [1], one has UX = PX + FX where PX (resp. FX) 1is the tangential (resp.
the normal) component of UX. By virtue of the total geodesicity of MT: one
easily finds that VPX € MT.

Therefore the tangential component PX of X 1s parallel. According to
Yano and Kon [7], it follows from this that Mc is a CR product i.e.

M= M x n"

Since M_ 1is connected, this property can be checked by de Rham decomposition
theorem.

It is worth to note that this situation is quite similar to that of co-
isotropic CR submanifolds of a para Kaehlerian manifold structured by a geodesic
connection (Rosca [20]).

THEOREM 2, Let M be a pseudo-Sasakian manifold structured by a c.c. connec~
tion and let ﬁ be the principal vector field associated with this connection.
Then the necessary and sufficient condition for ¥ to receive a co-isotropic
foliation rc is that the transversal component ﬁt of ﬁ vanishes. In this
case the leaves Mc of Fc are CICR submanifolds of Mc, and if codim Mc =2,
the form of Godbillon-Vey on Mc is a (22+1)-form wd~ which is a relative
integral invariant of U = UIM .

c

In addition, one has the following properties:

(1) the improper immersion x: Mc > ﬁ is improper totally geodesic;

(11) MC .1s foliated by anti-invariant submanifolds M*  which are improper

totally geodesic and have the geodesic property.

Further the necessary and sufficient condition for Mc to be foliate is that
the vertical (or isotropic) component vt oof u = UIMC vanishes. In this case
Mc is a CR product.
5. TANGENT BUNDLE MANIFOLD Tﬁ.

Let TN be the tangent bundle mani[old having the pseudo-Sasakian manifold
discussed in Section 3 as a basis.

Denote by ¥ (3A) the canonical vector field (or the vector field of Liouville)
on Tﬁ. Accordin%ly we may consider the set B* = {mA,de} as an adapted
cobasis on TM. Following Godbillon [21], we shall designate by d, and 1
the vertical differentiation and the vertical derivation operators, respectively
taken with respect to B* (dxr is an antiderivation of degree 1 of ATM and
i1, 1s a derivative of degree 0 of ATH) .

Let 12“ be the set of all tensor fields of type (r,s) on M. In general
the vertical and complete lifts are linear mappings of T: M into T;Tﬂ, and for

complete 1lifts one has:

. C_ aV, Cy nC \
(be’[‘z) ’ll,«) lz+l‘l ®T2. . .

With respect to B* the complete 1ift of the fundamental form Q = dn/2 {is given
by

e na,na* aa, nak

G =F (@v'ae” 40 AdVT ) . (5.1)

a

The exterior differentiation of (5.1) by means of (3.1) gives
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*
aC = WA ES 4 T (VT Y ¥ A
N nn ea® aa® aa (5.2)
+n A (0 Adw +eo AdV) .
Using (5.2), we find
I;/,?z"? av. (5.3)

L
As Is known (see Godbillon [21]), cquation (5.3) shows that $C 1is homogeneous
of degrce 1.
We will now take the complete lift "\;C of the principal Pfaffian ﬁ
assoclated with the c.c. connection with structures ﬁ For this purpose we shall

N vk ak
denote by BB(tA) = hB(tA) the Pfaff{ian derivatives of t (A=0,1,...,2m) with

A
respect to cobasis 01*. Then according to the general theory (Yano and Ishihara

[7]) one has

u€- 3 vt 4o (u yyBuA (5.4)
where we have set ,l‘; = KABA. Referring to (3.4) and (3.5) (c=2), after some
calculations one finds

* 5
Wiyuwﬁm)ﬁz&mxwm
2 a 2 a a (5.5)
'\,ama n 0 1 vOv *
+ 2 (v w ) - 0 vV .
a
The exterior differentiation of (5.5) by means of (3.1) gives
< * «
_(Z ("' na '\! ])’l\ll + 2 ('\:ama 'sa xa)
2 (5.6)

+z(°a av +cadv Doan .

a

Using (5.5) and (5.6), one finds :‘EV wC= '&'(' Hence u® is also a homogeneous form
of degree 1. L

Consider now the following scalar field on Tﬁ:

K
¥ -1V o+ %% (5.7)

and apply the vertical differentiation of l"l" According to Godbillon [2]], one

has

Cat -] @A 0 (5.
and by means of (3.1) one gets !
¥ =4y = Wa o+ u A Z (ma'\:a_':;a*ma)
N e ety 30y 4 230y -2

1 © Ny
In (5.9) t: A'M>C TN is the operator of Yano and lshihara [7], that is with
respect to B* one has by (3.6)
Vo= { (t *"’“ E:"]\?a y. (5.10)
One quickly finds

1VL?I =3, (5.11)

and since N is closed, it follows from (5.11) that

IVLTY = (5.12)
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i.e. “ is homogencous of degree 1. Morcover, taking the vertical derivation of
v .
I, one has (see Godbillon [21]):

tj=o0. (5.13)
On the other hand, it 1is easy to see from (5.9) that 'l\l' is of maximal rank (see
Godbillon [21]) on ™. Accordingly,as is known, equations (5.11) and (5.13) prove
that I is a Finslerian ferm (See Flein and voutier [2]). Since the vertical

differentiation d\r is an anti-derivation of square zero, one easily derives from
(5.8) that

4.v =0, iV =0. (5.14)
Thus according to Godbillon [21], Y is a semibasie Sform,
In the following we shall call T (resp. ’:;) the Liouville function (resp.

the Lioucville 1-form) on ™ (see Rosca |16]). Further one may call T the

2-Jorm of Cartan on ™ (sece Rosca [19]).

Denote now by B = {hA,-—,?IT\} the vectorial basis dual to B* on M. Then
v

as is known (see Yano and Ishihara [9] or Codbillon [21]) the vertical 1ift (}f)v
of '\‘f is expressed by
WY “wA __{)_

z)" =2 A (5.15)
v

Coming back to the case under comsideration and using that Uﬁ "b_l('l‘.l') (see
Section 3), we find by (5.15) that

i V = Y .—g) - - v a
(uth g (€, R to 33"‘*)° (5.16)

’\/

A, v
Now, taking the dual u(uUU) of (uUv) with respect to i and referring to (3.5)
(c=2), we quickly find

Y
weul) = 24 . (5.17)
Since K and 'ﬁ are both closed, it follows from this that &£ " V?f =0, i.e.

WY n, (UU)
(uY) is an infinitesimal automorphism of Il.

Consider now on '1"r‘i the mechanical «uctem ?Tl= (ﬁ,"}‘,;\r’) where '1"" and
v o= 2l (5.18)
are the kinetic energy and the field of jorces of 3”, (see Godbillon [21]).

Ny

Since U is closed, one has v = i\;{ A'r\i and referring to (5.7), one quickly

finds T

¥ ¥ = 2%" s
L (5.19)
Y Vs
¥y 2u .,
L
Equations (5.19) show that T and T are homogeneous of degree 2. On the other

N . .
hand, since n is an exact 2-form of maximal rank, it defines a potential sympletic
structure on 'l‘gi. Hence, according to the definition given by Klein (see Godbillon
[21]) the systemm is regular.

v . N
. benote now by Zd the dynamical system assoclated with M. asis known, Z
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is defined via formula

iy Ned@ v ¥ + 7. (5.20)

°d L

Then:
a) Since ¥ and ¥ are both homogeneocus and of the same degree, %d is a
spray on M, i.e. [V .2 ] = 2
b) Since ¥ is of degrce 2, the 2-form M- (d?-n) A dt € A (TQXR) is an
integral relation of invariance for 2 + g% (Lichnerowicz [5]).

THEOREM 3. Let Tﬁ be the tangent bundle manifold having as a basis the
manifold m(U,E,X,g) defined in Section 3 and let b (resp. 3) be the principal
vector field (resp. the fundamental 2-form) on ﬁ. Then:

(1) the complete lifts GC  and G of ¢ and 3 = b(Uﬁ) are homogeneous of

degree one;

(ii) the 2-form of Cartan ﬁ on Tﬁ is a Finslerian form;

(iii) one may associate with “ a regular mechanical system whose dynamical

N
system is a spray on M.
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