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The convergence of the Gaussian mixture extended-target probability hypothesis density (GM-
EPHD) filter and its extended Kalman (EK) filtering approximation in mildly nonlinear condition,
namely, the EK-GM-EPHD filter, is studied here. This paper proves that both the GM-EPHD filter
and the EK-GM-EPHD filter converge uniformly to the true EPHD filter. The significance of this
paper is in theory to present the convergence results of the GM-EPHD and EK-GM-EPHD filters
and the conditions under which the two filters satisfy uniform convergence.

1. Introduction

The problem of extended-target tracking (ETT) [1, 2] arises because of the sensor resolution
capacities [3], the high density of targets, the sensor-to-target geometry, and so forth. For
targets in near field of a high-resolution sensor, the sensor is able to receive more than one
measurement (observation, or detection) at each time from different corner reflectors of a
single target. In this case, the target is no longer known as a point object, which at most
causes one detection at each time. It is called extended target. ETT is very valuable for many
real applications [4, 5], such as ground or littoral surveillance, robotics, and autonomous
weapons.

The ETT problem has attracted great interest in recent years. Some approaches [6, 7]
have been proposed for tracking a known and fixed number of the extended targets without
clutter. Nevertheless, for the problem of tracking an unknown and varying number of the
extended targets in clutter, most of the association-based approaches [8], such as nearest
neighbor, joint probabilistic data association, and multiple hypothesis tracking, would no
longer be applicable straightforwardly owing to their underlying assumption of point objects.
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Recently, the random-finite-set- (RFS-) based tracking approaches [9] have attracted
extensive attention because of their lots of merits. The probability hypothesis density (PHD)
[10] filter, developed by Mahler for tracking multiple point targets in clutter, has been shown
to be computationally tractable alternative to full multitarget filter in the RFS framework. The
sequential Monte Carlo (SMC) implementation for the PHD filter was devised by Vo et al.
[11]. Then, Vo and Ma [12] devised the Gaussian mixture (GM) implementation for the PHD
filter under the linear, Gaussian assumption on target dynamics, birth process, and sensor
model. Actually the original intention of the PHD filter devised by Clark and Godsill is to
address nonconventional tracking problems, that is, tracking in high target density, tracking
closely spaced targets, and detecting targets of interest in a dense clutter background [13]. So
it is especially suitable for the ETT problem.

Given the Poisson likelihood model for the extended target [14], Mahler developed the
theoretically rigorous PHD filter for the ETT problem in 2009 [15]. Under the linear, Gaussian
assumption, the GM implementation for the extended-target PHD (EPHD) filter was
proposed by Granstrém et al. [16], in 2010. Similar to the point-target GM-PHD filter, the GM-
EPHD filter can also be extended to accommodate mildly nonlinear target dynamics using the
extended Kalman (EK) filtering [17] approximation. The extension is called EK-GM-EPHD
filter. Experimental results showed the EK-GM-EPHD filter was capable of tracking multiple
humans, each of which gave rise to, on average, 10 measurements at each scan and was
therefore treated as an extended target, using a SICK LMS laser range sensor [16].

Although the GM-EPHD and EK-GM-EPHD filters have been successfully used for
many real-world problems, there have been no results showing the convergence for the two
filters. The convergence results on point-target particle-PHD and GM-PHD filters [18, 19]
do not apply directly for the GM-EPHD and EK-GM-EPHD filters because of the significant
difference between the measurement update steps of the PHD and EPHD filters. Therefore,
to ensure the more successful and extensive applications of the EPHD filter to “real-life”
problems, it is necessary to answer the following question: do the GM-EPHD and EK-GM-
EPHD filters converge asymptotically toward the optimal filter and in what sense?

The answer can actually be derived from Propositions 3.2 and 3.3 in this paper.
Proposition 3.2 demonstrates the uniform convergence [20-22] of the errors for the
measurement update step of the GM-EPHD filter. In other words, given simple sufficient
conditions, the approximation error of the measurement-updated EPHD by a sum of
Gaussians is proved to converge to zero as the number of Gaussians in the mixture tends
to infinity. In addition, the uniform convergence results for the measurement update step of
the EK-GM-EPHD filter are derived from Proposition 3.3.

2. EPHD and GM-EPHD Filters

At time k, let xi be the state vector of a single extended target, and z, a single measurement
vector received by sensor. Multiple extended-target states and sensor measurements can,
respectively, be represented as finite sets Xy = {x;}.¥, and Zx = {z;x};", where nj and my
denote the number of the extended targets and sensor measurements, respectively. A Poisson
model is used to describe the likelihood function for the extended target according to Gilholm

et al. [14]:

Iz, (i) = €709 TT y (k) iz, (%), 2.1)
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where ¢,, (xk) denotes the single-measurement single-target likelihood density; y(xx) denotes
the expected number of measurements arising from an extended target.

The clutter is modeled as a Poisson RFS with the intensity «x(zx) = Axck (zk), where Ak
is the average clutter number per scan and ¢k (zx) is the density of clutter spatial distribution.

Given the Poisson likelihood model for the extended targets, Mahler derived the
EPHD filter using finite-set statistics [15, 23]. The prediction equations of the EPHD filter
are identical to those of the point-target PHD filter [10]. The EPHD measurement update
equations are

X
Uk (xk) = (1—Po,k(xk) +e " pp (i) + D wp, D, HV\;( K)

Pk L2y Wiepk Wi

> Ukjk-1(Xk), (2.2)

_ —Y(Xk) Y(Xk)(i)zk (Xk)
Nw, (Xk) = pPpk(xk)e zkle_v[vk—)‘kck AR (2.3)
IT dw,
Wey Weep, dw, = 6w,1 + (Ukjk-1, wy, ), (2.4)

= 7
Zp’kzzk HW,’(ep’de,Q

where pp k(xx) denotes the probability that the set of observations from the extended target
will be detected at time k; prZZ; denotes that g, partitions set Z, [15], for example, let
Z = {z1,25,23}, then the partitions of Z are {1 = {{z1,22,23}}, §2 = {{z1}, (22}, {z53}}, @3 =
{z1, 22}, {z3}}, Ps = {{z1,23}, {22} }, and g5 = {{z1}, {z2, 23} }; |Wi| denotes the cardinality of
the set Wy; 6jw, 1 = 1if [Wk| = 1, and 6w, |1 = 0 otherwise; the notation (-, -) is the usual inner
product. The measure in (-,-) of (2.4) is continuous, it defines the integral inner product

(VK- W, ) = ka|k—1(Xk)ﬂWk (xx) dxk. (2.5)

By making the same six assumptions that are made in [12] and the additional
assumption that y(xx) can be approximated as functions of the mean of the individual
Gaussian components, Granstrom et al. proposed the GM-EPHD filter [16]. At time k, let

Jkjk-1

Uy denote the GM approximation to the predicted EPHD vy with Jix-1 Gaussian

components, and Uik the GM approximation to the measurement-updated EPHD vy with
Jx Gaussian components. The prediction equations of the GM-EPHD filter are identical to
those of point-target GM-PHD filter [12]. The GM-EPHD measurement update equations are
as follows.

Let the predicted EPHD be a GM of the form

Tkji-1

Jiik-1 _ (i) (i) (i)
Uy (k) = 21:. wk|k—1‘/v<xk | mk\k—l’Pk\k—1>’ (2.6)
i=

where A(-/m,P) denotes the density of Gaussian distribution with the mean m and
covariance P.
Then, the measurement-updated EPHD is a GM given by
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(X ) _ UND]k\kl Z Z UD]k\kl /Wk)/ (2‘7)
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where U;:ID’] 1 (x) denotes the Gaussian components handling no detections,
NDJ Jkjk-1 Q) )
T k|- 1 ] J
Uy Zw < k|k 1’Pk\k 1)
G _ —( (]')7 ) 0) (28)
Wy —<1_<1_€Ymk|k1 PDk | Wy i1/
G _ G . pY) — p»

me =my, g, Klk-1”

and v D Ju- ' (xk, Wi) denotes the Gaussian components handling detected targets
P (g & o (x| m? pY) 29
k ks k) Zw |mk L ) ( . )
j=1
(7)
- Wi (mk k- > ;
(7 _ Tk [k=1 ()
wk = w@k ka“{—l’ (210)
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wp, " = iyt = S+ (o ), (2.11)
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(1) >¢ ( ) )
(7) “ymyg ) < klk-1) P2 \ M1 (2.12)
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ka< klk_l) po zkle_v[vk Aick (zk)
()] _ () () T
$a (mi_, ) = A(ze | Hom{],_,, Re + HeP{),_HT), (2.13)
) _pl) T = ow )\
K =Py} H (AP, H, +Re) (2.14)
z)
G _ () )] . 9 . 0 _ N )]
m," =y, + Ky : _Hkmk\k 1) P = (I_Kk H )Pk\k 17 (2.15)
Z|Wi
Hy (Wi
— — . —_———
Hy = |Wil; Ry = blkdlag Rk, ..., Rk |, (2.16)
Hj

where I denotes the identity matrix; ppx has been assumed to be state independent; Hy
and Ry denote the observation matrix and the observation noise covariance, respectively;
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blkdiag(-) denotes block diagonal matrix, the measure in (-,-) of (2.11) is discrete, and it
defines the summation inner product

Jklk-1

< ’{II(}5 11’71Wk> Z’IM( l(<l|)k 1> I(<l|k—1' (2.17)

3. Convergence of the GM-EPHD and EK-GM-EPHD Filters

The convergence properties and corresponding proof of the initialization step, prediction
step, and pruning and merging step for the GM-EPHD filter are identical to those for
point-target GM-PHD filter [19]. The main difficulty and greatest challenge is to prove the
convergence for the measurement update step of the filter.

In order to derive the convergence results of the measurement update step for the
GM-EPHD filter, the following lemma is first presented.

Consider the following assumptions.

B1: After the prediction step at time k, vi’l“}ffl converges uniformly to vx-1. In other
words, for any given gxjx—1 > 0 and any bounded measurable function ¢ € B(R%),
where B(R9) is the set of bounded Borel measurable functions on R?, there is a
positive integer ] such that

|<uﬁ}f | — Ukjk- 1,(p>| < (3.1)

for Jk-1 > J, where || - ||, denotes co-norm. |¢|| . = sup(|¢|), sup(-) denotes the
supremum.

B2: The clutter intensity x (zx) = Axck(zk) is known a priori.

B3: y(xx) € Cp(RY), where C,(RY) denotes the set of the continuous bounded functions
on R4,

Lemma 3.1. Given a partition pr = {Wix, Wak,..., Wy} and suppose that assumptions B1-B3
hold, then

H d]kwm H szk

i=l,.n i=1,.,

TT (ah +dw.). (3.2)
Pi= SEE ]

< Eklk-1 Z ||71w]k

The proof of Lemma 3.1 can be found in Appendix A.
The uniform convergence of the measurement-updated GM-EPHD is now established
by Proposition 3.2.

Proposition 3.2. After the measurement update step of the GM-EPHD filter, there exists a real
number ay, dependent on the number of measurements such that

(v~ 0x, )] < axersailloll.., 33)

where ay is defined by (B.10).
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The proof of the Proposition 3.2 can be found in Appendix B.

Proposition 3.2 shows that the error for the GM-EPHD corrector converges uniformly
to the true EPHD corrector at each stage of the algorithm and the corresponding error bound
is also provided. The error tends to zero as the number of Gaussians in the mixture tends to
infinity. However, from (B.10), it can be seen that the error bound for the GM-EPHD corrector
depends on the number of all partitions of the measurement set. It is quickly realized that as
the size of the measurement set increases, the number of possible partitions grows very large.
Therefore, the number of Gaussians in the mixture to ensure the asymptotic convergence of
the error to a given bound would grow very quickly with the increase of the measurement
number.

Now turn to the convergence for the EK-GM-EPHD filter, which is the nonlinear
extension of the GM-EPHD filter. Due to the nonlinearity of the extended-target state and
observation processes, the EPHD can no longer be represented as a GM. However, the
EK-GM-EPHD filter can be adapted to accommodate models with mild nonlinearities. The
convergence property and corresponding proof of the prediction step for the EK-GM-EPHD
filter are identical to those for point-target EK-GM-PHD filter [19]. We now establish the
conditions for uniform convergence of the measurement update step for the EK-GM-EPHD
filter.

Proposition 3.3. Suppose that the predicted EK-EPHD is given by the sum of Gaussians

Tkl

oKk _ 6) (i)
Ul (k) = Zwklk 1 (xk |y g Py 1) (3.4)

and the ¢, (xx) in (2.1) is given by the nonlinear single-measurement single-target equation zj =
hi (xk, Vi), where hy is known nonlinear functions and vy is zero-mean Gaussian measurement noise
with covariance Ry, then the measurement-updated EK-EPHD approaches the Gaussian sum

EK, ND,EK, D,EK, Jxjk
Ok(xk) — vf Ik(x )= v, ik~ "(xx) + Z Z v Jiik " (xk, W), (3.5)
Pk LZkWiEpr
uniformly in X and Zj as Pl(<1|)k , — Ofori= - Jxjk=1, and where

Jkk-1

ND EK (@ . .
Tty = Y (1 ~ppi+e r(mk.k-ﬂpn,k)w,g)k_ljv(xk |m_ PO),  (36)

i=1

(@)
o g, W) = N R ﬂwk( Tkl 1> O @ pl) (3.7)
U (xk/ k) = wf—’k Tk\klwldk*l <xk | m,”, P ), )
i=1 de
EK ]k\k 1 T
e e . EK e _ 0 n®
We - 5 I dEK' dwk = Oy 1 + Zwklk 171Wk< Klk— 1>, (3.8)
9 £ Z 11w ep “w P
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The proof of Proposition 3.3 can be found in Appendix C.

From Propositions 3.2 and 3.3, we can obtain that the EK-GM-EPHD corrector
uniformly converges to the true EPHD corrector in x; and Zj under the assumptions that
P,(;‘)k , — 0 for i = 1,..., Jijk-1 and the number of Gaussians in the mixture tends to
intinity. These assumptions may be too restrictive or be unrealistic for practical problems,
although the EK-GM-EPHD filter have demonstrated its potential for real-world applications.
However, Propositions 3.2 and 3.3 give further theoretical justification for the use of the GM-
EPHD and EK-GM-EPHD filters in ETT problem.

4, Simulations

Here we briefly describe the application of the convergence results for the GM-EPHD and
EK-GM-EPHD filters to the linear and nonlinear ETT examples.

Example 4.1 (GM-EPHD filter to linear ETT problem). Consider a two-dimensional scenario
with an unknown and time varying number of the extended targets observed over the region
[-1000, 1000] x [-1000,1000] (in m) for a period of T = 45 time steps. The sampling interval is
At = 1s. At time k, the actual number of the existing extended targets is nx and the state of the
ith target is xix = [Xik, Yik, Xik, Yik, Xik, yi,k]T (i =1,...,nK). Assume that the process noise
w; of the ith extended target is independent and identically distributed (IID) zero-mean
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Gaussian white noise with the covariance matrix Q; . Then the Markovian transition density
of x; x could be modeled as

Frke1 Xk | Xik-1) = V(Xik | DixXik-1,Qik), (4.1)

where ®@; is discrete-time evolution matrix. Here ®;; and Q;x are given by the constant
acceleration model [24], as

[Ar AP AR
1 At R AP AR 1
(I)i,k = 1 At ®12/ Qi,k :O-zzp T T At ®IZI 12: [ 1]/ (42)
1
At?
= At 1
) i

where “®” denotes the Kronecker product. The parameter o is the instantaneous standard
deviation of the acceleration, given by o = 0.05m/ s2.

Note that the objective of this paper is to focus on the convergence analysis for the GM-
EPHD and EK-GM-EPHD filters, rather than the simulation of the extended-target motions.
Therefore, although the proposed evolutions for the extended targets seem to be uncritical
and oversimplifying, they will have little effect on the intention of the paper. Readers could
be referred to [25] for further discussion on the extended-target motion models. The models
proposed in [25] can also be accommodated within the EPHD filter straightforwardly.

At time k, the x-coordinate and y-coordinate measurements of the extended targets are
generated by a sensor located at [0,0]”. The measurement noise vy is IID zero-mean Gaussian
white noise with covariance matrix Ry = diag(oﬁ,oﬁ), where diag(-) denotes the diagonal
matrix, o, and o, are, respectively, standard deviations of the x-coordinate and y-coordinate
measurements. In this simulation, they are given as o, = 0, = 25 m. The single-measurement
single-target likelihood density ¢,, (x;x) is

Pz (Xi k) = N(zk | Hixik, Ric), (4.3)
where
100000
H"‘[010000]' (44

The detection probability of the sensor is pp i (xk) = 0.95.

In this simulation, it is assumed that the effect of the shape for each extended target
is much smaller than that of the measurement noise. Hence, the shape estimation is not
considered here.

At time k, the number of the measurements arising from the ith extended target
satisfies Poisson distribution with the mean y(x; ). In this simulation, it is given as y(x;x) = 3
(i = 1,...,nk).
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Figure 1: The true trajectories for extended targets and sensor location.

The clutter is modeled as a Poisson RFS with the intensity «x(zx) = Akck(zk). In this
example, the actual clutter density is cx(zx) = U(zk). It means that the clutter is uniformly
distributed over the observation region.

Figure 1 shows the true trajectories for extended targets and sensor location.

In Figure 1, “A” denotes the sensor location, “(0” denotes the locations at which the
extended targets are born, “[J” denotes the locations at which the extended targets die, and
“+” denotes the measurements generated by the extended targets. Extended target 1 is born
at 1 s and dies at 25s. Extended target 2 is born at 1s and dies at 30s. Extended target 3 is
born at 10 s and dies at 35s. Extended target 4 is born at 20s and dies at 45s.

The intensity of the extended-target birth at time k is modeled as

Br(xi) = Apfp(x | p), (4.5)

where g is the average number of the extended-target birth per scan, fs(xk|gp) is the
probability density of the new born extended-target state, and ¢ is the set of the density
parameters. In this example, they are taken as Ay = 0.05, fp(xklgp) = yrﬂljv(kall,,z},) +
yrgjv(ka;,z;), where g5 = {yrﬂl,yrg, My ﬂg,z},,zf, 1, yr; = yrg =0.5, ,4; = [-600,750,0,0,0,0]",
p; = [-650,-800,0,0,0,0]", and X} = X} = diag (400,400,100, 100,9,9).

The GM-EPHD filter is used to estimate the number and states of the extended targets
in the linear ETT problem. We now conduct Monte Carlo (MC) simulation experiments on
the same clutter intensity and target trajectories but with independently generated clutter
and target-generated measurements in each trial. Via comparing the tracking performance
of the GM-EPHD filter in the various number Ji of Gaussians in the mixture and in various
clutter rate Ay, the convergence results for the algorithm can be verified to a great extent. For
convenience, we assume Ji = J and Ax = A at each time step. Assumptions B2-B3 are satisfied
in this example. So, the GM-EPHD filter uniformly converges to the ground truth.

The standard deviation of the estimated cardinality distribution and the optimal
subpattern assignment (OSPA) multitarget miss distance [26] of order p = 2 with cutoff
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Table 1: Time averaged standard deviation of the estimated cardinality distribution and time averaged
OSPA (m) from the GM-EPHD filter in various ] given A = 50.

Gaussian number | in the mixture 50 100 300 500 700
Time averaged standard deviation of

the estimated cardinality distribution 212 1.39 0.97 0.71 0.58
from the GM-EPHD filter

OSPA (m) from the GM-EPHD filter 83.5 58.7 49.6 43.1 39.5

Table 2: Time averaged standard deviation of the estimated cardinality distribution and time averaged
OSPA (m) from the GM-EPHD filter in various A given | = 700.

Clutter rate A 50 100 200 300 400
Time averaged standard deviation of

the estimated cardinality distribution 0.58 0.70 0.95 1.23 1.48
from the GM-EPHD filter

OSPA (m) from the GM-EPHD filter 39.5 429 49.0 56.1 61.7

¢ = 100 m, which jointly captures differences in cardinality and individual elements between
two finite sets, are used to evaluate the performance of the method. Given the clutter rate
A = 50, Table 1 shows the time averaged standard deviation of the estimated cardinality
distribution and the time averaged OSPA from the GM-EPHD filter in various ] via 200 MC
simulation experiments.

Table 1 shows that both the standard deviation of the estimated cardinality distribu-
tion and OSPA decrease with the increase of the Gaussian number | in the mixture. This
phenomenon can be reasonably explained by the convergence results derived in this paper.
First, according to Proposition 3.2, the error of the GM-EPHD decreases as | increases; then,
the more precise estimates of the multitarget number and states can be derived from the more
precise GM-EPHD, which eventually leads to the results presented in Table 1.

Given J = 700, Table2 shows the time averaged standard deviation of the
estimated cardinality distribution and the time averaged OSPA from the GM-EPHD filter
in various clutter rate A via 200 MC simulation experiments. Obviously, the number of the
measurements collected at each time step increases with the increase of \.

From Table 2, it can be seen that the errors of the multitarget number and state
estimates from the GM-EPHD filter grow significantly with the increase of A. A reasonable
explanation for this is that the partition operation included in (B.10) leads that the
error bound of the GM-EPHD corrector grows very quickly with the increase of the
measurement number. Therefore, Table 2 consists with the convergence results established
by Proposition 3.2, too.

Example 4.2 (EK-GM-EPHD filter to nonlinear ETT problem). The experiment settings are the
same as those of Example 4.1 except the single-measurement single-target likelihood density
¢z (Xi k). The range r, and bearing 0y measurements of the extended targets are generated
with the noise covariance matrix Ry = diag(of,og), where o, and op are, respectively,
standard deviations of the range and bearing measurements. In this simulation, they are
given as o, = 25m and og = 0.025rad. The ¢, (x; ) becomes

Pz (Xik) = MN(zk | hi(Xik), Ri), (4.6)
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Table 3: Time averaged standard deviation of the estimated cardinality distribution and time averaged
OSPA (m) from the EK-GM-EPHD filter in various J given A = 50.

Gaussian number | in the mixture 50 100 300 500 700
Time averaged standard deviation of

the estimated cardinality distribution 3.15 2.29 1.77 1.21 0.76
from the EK-GM-EPHD filter

OSPA (m) from the EK-GM-EPHD filter 93.2 86.7 75.3 54.6 439

Table 4: Time averaged standard deviation of the estimated cardinality distribution and time averaged
OSPA (m) from the EK-GM-EPHD filter in various A given J = 700.

Clutter rate A 50 100 200 300 400
Time averaged standard deviation of

the estimated cardinality distribution 0.76 0.92 1.29 1.61 1.92
from the EK-GM-EPHD filter

OSPA (m) from the EK-GM-EPHD filter 43.9 48.1 55.8 67.8 79.5
where

T
K
he(xix) = [ X7 + Y7, arctan —sz] _ (4.7)

The EK-GM-EPHD filter is used to estimate the number and states of the extended
targets in the nonlinear ETT problem. Given A = 50, Table 3 shows the time averaged standard
deviation of the estimated cardinality distribution and the time averaged OSPA from the EK-
GM-EPHD filter in various J via 200 MC simulation experiments while, given ] = 700, Table 4
shows the time averaged standard deviation of the estimated cardinality distribution and
the time averaged OSPA from the EK-GM-EPHD filter in various A via 200 MC simulation
experiments.

As expected, Tables 3 and 4, respectively, show that the errors of the multitarget
number and state estimates from the EK-GM-EPHD filter decrease with the increase of |
and increase with the increase of A. These consist with the convergence results established by
Propositions 3.2 and 3.3. In addition, comparing Tables 1 and 2 with Tables 3 and 4, it can be
seen that the errors from the EK-GM-EPHD filter are obviously larger than the errors from the
GM-EPHD filter given the same J and \. The additional errors from the EK-GM-EPHD filter
are caused by the reason that the condition Pl(cil)k—l — O0fori=1,..., Jxk-1 in Proposition 3.3 is
very difficult to approach in this example.

5. Conclusions and Future Work

This paper shows that the recently proposed GM-EPHD filter converges uniformly to the true
EPHD filter as the number of Gaussians in the mixture tends to infinity. Proofs of uniform
convergence are also derived for the EK-GM-EPHD filter. Since the GM-EPHD corrector
equations involve with the partition operation that grows very quickly with the increase
of the measurement number, the future work is focused on studying the computationally
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tractable approximation for it and providing the convergence results and error bounds for
the approximate GM-EPHD corrector.

Appendices
A. Proof of Lemma 3.1

We have known that y(xx) € C,(R?), ¢, (xx) = MN(zi|Hkxx, R) € Cp(R?), Akck(zx) is known
a priori and 0 < ppx < 1 according to assumptions A1-A6 in [12] and assumptions B1-B3.
So, from (2.3) we get nw, (xk) € Cyp(R%). In addition, by (2.4) and (2.11) and the definition of

co-norm, we have dy, >0, d{,f,':’l >0, and ||7w, |, > 0 because of the facts that vjx-1(xx) > 0,

vi’l“,i‘fl(xk) >0 and fw, (xx) > 0.

For the initial induction step, assume n = 1. In this case, from (3.1) we get

Tk Tk~ =
dvxkfl,kl —dw, | = |<Uka—11’er1,k> = (Okk-1, 1w ) | = |<Uk|kk_]1 - Uk|k-1,71w1,k>| < exfe- || 1w || -
(A1)
In the case of n = 2, by the triangle inequality and (A.1), we have
Jklk-1 Jkik-1
d + dw d - dW
Jk-1 3Jkik-1 | Wk 2k Jkjk-1 Wa 2k Tkt
Ay, Ay, — Awidwa | = f@lwm ~duy, ) + f(dwm +dw,, )
Jkjk-1 Jklk-1
dWZ,k + dWZ"‘ d]k\kfl d d]k\k—l d dWl,k + dW”‘
- 2 Wi — “Wik + Wap — “Wak 2
Jklk-1 W Jklk-1 W
Wz/k 2k Wl/k 1,k
< et lmwiello,———— + e Il o, ————
(A.2)

Since exk-1 > 0, dw, >0, diﬂ:q > 0and [Inw,ll, >0, (A.2) becomes

Jkik-1 3Jkk-1
dwl,k dwz,k - dWl,k dWZ,k

< Eklk-1 <||11W1/k ”oo (dWZ,k + d#\(/l::> + ”erz,k ”oo <dW1,k + dl@f:))
(A3)
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Assume that we have established (3.2) for i = 1,...,n. We are to establish (3.2) for
i=1,...,n+1. Using the triangle inequality and (A.1), we get

[T a - TT dw.

i=1,...,.n+1 i=1,...n+1
Jklk-1 Jklk-1
dw. ... +d d —dw
n+l,k Wn+1,k Jk\k 1 Wn+1,k n+l,k ]k\k 1
- 2 H dW1k H dWi,k + 2 H dW1k + H dW,',k
i=1,..,n i=1,..,n i=1,..,n i=1,..n
Jklk-1 Jklk-1
dw,.., +d d —dw
n+1,k Wn+1/k ]k\k 1 Wn+1/k n+1,k ]k\k 1
gf”d ||dw,k et (T i+ TT dwa
i=1,..., i=1,...n i=1,...n
]k\k 1
dw
n+l,k n+1 k Iklk—l
< Exk- 5 Z “HW,k (dwik +dWi,k>
i=1,. %]
” MWk ” 0 Jklk-1
M2 s | I dy. — + | | dw,, ).
i=1,..n i=1,..n

(A.4)

Since k-1 > 0, dw, >0, dif,‘:’l >0and [|fw, ||, >0, (A.4) becomes

}k\k 1
W! k - H dw‘ k

i=1,...n+1 i=1,...n+1

< ek D, ||7wa,k T1 (dﬁk ' +dwk> + Exfie-1 || W, | oo< [T+ T1 dwilk>

j=1,..n i=1,..n+1ji#j i=1,.n i=1,..n

H (d]k‘“ + dw,k> + exfie=t || Wi |l oo H (di\k/‘kk] * dW"*)

j=l,.n i=1,.,n+Li#j i=1

I <d]"‘“+dw )

j=1,...n+1 i=1,. n+Li#j

.....

(A.5)

and this closes the inductive step. This completes the proof.
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B. Proof of Proposition 3.2

By the EPHD corrector equations, (2.2), and the triangle inequality, we get

(ot )

_ - Wi =
= ‘< [1 ~pox+ e+ >, wpt . ]Uzﬁzj_ly‘/’>

d]k\k—l
PrLZ Wiepi Ay,

P LZk Wiepi Wi

_< [1 —PDk t e_YPD,k + Z Wp, Z %] Uk|k—1/(,0>

((oie 91 =poi +€Pok) ) = (Vi1 9(1 = po + € Tpoy)))

w]klkfl <U]k\k71 >
| . s pr \Ukik-1 W ) wp (Vkk-1, 91w ) (B.1)
Ok LZkWiepk d{/f,‘k_l de
3

Jjk= _
< |(vpics = verr, 01 = poi + € ppy) )|
Jiik-1 /. Tk Jkji-1
We  \Ykik-17PMWi ) Wi\ V-7 PIW
* Z Z d]k\k—l B dw
Pk LZk Wi Wi k

Jkik-1
. Wey <Uk}|(;f—1’(/)rlwk> ~ wpk<vk|k—1/‘P71Wk>
de de

By (3.1), the second term in the summation of (B.1) is

Jie-1 Jkjk-1
Wi\ Vkjk-17 P1IW We, <Uk|k—1r (p?’lwk> 3 Wk [\ Vkjk—1 ~ Uklk-1, PHIwy
de de de

(B.2)

wp, i1 [|lnw ||,

dw,
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Using the triangle inequality, the first term in the summation of (B.1) is

Jkik-1 /  Jrjk-1 Jklk-1
W, <Uk|k71r PrIWi > Wi <Uk|k71r PrIWi >
Jkik-1 B d
dwk Wi
Jklk-1 Jklk-1 Jklk-
<vk‘k_1, ONw, > |dwkw@k —dy! 'wp,

- Jklk-1
dwk dw,
Jkik-1 Jkik-1, Jkjk-1 Jkik-1 Jrjk-1 Jklk-1
dw,wy,— —dy, "Wy, +dy, Wy —dy " wp,

(8w + (oir ) )b,

Jklk—1 Jklk-1 Jklk-1 Jklk-1 Jklk-1
< (o Dl feop” (dw, = i) + it (wp”" - wp)

- Jilk-1
<vk|k—1’ wi >de

(v enw)

(B.3)

Jklk-1 Jklk-1 Tek-1 | Tkt
< ”(p”oo <w@k de - de + de w@k - wpk )
= de .
Using the triangle inequality again for the term |w£‘k”"] - wp, | in the numerator of (B.3),
we get
Jkik-1
W oo | = HWkEEJk de HWke@k dw,
EJk B @k ]k”" B 7 1 ! U
Zp;{ézk HW,’(eg;;ch"( ] Zf]kézk Hwkef‘k de
Jklk-1
_ HWkEEJk de _ HWkE@k de
N Jklk-1 Jklk-1
Zp;{zzk HW,’(ep;ch;( Zp;{gzk l_IW,’cegz;c dwlf<

HWkeg;k de HWkeg;k de

] - B / d ! 4
Zp;{ézk I_IW,’an;c dpf/‘;: ' Z@kézk Hwkepkdwk

Jklk-1
|HWk€§Jdek - HWkE@dek HWkE@k de

+
Z ' /7 HW’E . d]k‘:(_l Zf);(ézk HW,’(Ef)LdW;(
P KEP Wy

Jklk-1
. |Zp’k42k <HW,’(€EJ;(dW,’( - Hw;(eg»’deL >|

Jklk-1
Zp;czzk HWLegz;( dW};

Jiik-1
Iw;ep dw; = Tweg, dw:

Tk
< |HWkEf7dek - HWkEE)dek

Jklk-1
Zp;{zzk HW,’(ng;( dw/

k

Zp;(ézk

Wr Jklk-1
Zp;{zzk HW,’(epgf dw'

k

(B.4)
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Using Lemma 3.1, we get

<ewir X lwll, TT (dwe+dy™), (B.5)

WkEEJk VkGEJk_Wk

IT v, - TT

Wy €Pk Wi €PK

where gy — Wi denotes the complement of Wi in gy.
Then, (B.4) can be rewritten as

|wfk\k 1 W

< Eklk-1Pks (B.6)

where

Swiepe Il TTviepu-w, (dvi + ")

Pk = Z H d]k|k 1

P42 LIWiep “w (B.7)

w Z / Z P ’ / / (d 1+ d]k‘k&) .
. o 2up 2z 2awieg), ||TWi || L Lviep-wi \ @V T 4y
7 .
Zg;;(AZk HW’ eg);(d A
Substitute (A.1) and (B.6) into (B.3),
Tk T Jrlk— J Jilk—
Wpe <Ukﬂ<k 1 P1W > Wer <Ukﬂf_l1r PHWi > ||‘P||oo< 1wl + i, 1.0k>

- < Ekjk-1 . (B.8)

d{,’(,k de de

Substituting (3.1), (B.2), and (B.8) into (B.1), we have

(ol = v 0)] < ewealloll., <||1 —pok+e Pkl

]k\kl +d]k|k1
sy < Il pkwpkunwknm))

oxLZkWiEPK dwk de
(B.9)
So that Proposition 3.2 is proved with
o' il + oy i + wp |,
ar=|1-pox+eporll, + D, D, y . (B.10)
P LZkWiEpr Wi

This completes the proof.
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C. Proof of Proposition 3.3

Clearly, by the EPHD corrector equations, (2.2)—(2.4), and the predicted EK-EPHD, (3.4), we
obtain that the UND RIS (3,0) in (3.5) is a Gaussian sum presented by (3.6). Now turn to the

EEK MK (%, Wi) in (3.5). From (2.2), we get

D,EK, Ji.
v, ’]k‘“(xk,Wk):w

i1 MWk (xk) EK, Jxjk-1 (x )

Px P I]/SH k|k-1 (C1)

Consider the term 7y, (xk)vk‘k Kt () in (C.1). Using the predicted EK-EPHD, (3.4),

Jkik-1

EK, Jij- —r(x Y (Xk) Pz, (Xk) i i i
M () U ! (x) = e T 1_1/[\/ —Aka(;k) Zl Wi N (X MG, PG (C2)
ZreWi 1=

And by the result for the EK Gaussian sum filter [17], we get

EK, Juk.
Nwi (xk)vk\k,lk‘k ' (xx)

& o m)
1
- Z Wy PDKe kT

Y(m;(ffk_l) JU(zk | Iy (m,(f&(_l,0>,Ug)Rk (U,‘j)) +HPY 1(H;(f)>T> C3)

ek (zk)

X
2 €Wy

X /U(xk | m,(;),Pl((Z >

Jklk-1

_ (i) (z) (i) )
=2 Wik 171Wk< k|k—1>'/v<xk | my”, Py )
i=1

uniformly as Pklk ; — Oforalli=1,..., Jyk-1,and ﬂwk (ml((ll)k_l), H](:), U](:), m,(ci), Pl(ci) are given

by (3.9)—(3.13), respectively.
Now consider the terms wé’;‘k’l and d{,\k,‘:’l in (C.1). First, using the predicted EK-EPHD,

(3.4), the inner product (Uflllf’_jlk “! 1w, ) is given by

EK) EK Juk.
< Uklk- - lf’YWk> = IUWk (xk)vk|k—1k‘k " (xk) dxk

(C.4)
x YO bay 050 & 0 p
= PDkfe ¥ () H k Z W 1./U<xk | mklk—l’Pk|k—1>dxk-

new, Wek(zk) S
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And by the result for the EK Gaussian sum filter [17], we get
EK,J
<Uk|k MW >

Jkik-1 ®
1 —
- .[ > Wyik-1PD k€ 7o)
i=1

. . : ) , (C5)
(@) (@) (@) (@) @O pl) O\T
Y(mkl|k—1>'/v<zk | i (mkl\k—l’o)’Ukl R (Ukl ) +Hy Pk1|k 1<Hk1 > )
X
ziel Akck(zk)
,/U(x m,((l),P(i)>dxk,
uniformly as Pk|k , — Oforalli=1,..., Jgk-1-
Changing the order of the summation and integral, (C.5) is equal to
EK Juk-
<Uk|k—1k‘k L nw, >
Jrik-1 ) @
- Z J‘ wl(cll)k—lpD,kefy(mk‘k*l)
i=1
(i) (i) (@ (0 (OO O
Y<mkl|k_1>JU<Zk | e (mi)_,,0), U Re (U} ) +HPY (1Y) >
X
A A (zx) (C.6)

><,/U<xk | mg),Pl(;)>d

Jklk-1

(@) () @) pl)
- Zwk’lk_lqwk m{) f/v xic | m{", P ) dx
_ (@) (@)
= Zwmkqﬂwk <mk|k 1>'

EK ]k\kl (see (3.8)) are derived by (2.4) and

Then, the expressions of wWK JHt and dy,
(C.6).
Finally, (3.7) is obtained by substituting (3.8) and (C.3) into (C.1). This completes the

proof.
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