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We present the best possible power mean bounds for the product Mg (a, b)Ml;,” (a,b) foranyp >0,

a € (0,1),and all a,b > 0 with a # b. Here, M, (a, b) is the pth power mean of two positive numbers
a and b.

1. Introduction

For p € R, the pth power mean M, (a, b) of two positive numbers a and b is defined by

af +bP\ VP 0
My (a,b) = ( 2 > P70

Vab, p=0.

(1.1)

It is well known that M,(a,b) is continuous and strictly increasing with respect to
p € R for fixed a,b > 0 with a#b. Many classical means are special cases of the power
mean, for example, M_i(a,b) = H(a,b) = 2ab/(a + b), My(a,b) = G(a,b) = Vab and
M;(a,b) = A(a,b) = (a+ b)/2 are the harmonic, geometric and arithmetic means of a
and b, respectively. Recently, the power mean has been the subject of intensive research. In
particular, many remarkable inequalities and properties for the power mean can be found in
literature [1-22].
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Let L(a,b) = (a-b)/(loga—-logb), P(a,b) = (a—-b)/[4arctan(\/a/b)—s] and I(a,b) =
1/e(a/ bb)l/(a_b) be the logarithmic, Seiffert and identric means of two positive numbers a
and b with a #b, respectively. Then it is well known that

min{a,b} < H(a,b) < G(a,b) < L(a,b) < P(a,b) < I(a,b) < A(a,b) < max{a,b}, (1.2)

forall a,b > 0 with a#b.
In [23-29], the authors presented the sharp power mean bounds for L, I, (I L)"? and
(L+1)/2 as follows:

MO(al b) < L(al b) < M1/3(ar b)/ M2/3(a/ b) < I(a/ b) < MlogZ(al b)/

(1.3)
MO(ar b) < \/ L(ar b)I(a/ b) < Ml/Z(a/ b)/ %(L(a/ b) + I(a/ b)) < Ml/Z(a/ b)/
forall a,b > 0 with a#b.
Alzer and Qiu [12] proved that the inequality
%(L(a, b) +1(a,b)) > Mp(a,b) (1.4)

holds for all a,b > 0 with a #b if and only if p < (log2)/(1 + log?2) = 0.40938.. ..
The following sharp bounds for the sum aA(a,b) + (1 — a)L(a,b), and the products
A*(a,b)L'"*(a,b) and G*(a,b)L'"%(a,b) in terms of power means were proved in [5, 8]:

Mlog2/(log2—loga)(ar b) < “A(a/ b) + (1 - (X)L(a, b) < M(1+2a)/3(ar b)/
Moy(a,b) < A%(a,b)L""*(a,b) < M1124)/3(a,b), (1.5)
My(a,b) < G*(a,b)L'"*(a,b) < M(_a)/3(a,b),
forany a € (0,1) and all a,b > 0 with a #b.
In [2, 7] the authors answered the questions: for any a € (0, 1), what are the greatest

values P1=m (a), p2 = pz(a), p3 = p3(a), and P4 = p4(a), and the least values 71 = q (b‘(),
G2 = q2(a), g3 = gz3(a), and g4 = g4(a), such that the inequalities

M,,(a,b) < P*(a,b)L'"*(a,b) < My, (a,b),

M,,(a,b) < A%(a,b)G"*(a,b) < M,,(a,b),
(1.6)
M,,(a,b) < G*(a,b)H'"™*(a,b) < My, (a,b),

M,,(a,b) < A%(a,b)H'"*(a,b) < M,,(a,b),
hold for all a,b > 0 with a #b?

It is the aim of this paper to present the best possible power mean bounds for the
product M]’j,‘(a, b)M};”‘(a,b) foranyp>0,a € (0,1) and all a,b > 0 with a#b.
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2. Main Result

Theorem 2.1. Let p >0, a € (0,1) and a,b > 0 with a#b. Then
(1) M(Za—l)p(a/ b) = M;‘(a,b)M};,“(a,b) = Mo(a, b)for a= 1/2/

(2) M@a-1)p(a,b) > Mg(a,b)Ml;,”‘(a,b) > Mo(a,b) for a > 1/2 and M@a1)p(a,b) <
M;‘(a, b)Ml;,“(a, b) < Mo(a,b) for ¢ < 1/2, and the bounds Mps1)p(a,b) and
Mo(a, b) for the product M;,‘(a, b)Mf}‘,”‘(u, b) in either case are best possible.

Proof. From (1.1) we clearly see that M,(a,b) is symmetric and homogenous of degree 1.
Without loss of generality, we assume thatb=1,a = x > 1.

(1) If a =1/2, then (1.1) leads to

p 1/p -p —1/p
Mg(x,1)Ml;“(x,1)=<1+—x> <1+x )

2 2 2.1)
T+xP\VP/ 20 \VP .
=< 2 > <1+xP) = x = Mg(x, 1) = Mgy q), (%, 1).

(2) Firstly, we compare the value of M@a-1),(x, 1) to the value of My (x, 1)M1;,“ (x,1)
fora € (0,1/2) U (1/2,1). From (1.1) we have

log [M;(x, ML (x, 1)] —log Mg 1)p(x,1)

_a log l+xP 1-a log T+x? 1 og 1 + x@a-1p (2.2)
2 p 2 2a-1)p 2
Let

then simple computations lead to
f1) =0, (2.4)
fl(x) = = xp)g((lx: st (2.5)

where
g(x) = (a - 1) 2% + ax? — ax@* VP 11 - q,

(2.6)

g(1) =0,
g'(x) = apx"h(x), (2.7)
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where

h(x) = 2(a - 1)x(2a—1)}7 - Qa- 1)x2(a—1)p +1,
(2.8)
h(1) =0,

B (x) = -2p(1 - a) Qa — 1)x*@DP1(xP —1). (2.9)

If « € (1/2,1), then (2.9) implies that h(x) is strictly decreasing in [1, +o0). Therefore,
M@a-1)p(x,1) > My (x, 1)M1;"(x, 1) follows easily from (2.2)—(2.8) and the monotonicity of
h(x).

If « € (0,1/2), then (2.9) leads to the conclusion that h(x) is strictly increasing in
[1,+00). Therefore, M(a-1)y(x,1) < My (x,l)Mf;"‘(x,l) follows easily from (2.2)—(2.8) and
the monotonicity of h(x).

Secondly, we compare the value of My(x,1) to the value of Mg(x,l)ME;“ (x,1). Tt
follows from (1.1) that

log [M;}(x, ML (x, 1)] —log My(x,1)

=glog1+x”_1—a 0g1+x7p—1logx. (2.10)
2 p 2 2
Let
F(x) = %log ! +2xp ! ;a log ! +2x_p - %logx, (2.11)
then simple computations lead to
F(1) =0, (2.12)
Flx)= — 22D -1) (2.13)

x(1+xP) (1 +xCx-Dp)’

If « € (1/2,1), then (2.13) implies that F(x) is strictly increasing in [1, +o0). Therefore,
M;',‘(x,l)Ml;,“ (x,1) > My(x,1) follows easily from (2.10)—(2.12) and the monotonicity of
F(x).

If a € (0,1/2), then (2.13) leads to the conclusion that F(x) is strictly decreasing in
[1,+00). Therefore, Mf,‘(x,l)Ml;,"‘(x, 1) < Mo(x,1) follows easily from (2.10)—(2.12) and the
monotonicity of F(x).

Next, we prove that the bound M ,-1),(a,b) for the product M;’,‘(a, b)M};f"(a, b) in
either case is best possible.
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If a € (0,1/2), then for any € € (0, (1 — 2a)p) and x > 0 we have

M5 (1+x, )M (1 +x,1) = M@a-1ypee(1 +x,1)

«/p [1 +(1+ x)"”] («p
2

1+ (1+x)?
2

(2.14)

[1 +(1+ x)(za_l)p+€]mm_l)pﬂ]
_ : .

Letting x — 0 and making use of Taylor’s expansion, one has

-1 1/[(2a-1
[1 +(1+ x)’”]a/p[l +(1+ x)"](a " [1 +(1+ x)(zal)me] el
2 2 2

2 8

= [1 + Ex+ —zx(p+zx—2)x2 +o<x2>]

. [Hl;“x_ <1‘“><g+“+1>xz+o<xz)]

— [1 + %x + M+Hx2 " O<x2>] (2.15)

3 1 2a-1)p-1 , 5
= [1+§x+Tx +o<x >]

1 a-Lp+e-1 , 9
- [1+§x+fx +o<x )]

= —gxz + o<x2>.

Equations (2.14) and (2.15) imply that for any a € (0,1/2) and € € (0, (1 — 2a)p) there
exists 61 = 61(€) > 0, such that M,‘;‘(l +x, 1)M1;“(1 +x,1) < M@a-1)pse(1+x,1) for x € (0,61).
If a € (1/2,1), then for any € € (0, (2a — 1)p) and x > 0 we have

M5 (1+x, )M (1 +x,1) = Mg 1ype(1+x,1)

1+(1+x)P1%P [1 +(1+ x)"’”](a_l)/p

2

2 (2.16)

oo x><2a-l>v-e]““2“”'““
EETEE |
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Letting x — 0 and making use of Taylor’s expansion, one has

1+ (1+x)?
[~

v [1 (1 >] o [1 (1 x><2a-1>v-e]”“2“”'”]
2 2

= [1 + 2% sz n O<x2>]

2 8

. [Hl;“x_ <1‘“><’;+“+1>xz+o<xz>]

(2.17)

1 a-1)p-e-1 , 9
- [1+§x+fx +o<x )]

1 a-1)p-1 , 9
1+§x+Tx +o<x >]

1 Ra-1)p-e-1 , 5
- [1+§x+fx +o<x )]

= gxz + o<x2>.

Equations (2.16) and (2.17) imply that for any a € (1/2,1) and € € (0, (2a — 1)p) there
exists &, = 65(€) > 0, such that M5(1+x, 1) ML (1 +x,1) > Ma-1)p-¢(1 +x,1) for x € (0,52).

Finally, we prove that the bound Mjy(a, b) for the product My (a, b)M};”‘(a, b) in either
case is best possible.

If a € (0,1/2), then for any € > 0 we clearly see that

M%(x, 1)M%(x,1)
. p p _
xl—lmn Mo 1) = +o0. (2.18)

Equation (2.18) implies that for any a € (0,1/2) and € > 0 there exists T = T1(e) > 1,
such that M;‘(x,l)Ml;,“(x, 1) > M_.(x,1) for x € (T1,+00).
If a € (1/2,1), then for any € > 0 we have

Mg (x, 1)ML*(x,1)
im =
X — 400 Ms(x/l)

(2.19)

Equation (2.19) implies that for any a € (1/2,1) and ¢ > 0 there exists T, = T>(¢) > 1,
such that M7 (x, 1)M1;,”‘(x, 1) < M.(x,1) for x € (Tp, +0). O
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