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Symmetries of nth-order approximate stochastic ordinary differential equations (SODEs) are
studied. The determining equations of these SODEs are derived in an It6 calculus context. These
determining equations are not stochastic in nature. SODEs are normally used to model nature (e.g.,
earthquakes) or for testing the safety and reliability of models in construction engineering when
looking at the impact of random perturbations.

1. Introduction

The modelling power of a SODE has been applied to many diverse fields of research, from
the modelling of turbulent diffusion to neuronal activity in the brain. Models such as these
are often influenced by more than one Wiener process. In these models, we assume that the
Wiener processes are independent of one another. As a result of this increase in the number
of Wiener processes affecting the model, the form of the It6 formula is slightly different to
the one used in Fredericks and Mahomed [1, 2]. The It6 formula is able to relate an arbitrary
sufficiently smooth function F(t, x) of time and space to a particular SODE, of which it is a
solution. This formula, however, needs the SODE of the spatial random process X (¢, w) which
drives the arbitrary function F(X(t,w),w). The application of an SODE to an approximate
analysis algorithm has been done by Ibragimov et al. [3] for scalar SODEs of first order. We
extend this work for higher dimensions and order. We derive a similar conditioning on the
temporal infinitesimal 7 as had been performed by Unal [4] and Fredericks and Mahomed
[2]. We introduce operators to write the determining equations in a neater form.
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Wafo Soh and Mahomed [5] gave an algorithm to obtain Lie point symmetries for both
first- and nth-order SODEs. We briefly review their work and follow up with an extension
from point symmetries to generalized symmetries.

The first section begins with the transformations of the spatial, temporal, and Wiener
variables for an nth-order Itd process. These transformations have the same properties as
stated in Fredericks and Mahomed [6].

Using the It6 formula in conjunction with the infinitesimal transformations which
preserve form invariance, we derive conditions for nth-ordered SODEs that ensure the
recovery of invariance preserving finite transformations from the infinitesimal ones. This has
not been done in the past.

This is followed up with the development of recursive relations needed for finding the
prolonged spatial infinitesimals in a SODE context by using the concept of form invariance.
This differs from the methodology used by [5], where the recursive relation defined was
predefined from an ODE context. As a result we also derive a conditioning on these prolonged
spatial infinitesimal variables. We further derive a conditioning on the diffusion coefficient of
the temporal generalised symmetry 7, which is similar to that of Unal [4]. We conclude the
article with an introduction of operators which generalize the determining equations for any
order SODE that is adaptable to both point and generalized symmetries.

The symmetries of high-ordered multidimensional stochastic ordinary differential
equations (SODEs) are found using form invariance arguments on both the instantaneous
drift and diffusion properties of the SODEs. We then apply this work to a generalized
approximation analysis algorithm. The determining equations of SODEs are derived in an
It6 calculus context. We also use the random time change formula used by Wafo Soh and
Mahomed [5] to transform the Wiener processes.

2. Review of Wafo Soh and Mahomed [5] for nth-Order SODEs

An nth-order It6 process has the following vector form:

dX D (f) = f(t,X(t),X(t), o ,x<"-1>(t))dt + G(t,X(t),X(t), .. .,x<"-1>(t))dW(t), (2.1)
ax () = XV b, (2.2)

X (1) = X;(t) (2.3)

for k = 0,1,...,n — 2. Since the instantaneous mean, f, is an N-vector valued function, the
index j runs from one to N, thatis, j = 1,..., N. The diffusion coefficent G is an N x M-
matrix valued function and W(t) is an M-dimensional standard Wiener process. From here
onwards we denote {X(t),X(t),..., X"V (t)} by £~V (¢). The context of this processes is that
both the instantaneous drift and diffusion coefficients are Lipschitz continuous with respect
to the right norm. A good example of the type of norm used for this is given by [7] in their
seventh chapter.

The Lie point transformation methodology used by Wafo Soh and Mahomed [5] does
all calculations to O(0). As a result, the recoverability of the finite transformations, which
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keep invariance, from the infinitesimal ones is not verified. The symmetry operator H of
point symmetry is

H =r71(x, t)% +¢i(x, t)aixj' (2.4)

where there is summation j = 1, N. However since we are dealing with an nth-ordered SODE,
prolongation formulation is necessary. In the Banach space, the transformation for the (n —
1)th-ordered spatial derivative is

—(n— [n-1] -
3D = BH (n1)

xk) = p0H™ 1 (k) (2.5)

(K]
=" X0 k<n-1,

where
H H®2) 4 gl 0 n>1
D =
j (2.6)
HY =H

Applying It0’s formula on an arbitrarily ordered prolongation of a spatial infinitesimal,
Gt K00 (1)), gives

dgi" (1, K@) = f; (XD ®))dt + Gl (£ 207D (®))dWi(), 2.7)

where

a‘;‘[y] aé aZé.[Y]
) (r-1) _ Yy ] - k k—]
f(g[r])] (t/»x (t)> - at + (n 1) ZG a (" 1)6 (" 1)

= (a+1) ag] Ir]
+ pr @ where n > 2; (2.8)
a=0 0x,

YA
Gl(g[r])](t,x(r_l)(t)) " é(’n 5 Glr, for each j ranging from 1 to N.

i

If the summation operator runs from a nonnegative value, for example, 0, to a negative one;
that is, —1, the outcome of the entire summation is set to zero. With this convention, we are
able to recover the Itd formula for first-order SODEs. Due to the repeated index summation
convention, the spatial indices i and p both run from 1 to N in the summation; the Wiener
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indices | and k run from 1 to M. Similarly, the It6’s formula for the temporal variable, 7(x,t),
gives

dr = firy(X(t, w), t)dt + GIT) X(t, w), t)ydW;(X(t, w),t), (2.9)

where
(s 5 or Gk k o’ N oy 0T 510
f('r)( (/w)/ )— a (3 (n 1) _Zl (3 (n 1)(3 (n 1) a:Oxp ax;(f)/ (2. )

which reduces to the total derivative, since the temporal infinitesimal is a point transforma-
tion

fao(X(t,w),t) = D(1), (2.11)

where the total derivative is defined as

D=—+)x (2.12)
p ()
o = o
The diffusion coefficient of the temporal infinitesimal is given by
ot
Gy (X(t,w), 1) = Gi— (2.13)
0x

i

reduces to zero as well because of the fact that we are dealing with point transformations,
that is,

Gl (X(t, w),t) = (2.14)

The drift and diffusion coefficients of the (n — 1)th-order spatial derivative are, respectively,
transformed as

HET@)7) = D 00) sort I (s (0w ) vo(#), @15

G <x‘" ()1 ) GL( ™ 1), ) + 0HI (G (20D (1), 1)) + 0(67). (2.16)

The Itd formula of the finite time index transformation is

dt = r(eGH["‘” (t))dt +Y! (eQHI"‘” (t))dw,, (2.17)
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which Wafo Soh and Mahomed [5] simply write as
df = dt(1 +6D(1)) + 0(92), (2.18)

since the temporal infinitesimal is a point transformation. We also have that the transformed
time index should keep invariance in the following probabilistic way:

E@[di(t,w)] = di(t,w). (2.19)

This requires
Y! (eGH[“’” (t)) =0, I=1,M, (2.20)
which is automatically satisfied since 7 is point transformation. Condition (2.19) also forces
D(eeH o (t)) = Constant, (2.21)

which is overlooked in [5]. Thus the finite transformation of the Wiener process is

AW, (£ w) = /D (ePH" (1) dWi(t, w), (2.22)

which Wafo Soh and Mahomed [5] simplify as

AW, (£,w) = dWi(t,w) (1+ gD(T)> +0(6?), (2.23)

where [5] used a generalized binomial expansion of the square-root of the derivative of the
transformed time index with respect to time. The It6 SODE associated with Lie point nth-
ordered spatial transformation is

—(n-1) /- n—
dX; (t) =dX" (1) + 9( Flamny;dt + Gl(glnfu)jdwl(t)> + 0(92). (2.24)

Wafo Soh and Mahomed [5] make the assumption that only the system of nth order SODEs,
(2.1), remains invariant under the symmetry operator (2.4), which implies that

dx"" (1) = f; (E,Z(H’ () ) dt+G! (Z, 2" (fw) ) dw (1), (2.25)

where we denote {)_((f),i(f), .. .,Y(Fl) ()} by Z(FD (t) for an arbitrary r € N.
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Expanding the drift component f; (t, Z(ml)(f, w))dt of (2.25) using (2.15) and (2.18)
gives

f(t,x("*”(t))di = {f(t, A (t)> + 9<D(T) + H["’”)f(t’ K("’l)(t)>

k

2o
+ li;(,(’ij)Hf <f<t,x("‘1)(t)>>

j=

X(D<H’<—f (t)) - [D(r)]k-f>> }dt.

(2.26)

In order for the finite transformations to keep invariance, we require a higher ordered 0-terms
to be solely dependent on the O(1) and O(0) terms, this forces the condition

PP = D(eeH["_” (t)), (2.27)

which is satisfied as a result of condition (2.21). Whence the finite transformation of the
Wiener process becomes

AW, (Z, w) = P24, (t, w). (2.28)

The diffusion component of (2.25) can easily be expanded with the utility of (2.16) and (2.23)
G! <t x<"-1>(t))dW - (t A 1>(t)) +o(2 ( ) 4+ g1 Gl <t i (t))
]‘ ’ 1= ] 7

R )
k=2

(2.29)

This allows us to make a comparison with the Itd6 SODE associated with the nth-ordered
spatial transformation (2.24), which furnishes the determining equations used by Wafo Soh
and Mahomed [5], that is,

fnmy = (D) + H["‘”)fj (2D, t),

Glywny = (B2 + 106l (X (1) F).

(2.30)
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Constructing the prolonged variables was carried out in [5] by using preexisting recursive
relations based on the Lie point theory for ODEs, that is,

— k
gl =pgle _xWOp,, =g (2.31)

)

for k < n. The sketch of the methodology used for Lie point symmetries for nth-ordered
SODEs by Wafo Soh and Mahomed [5] ends here. However, it is possible to construct the
recursive relations using form invariance arguments on the SODEs described in (2.2), that is,

di;k) <Z) _ 5k (Z) dt, (2.32)

which after expanding yields the following 0-ordered relations:

— () /= N +
dX; (t) = Xk gp 4 e(gj [et] 1>D(T))df + o(e2>, (2.33)
r<g[kl) - (r(T) + H[k“])xl.("”), (2.34)
. a,;[k]
] _
P =0, fork<n-1 (2.35)

a new condition, which is not mentioned in [5], which is automatically satisfied since the
terms &K1, where k < n — 1, are not functions of x"~D_ In conjunction with this, we have the
Ito SODE associated with the transformation of the kth-ordered spatial transformation, that
is,

<& 7\ _ (k)
dX; (t) =dx () + e( Flaw;dt + Gl(g[k])],dwl(t)> + 0(62), (2.36)

which reduces to

dax;’

] <t> =dx ¥ (t) + 6D <§U‘]>dt + 0(92) (2.37)

]

as a result of the fact that the lower ordered prolongation infinitesimals §][k], are not a function

of x"™D for k < (n — 1). Thus the recursive relations, defined by Wafo Soh and Mahomed [5]
from an ODE context, are easily derived using a form invariance philosophy, namely

D(eM) = ¢ + x4 D(r). (2.38)

We now adapt the relations (2.30), (2.31), and (2.35) to an approximate SODE.
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3. Symmetries of nth Order Multidimensional Approximate Stochastic
Ordinary Differential Equations

We now consider the following:

XD (0) = (6, X(0), X(1), ..., XOD (1), Ry )dt + - +G(L,X(0,X(B), ..., XD (1), R, ) dW(),
dx® ) = x* gt

Xt = X(h)
(3.1)

for k = 0,1,...,n — 2. The function f is an approximate drift, which is an N vector-valued
function, i = 1,..., N. G is an N x M matrix-valued function approximating diffusion and
W(t) is an M-dimensional Wiener process. Here f and G are defined as follows:

f(t, x(£), (1), ..., xmD(p), R,,) = eTheT <t, x(t), ..., xmD (t)), (3.2)

where the repeated index r runs from 0 to R,, where R, is the largest positive integer such
that uR, < 2p and

G<t,x(t),>‘<(t), XD (t),Rv> - e"’G’(t,x(t),x(t), .. .,x<"‘1>(t)>, (3.3)

where the repeated index r runs from 0 to R,; R, is the largest positive integer such that
vR, < 2p. The order of accuracy to which we choose to work is p.
The spatial and temporal variables of our infinitesimal generator

0 0
H=17(t,x,p) 3" &i(t,x,p) T (34)
j

are defined as

T(t,x,p) = €1 (t,x),

(3.5)
é(t,x,p) =€ (t,x).
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The repeated index runs from 0 to p, since throughout this paper we will be working on
O(e?). Using It0’s formula on the (n — 1)th-prolongation of the spatial, we get

65-["_1] ag [n-1] 82§ n-1] n-2 aé.[n—l]

[n-1] _ ] sGS ] (a+1) V5]

dej’ = < TR a - n ZG D) gD Tt T W dt
Xk k

a=!

aé [n-1]
ot = GFdWi (1)
xl
2 pl[n-1] 1[n-1] I[n-1] 1[n-1]
1M 0 .g 0 0¢. ¢, n-2 . 6§
- GOSGOS L f I A P e (36
< Zl ox"Vox "V s ot Z(:) o (36)
251_[7171] M aQ(;,{[n—l]
GPS PS €l+2pv+ GTSGPS ] €l+v(r+p)
Z a (n 1)a (n 1) sz:; i Tk axgn—l)axl((n—l)
g I[n-1] [n-1]
j I+ ps _7j I+v (i)
4ot f e )dt+---+ G ————PdW
zaxl{n—l) > i axgn_l)
and on the temporal infinitesimal
dr = D(t)dt
| or! n-2 (as1) or! (3.7)
=e| — +D % oD dt
ot a=0 axk
with
1

PS orT l+vp _ 0, (38)

B e

which is automatically satisfied since 7 is point symmetry. The repeated indices r, p, g, and [
run from 0 to R, -1, R,, R, and p, respectively in our repeated index summation convention;

r < p. Thus, by substitution, we get

<=1 -, ag[nfl ag[n 1 1M kG 82§ [n-1]
ax =dx " +6< ot (n 1) ZZG Ja (n Dax (n 1)

-2 . [n-1] .
Z (D ag dt + 0G| % —dw,” +0(6?)
ox;"

a=0 ]- i
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df = dt + OD(7)dt + 0(92>,

AW; = dw (1 + gD(T)> + 0(92).

(3.9)
The transformation of f and G under our prolongated infinitesimal generator H#! is
F(E L) = fi(h2070) + 0HP £(1, 207D + 0(6?)

=fi+0 <T(t,X(t))% + é][m (t,%““”)%) + (9(92>

i

q f‘?
= ef1 +0g (1@ e+ or' =L
ox

]

) Of] of!
- 1+ pet (éé p %> +o (%) 610)

G (£ L") = Gy (1, £V + 0HVIG] (t,ﬂ((”‘l)> +0(6?)

=G, +6<T(t X(t)) <t X 1)>§€;)> " (9<92>
X,

]

. oGl aG!
— PP vp+l 11A1 k 2
e’'G, + Oe <§j N0 +7! 5 > +O<9 >
j

9.4 0(62)

where {X, X, ..., X"} is represented by £""~1) and the transformed set {X, X,..., Xm1) } is
represented by A" The repeated indices g, p, [, and n run from 0 to R, R,, p,and n -1,
respectively.

3.1. Operators

Thus the determining equations (2.30), (2.31), and (2.35) become

et (£ (T(7') + 0P, (71) + €277, (71) + 4w (7)) + HY(£1))
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[T €l (1"0<§£r[l"*1]> + ev(r+p)0rp <§£r[ln71]>

+e27Y, (07 + e, (1)) =0,

(3.11)
el <Hé<Gim> + %sz
(3.12)
X <ro(Tl> + T, <Tl> + e, <Tl> + e, (Tl>> - Y5k1< " 11)) =0,
ey (+1) =, (3.13)
eyt (8M) =0, k<n-1, (3.14)
e (T9(gh7) + e, (&) + 7Y, (51 + ew, (21))
(3.15)
—e < (k+1 <r0< ) + 6v(r+p)U > + EZVPYP <Tl> + e‘ujq;j (Tl>> +§§[k+1]>,
respectively, where
1 M 62 a n-1-1
==Y G¥G» 0 ey 3.16
22; PR ax Dy Elrw (n-1) Zo axk (316
i s az
Urp _ ZGZ GZSW’ (0 <r< p < RV), (317)
=1 axi axk
S S az
Y, = ZZGP G, W’ (0<p<R,), (3.18)
ox,” '0Ox
0 .
Ipq = fzq axg”’l) ’ (O <4, ] < R#)’ (319)
. K 0
Yr;:il = Gf (1)’ (O <p< RV)' (3.20)
0x,
0 . O
1_
Hy = 70 +¢; P (0<p<n-1). (3.21)

Note that we cannot cancel out the terms €/ and €7 in (3.11) and (3.12), respectively, in
order to simplify them. These terms are a part of the summation convention implied by the
repeated indices. These terms contribute to the order of error as a result of this implication.



12 Journal of Applied Mathematics

We now apply our generalized methodology for finding approximate symmetries to
the Ito system considered in [3]. Our application should be consistent with the determining
equations found in Ibragimov et al. [3].

3.1.1. Example 1
For their approximate stochastic ordinary differential equations, n -1 =0, 4 =1, v = 1/2,

R, =1,R, =1,and p = 1. Thus the diffusion coefficient G, which was taken to be constant,
and the drift f appeared as follows in the It6 system:

dx = (fO + ef1>dt + VeGAW;, (3.22)

where the drift is a N x 1 vector and the constant diffusion coefficient is a matrix with
dimension N x M. The determining equations are

2:0 5241 0 1 0 1
13 Glscls 0 éJ' § <§0 + gl) 6f. f - f0 % te 6<§
2 axl-axk 6x,axk axl ox; 6x1
§0 551 6f ? af ! 0g? él
_ 0 i\ % 0
efi <ax1 ¢ox | " <T ter ) ot ot ot <f +ef] >
y leﬁGlsGls o*r0 e o*r! 4 0 or? 67‘1
27 &k i\ Ox;0xx  Ox;0xk axl axi
+ef! or! + ea—Tl + = or’ +e or' =0
i axi ax,- a bt !
0G s & oGY ,
\/E<§?+e§}>a—x’f—\/EGi’<7]'+e—]' +\/E<TO+€T1>—k+1\/EG11(]
1 o0 o*r! 1sGls 4 0 or’  or!
" <z€<axiaxl axlax1>ZG Or il oy oy

+e f aT aT + a_TO + ea_Tl
axl ot ot

Now since we are working to order p, we get the following groups of determining equations
which are exactly what Ibragimov et al. [3] get

I
e

(3.23)

oy 08 Of] f0 3 o
“ot f’ax g?ax fofloafc ffoaTt =0 (329
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which we get by comparing coefficients with no €’s

or! 0% or0 L1 off  of}
0 (0 _ 0 /1 00 GIsGls 0 4 1 L0
f fiow ox; x,f f fiow ox; f fi 6x 26x16x Z G f at f o 6x b Ox;

0 2 0 0 1 1
% 1 9% Z GGl s Jig i % oy
1 9x; 2 0x;0x < ot ot T T ot ot 77 !

(3.25)

which all share the same coefficient e. In a similar fashion, we get the following for /€ and ¢,
respectively

0
1 OE)T éj
= 3.26
< fl 6x > k axl- O, ( )
8g; 1 or! L1 ot° G J M o*rY
_cli % 0 —Gia "k Is1s O 8 3.27
Cr koux; < 'f’ T2 f 4 s:1G1 ' o 0x;0x =0 (3-27)

Notice that we used (2.21) and the fact that G was constant to simplify the above.

Remark 3.1. Our application is consistent with the findings of [3] for this example.

3.1.2. Example 2

We consider
dX = —w?Xdt + cdW + /eXdW. (3.28)
By applying the condition (2.35), we have that
¢ =¢(tx) (3.29)
and thus the prolongation formula (2.34) becomes
¢M =D(¢) -xD(), (3.30)

where D is the total time derivative operator. Our determining equations at €” are

_wzxr()(To) +HO(—w2x> _ Fo<§o[11>’
H0<G0> + %Gol"()(‘ro) _ Yo<§o[1]>.

(3.31)
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The determining equations at € are
—?xT? <T1> +H' (—w2x> - w?xY, <TO> =10 <§1[1]> +Y; <§0>, (3.32)

H <G°> + %GOFO (H) - Y0 (g”“). (3.33)
At €!/2 the determining equations are
H° (Gl) + %Gll"o <T0> + %GOUN <TO> - Y! (goﬂl) (3.34)
and the final determining equation at ¢¥/2 is
%GOOH (<) + %Glr0 () = Y'(g'M). (3.35)

Equation (3.31) for the infinitesimals at the zeroth echelon, that is, 70 and ¢°, have been solved
earlier in the oscillating-spring mass example

TO = Co,
(3.36)
&0 = C; cos(wt) + Cy sin(wt).
Whence, (3.34) and (3.35) force
§0 =0,
(3.37)
T1 = C3.
From (3.32), we get
—w?¢ = D? (gl), (3.38)
which solves as
¢l = Cy cos(wt) + Cs sin(wt). (3.39)
Therefore we have
¢ = €(Cyq cos(wt) + Cs sin(wt)),
(3.40)

T = C0+€C3.
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4. Concluding Comments

Lie group analysis for nth-ordered 1t6 SODEs was first pursued in Wafo Soh and Mahomed
[5]. Though it had only been done for point symmetries, it has led to many interesting
findings in this paper. We have shown that it is possible to derive the prolongation formulas
by using the philosophy of form invariance.

With the use of the philosophy that the properties of the Wiener processes should
remain invariant under the Lie group transformations, we derive conditions on the temporal
and lower level derivative spatial infinitesimals that are a generalization of the condition
derived by Unal [4] for one-dimensional SODEs.

In this more general approximate approach to higher order SODE, we derive the
same conditioning as Unal [4] did without recourse to the It6’s multiplication table for
the transformed variables. Our results are consistent with that of [3] in the first-order case.
However, we have a generalization to nth-order SODEs. We also applied our method to an
example taken from [3] as well as another.
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