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We present some sufficient conditions on convergence of AOR method for solving Ax = b with A

being a strictly doubly a diagonally dominant matrix. Moreover, we give two numerical examples
to show the advantage of the new results.

1. Introduction

Let us denote all complex square matrices by C"*" and all complex vectors by C".

For A = (a;j;) € C"™", we denote by p(A) the spectral radius of matrix A.

Let us consider linear system Ax = b, where b € C" is a given vector and x € C" is an
unknown vector. Let A = D — T — S be given and D is the diagonal matrix, -T and —-S are
strictly lower and strictly upper triangular parts of A, respectively, and denote

L=D'T, U=D's (1.1)

where det(D) #0.
Then the AOR method [1] can be written as

= Myx*+d, k=0,1,...,x°eC", (1.2)

where

Mg = (I-0L) ' [(1 - w) + (w- o)L +wl],
(1.3)
d=w(-0oL)'b, w,c€R



2 Journal of Applied Mathematics
2. Preliminaries

We denote

Ri(A) =D |aij|, Si(A)=D|aji|, Pia(A) =aRi(A)+(1-a)S;i(A), VieN.
i7i i

(2.1)
For any matrix A = (a;;) € C"™", the comparison matrix M(A) = (m;;) € R™" is defined by

m,-i=|a,-l-|, mi]-=—|al-]-|, i,jEN, 175], N = {1,2,...,7’1}. (22)

Definition 2.1 (see [2]). A matrix A € C™" is called a strictly diagonally dominant matrix
(SD) if

|a,~,-| > R; (A), Vie N. (23)
A matrix A € C’" is called a strictly doubly diagonally dominant matrix (DD) if
|aii||a]-]-| > RI(A)R](A), Vl,] €N, l;é] (24)

Definition 2.2 (see [3]). A matrix A € C™" is called a strictly a diagonally dominant matrix
(D(a)) if there exits a € [0, 1], such that

|al~i| > (XRl(A) +(1- [X)Si(A), Vie N. (25)
Definition 2.3 (see [4]). Let A = (a;;) € C™", if there exits a € [0, 1] such that
|aii||a]~]~| > [XRI(A)R](A) + (1 - a)Sl(A)S](A), Vl,] €N, 175], (26)

then A is called a strictly doubly a diagonally dominant matrix (DD(«)).

In [3, 5, 6], some people studied the convergence of AOR method for solving linear
system Ax = b and gave the areas of convergence. In [5], Cvetkovi¢ and Herceg studied the
convergence of AOR method for strictly diagonally dominant matrices. In [3], Huang and
Wang studied the convergence of AOR method for strictly a diagonally dominant matrices.
In [6], Gao and Huang studied the convergence of AOR method for strictly doubly diagonally
dominant matrices.
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Theorem 2.4 (see [3]). Let A € D(a), then AOR method converges for

2
I 0<o< =s,
(1+p(Mo1(M(A))))
0 < w < max 2 =t 20 or
(1+max;Po(L+U)) 7 (1+p(Myo)) |’ 27
(~w(1=Pu(L+U)) +2max(0,w - 1))
(ID) ax; 2P0 (D) <0<0, O<w<t, or
. (w(1+ Pig(L) - Pi(U)) +2min(0,1 - w))
< i . . .
(I) t< o <min; 2P, (D) , O<w<t
Theorem 2.5 (see [6]). Let A € DD, then AOR method converges for
2
I 0<o< =5,
(1+p(Mo1(M(A))))
20 . 2
0 < w < max ,min =tgy, or
(1+p(Moo))" 11+ VRAL +U)R)(L+ U)
wP - \/w2P22 + D min(wz, (w - 2)2> (2.8)
(I) max <0<0, O<w<t, or
ij P
i#]
wPy + \/w2P52 +P3 min(wz, (w - 2)2>
(IlI) t< o <min , O<w<t,
ij Ps
i#j
where
P1 = R,(L)R] (L + U) + Rl(L + U)R](L),
P, = Ri(L)R;(L+U) - Ri(L +U)R;(L),
P; = 4R;(L)R;(L), (2.9)

Py = Ri(L)(R;(L) - R;(U)) + R;(L)(Ri(L) - Ry(U)),
Ps = Ri(L)(R;(L) - R;(U)) = Rj(L)(Ri(L) = Ry(U)).

3. Upper Bound for Spectral Radius of M, ,

In the following, we present an upper bound for spectral radius of AOR iterative matrix M,
for strictly doubly a diagonally dominant coefficient matrix.

Lemma 3.1 (see [4]). If A € DD(a), then A is a nonsingular H-matrix.
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Theorem 3.2. Let A € DD(a), if 1-0*[aRi(L)R; (L) +(1-a)S;(L)S;(L)] > 0, for all j € N, i#],

then

where

A2 + \/A% —4A1A3

2A4 ’

p(My) < max 3.1)

i

A1 =1-0*[aR{(L)R;(L) + (1 - a)Si(L)S;(L)],

Ay = 2[1 - w| +2|w - ol|o|[aRi(L)R; (L) + (1 - a)S;(L)S;(L)]
+|wllo|[aRi(L)R;(U) + (1 - a)S;(U)S;(L)] 52
+|wlo||[aR;i(U)R;(L) + (1 - a)Si(L)S;(U)],

Az = (1-w)* - af|w - o|Ri(L) + [w|Ri ()] [|lw ~ o|R;(L) + |w|R;(LD)]

= (1= a)[lw - 0lSi(L) + |w|S:()] [lw - 0]S;(L) + |w|S; (LD)].

Proof. Let A be an eigenvalue of M, such that

that is,

det(A - My) =0, (3.3)

det(AM(I-oL) - (1 -w)I + (w-0)L+wlU)) =0. (3.4)

IfA(I-0L)-((1-w)l+(w—-0)L+wl) € DD(a), then by Lemma 3.1, A(I —oL) - ((1 —w)I +
(w - o)L + wl) is nonsingular and A is not an eigenvalue of iterative matrix M, that is, if

L= (1-w)> (x[ZMolit —(w—-0)ly - wuit|:| lZMolﬂ - (w-0)lj - wuﬂ|]

t#i 1#]

+(1-a) [ZMGZM —(w - 0)|li - wuki] (3.5)

k#i

x lzmalsj—(w—o)|ls,-—wusj], Vi,j €N, i#],
s#j
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then A is not an eigenvalue of M. Especially, if

(A =1 - w])? > a[Z(IAHOIIluI + |w = ol |l| + IaJIIuitl)]

t#i

x [Z(Mnonlﬂl +|w - ol ] +|w||”ﬂ|)]
I#j
(3.6)

+(1-a) [Z(|f\||0||lki| +|w — of|lxi| + |w|uki)]

k#i

x [Z(|)L||0||lsj| +|w - ol|Isj| + |w||usj|)] ,
by

then A is not an eigenvalue of M .
If A is an eigenvalue of M, then there exits at least a couple of i, j (i # j), such that

(A =1 - w))* < a[Z(Illlolllul + |w = ol|l| + leluitl)]

t#i

x [Z(M“UHlﬂ' +|w — o] |1 +|w||”ﬂ|)]

I#]
(3.7)
+(1-a) [Z(Mllolllkil +|w = of|lxi| + |w|uki)]
k#i

x| 22 (Mlol|lsj] +lw = ol|ls;] + |wl|us]) |

s#]

that is,
AAP = AyJA| + A3 <0. (3.8)

Since A; = 1-07 [aR;(L)R;(L)+(1-a)S;(L)S;(L)] > 0, and the discriminant A of the quadratic
in || satisfies A > 0, then the solution of (3.8) satisfies

Az—‘\/A% —4A1A3 <l < A + ‘\/A§—4A1A3. (39)

2A1 <ks 2A4
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So

A2 + \/A% —4A1A3
p(Mgw) < max .
1,

j 2A4

it

4. Improving Results on Convergence of AOR Method
In this section, we present new results on convergence of AOR method.

Theorem 4.1. Let A € DD(a), then AOR method converges if w, o satisfy either
2 —
(1+p(Mo1(M(A))))
20
(1+p(Moe))’

I 0<o<

S,
O<w<max{

2

T+ aRi(L+ DR, (L+U) + (1 - a)S;(L+ U)S;(L+U)
i#]

wP; - \/széz +P; min(wz, (w - 2)2>
(II) max - <0<0, O<wc<t, or
i,j Py

i#

wPy + \/széz +P; min<w2, (w - 2)2>
O<wc<t,

(II) t< o <min - ,
ij P3

i#j

where

P} = aR(L)R;(L + U) + (1 - a)Si(L)S; (L + U) + aRi(L + U)R;(L)
+(1-@)S;(L+U)S;(L),

Py = aR(L)R;(L + U) + (1 - a)Si(L)S; (L + U) - aRi(L + U)R;(L)
~ (- @)Si(L +U)S;(L),

P} = 4[aR(L)R;(L) + (1 - a)S;(L)S;(L)],

P, = aR(L)[R;(L) - Rj(U)] + (1 - ®)Si(L)[S;(L) - S;(U)]
+aR;(L)[Ri(L) - Ri(U)] + (1 - @)S; (L) [Si(L) - Si(W)],

P, = aRi(L)[Ry(L) - Rj(U)] + (1 - a)Si(L)[S; (L) - S;(U)]
—aR;(L)[Ri(L) - RiU)] - (1 = a)S;(L)[Si(L) = Si(U)].

(3.10)

t}, or

(4.1)

(4.2)
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Proof. 1t is easy to verify that for each o, which satisfies one of the conditions (I)—(III), we

have

1-0*[aR(L)R;(L) + (1 - a)S;(L)S;(L)] >0, Vi#j; i,j€N.

(4.3)

Firstly, we consider case (I). Since A be a a diagonally dominant matrix, then by
Lemma 3.1, we know that A is a nonsingular H-matrix; therefore, M(A) is a nonsingular
M-matrix, and it follows that from paper [7], p(My,) < 1 holds for 0 < ¢ < s and for o #0,

Mo = (1 - ﬂ>1+ <Q>M(m.
(0} (0}

If 0 <w <max{20/(1 +p(Myy)),t} =20/(1+p(Ms)), then

w 2

0<=<———
o (1+p(Mosy))

by extrapolation theorem [6], we have p(M;,,) < 1.
If 0 < w < max{20/(1 + p(My.)),t} = t, then it remains to analyze the case

20

—— <w<t, 0Lo<s.
(1+p(Mo,o))

Since when p(M) <1,

20
o —mMmMmMm@ —,
(1+p(Mo))

then 0 < 0 < w. From

Ay - A3 < Ay (a)

A2 + \/A% — 4A1A3
Ay <2A1 <2 (b)@ A
1
\/A% - 4A1A3 < 2A1 < 2 (C)

<1,

we have p(Mo,) < max;;((Az + /A3 - 4A1A3)/2A) < 1.

it

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)
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(1) When w < 1, it easy to verify that (4.8) holds.

(2) When w > 1, since

Ay =1-0[aR;(L)R;(L) + (1 - a)Si(L)S;(L)],

Ar = 2(w - 0) [aR(L)R;(L) + (1 — a)S;(L)S;(L)] + wo [aRi(L)R; (U) + (1 - ) Si(U) S (L)]
+wo[aR;(U)R;(L) + (1 - a)S;(L)S;(U)] +2[1 - w],

As = (1-w)* - al(w - 0)Ri(L) + wR(U)][(w - 0)R;(L) + wR;(U)]

— (1 - a)[(w - 0)Si(L) + wSi()] [(w - 6)S;(L) + wS;(U)],
(4.9)

thenby Ay — A3 < Ajand 1 - oz[szi(L)Rl-(L) +(1-a)Si(L)S;(L)] >0, foralli,j € N, i#j,
we have

w?[1 = aRi(L + U)Ry(L+U) - (1 - a)Si(L+U)S;(L + U)] - 4w +4 > 0. (4.10)

It is easy to verify that the discriminant A of the quadratic in w satisfies A > 0, and so there
holds

2
17 T aR(L+ R(L+ U) — (1 - )Si(L+ U)S; (L + )’

(4.11)

or

2
ST+ aR(L+RL+U) + (1-a)S(L+ U)S,(L+U)’

Vi#]. (4.12)

wy

For w1, we have A, > 2, it is in contradiction with ((4.8)b). Therefore, w; should be deleted.
Secondly, we prove (II).

(1) When0<w <1,0<0,

Ar = 2(1 - w) —2(w - 0)o [aRi(L)R;(L) + (1 - @) Si(L)S;(L)]

— wo[aRi(L)R;(U) + (1 - &) S;(U)S;(L)]

—wo[aRi(U)R;(L) + (1 - &) S;(L)S;(U)], (4.13)
As = (1-w)? - a[(w - 0)Ri(L) + wR;(U)][(w - 0)R;(L) + wR;(U)]

- (1 -a)[(w=-0)Si(L) + wS;(U)][(w - 0)S;(L) + wS;(U)].
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By A; — A3 < Ay, we have

40? [aRi(L)R;(L) + (1 — ) S;(L)S;(L)]
- 2wo [aRl(L)R](L + U) + (1 - a)Sl(L)S](L + U)
4.14
+0cRi(L + U)R](L) + (1 - a)SI(L + U)S](L)] ( )

+w? [aR(L+U)R;(L+U) + (1 - a)S;(L+ U)S;(L+U) - 1] <0.

It is easy to verify that the discriminant A of the quadratic in o satisfies A > 0, and
so there holds

wP| - w\/P? + D4 wP +w\/Pé2+P§. (4.15)

<0<
] /
P3 P3

Byo<0Oand1- GZ[LXRi(L)Rj(L) + (1 -a)S;(L)S;(L)] >0, foralli,j € N,i#j, we
obtain

1 2 !
wP1 - a)\/P2 + P3
max

ij Pé

it

<o <. (4.16)

(2) Whenl<w<t, 0<0,

Ay =2(w-1) -2(w-0)o[aR(L)R;(L) + (1 - a)S;(L)S;(L)]

—wo [aR(L)R;(U) + (1 - a)S;(U)Sj(L)] - wo [aR;(U)R;(L) + (1 — ) S;(L)S;(U)],
As = (1-w)* = af(w = O)R(L) + wR(U)] [(w - 0)R;(L) + wR;(U)]

- (1= ®)[(w=-0)Si(L) + wSi(W)][(w - 0)Sj(L) + wS;(U)].

(4.17)
By A; — A3 < Ay, we have
40% [aR;(L)R;(L) + (1 - a)S;(L)S;(L)]
- 2wo [aRl(L)R](L + U) + (1 - a)Sl(L)S](L + U)
+aR;(L +U)R;(L) + (1 - a)S;(L + ll)Sj(L)] (4.18)

+w? [aRy(L+U)R;(L+U) + (1 - a)S;(L + U)S;(L + U)]

—w? +4w-4<0.
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It is easy to verify that the discriminant A of the quadratic in o satisfies A > 0, and

so there holds
;o 2’2 _ 2 4 272 —_ 2pr
WP} ~\Jw? PP + (w-2) P3<o<wP1+\/w Bt w-27h (4.19)
P Py
3 3

By o <0and 1 - 0?[aR(L)R;(L) + (1 - a)S;(L)S;(L)] >0, for alli,j € N, i#j, we
obtain

wP] - \/széz +(w-2)°P,
max ;
i,j P3

it

<o<0. (4.20)

Therefore, by (4.16) and (4.20), we get

wP; - \/szf + P min <w2, (w - 2)2>
<o<0. (4.21)

max -
i P,

i#]

Finally, we prove (III).

(1) WhenO0<w <1,0>t,

Az = 2(1 - w) +2(w — 0)0 [aR;(L)R;(L) + (1 - a)S;(L)S; (L)]

+wo [aR;(L)R;(U) + (1 - a)Si(U)S;(L)] + wo [aR;(U)R; (L) + (1 - a)S;(L)S; ()],
A3 = (1-w)* - a[(0 - w)Ri(L) + wRi(W)][(0 - w)R;(L) + wR; ()]

- (1-a)[(0 - w)Si(L) + wSi(U)] (0 - w)S;(L) + wS;(U)].

(4.22)
By A, — A3 < A;, we have
40? [aR;(L)R;(L) + (1 — &) S;(L)S;(L)]
- 2wo [aR; (L) (R(L) - Ry(U)) + (1 - a)S;(L)(Si(L) - Sy(U))] (4.23)

+w? [a(Ri(L) - Ri(U)) (R;(L) = R; (L))

+(1 - a)(Si(L) - Si(U))(S;(L) - S;U))] - w* <0.
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It is easy to verify that the discriminant A of the quadratic in o satisfies A > 0, and

so there holds
wP, - w\/P? + D4 <G<wPi+w\/Pé2+P§ (4.24)
P, Py '
By o > t, we obtain
wP, + w\/P? + P,
t< o <min— S (4.25)

ij P;

i#j

2) Whenl<w<t, o>t
Ay =2(w-1) +2(0 - w)o[aR(L)R;(L) + (1 - a)Si(L)S;(L)]
+ wo [aRi(L)Rj(U) +(1- lX)Si(u)S]'(L)]
+wo[aR;(U)R; (L) + (1 - a)Si(L)S;U)], (4.26)
Az = (1-w)* - a[(0 - w)Ri(L) + wR ()] [(0 - w)Rj(L) + wR;(U)]
- (1= a)[(0 - w)Si(L) + wS;(U)][(0 - w)S;(L) + wS;(U)].

By A, — A3 < Aj, we have

40® [aR;(L)R;(L) + (1 - a)S;(L)S;(L)]
—2wo [aR;(L) (R;(L) = R;(U)) + (1 - a)S:(L)(S;(L) - S;(U))]
= 2wo [aR; (L) (Ri(L) - Ri(U)) + (1 - a)S;(L)(Si(L) - Si(U))] (4.27)
+ w? [a(Ri(L) - Ry(U)) (R;(L) - R;(U))
+(1 = a)(Si(L) - Si(U)) (Sj(L) - S;(U))] - w* + 4w -4 < 0.

It is easy to verify that the discriminant A of the quadratic in o satisfies A > 0, and
so there holds

— 2P'2 _ 2/ ! 2D'2 _ 2
WPy —\Jw P5I+(w 2) P3<G<wP4+\/w P5,+(w 2R (428)
P3 P3
By o > t, we obtain
WP +4/w?P2 + (w - 2)*P,
t <o <min ¢ \/ > > (4.29)

i,j Pé

i#i
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Therefore, by (4.25) and (4.29), we obtain

wP, + \/sz'Z + P, min<w2 (w - 2)2>
4 5 713 ’

t <0 <min - (4.30)

i,j P;

i#]

We can obtain the following results easily.

Theorem 4.2. Let A € DD(a). If R(L+U)R;(L+U) -S;(L+U)S;(L+U) >0, when 0 < w <1,
the following conditions hold:

\/Rl-(L +U)R;(L +U) - Si(L+U)S;(L +U)
Rl(L + U)R](L + U) — Sl(L + U)S](L + U) !

wP! — \/w?P? + w?P.  wP, —\/w?P? + w?P
§1)) ! : 2 < ! 2 3’ (4.31)
P, P,
wP, + \/w?P? + w?P,  wPy+\/w?P? + w?Ds
(1) ~ > = ,
3 3

I 0<acx<

or when 1 < w < t, the following conditions hold:

\/Ri(L +U)R;(L +U) - S;(L+U)S;(L+U)

) O R TR+ U) - S(L+ WS, L+ 1)

(4.32)

WP, ~\Jw? P + (w - 2)°P i w22 + (w - 2)Ps

P P;

(In)

wP; + \/w2P5'2 + (w - 2)2Pé N wPy + \/szSZ +(w-2)*Ps

111
(1) 7 5 :

then the area of convergence of AOR method obtained by Theorem 4.1 is larger than that obtained by
Theorem 2.5.
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Theorem 4.3. Let A € DD(a). If R(L+U)R;(L+U) - S;(L+U)S;(L+U) <0, when 0 < w <1,
the following conditions hold:

\/R,-(L +U)R;(L+U) - Si(L+U)S;(L +U)

I <1
M R(L+WR,(L+U) -S(Lr)S;L+U) "=V
wP| - \/wZP2 + w?P} wP \/sz2 + WP
a0 ' ? (4.33)

wP, +\/w? P + w?P} wP4+\/w2P2 w2P3
(Im) =

or when 1 < w < t, the following conditions hold:

\/Ri(L +U)R;(L+U) - S;(L+U)S;(L +U)
<1,

O R+ ORC+D-SC+Ws,C+u) ~*=

WP}~ \JwP} + (w - 2)P i Vw? P2 + (w - 2)?Ps
P, P, ’

(I1) (4.34)

WP, +\Jw?P2 + (0 ~2)°P;  wPy+\/w?P2 + (w ~2)°P;
>

111
() 7 = ,

then the area of convergence of AOR method obtained by Theorem 4.1 is larger than that obtained by
Theorem 2.5.

5. Examples

In the following examples, we give the areas of convergence of AOR method to show that
our results are better than ones obtained by Theorems 2.4 and 2.5.

Example 5.1 (see [6]). Let

N N O1
= N W

2
3> =D-T-5, (5.1)
9
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where
500 0 00 0 -3 -2
D=(060), T=(-200), s=(00 -3),
009 2 -10 00 0
3 2 0 -2 2
000 0 -2 -Z 575
0 0 5 5 1 1
L=D'T=| "3 , U=Dls= 1l L+u=|-z3 0 -5
0 0 3 2
1 2
5 50 00 0 2Ly
9 9

Obviously, A ¢ SD,but A € DD(1/2).

By Theorem 4.1, we have the following area of convergence:

(1) 0<0<1.189, 0<w <max{1.2390, 2—0 , or
(1+p(Moe))

2) 0<w<1, -1.0266w<c<0, or

<22w — 3v/201w? — 800w + 800>
20

1 <w <1.2390, <o<0, or

B) O0<w<1, 1.2390 <o <2.0266w, or

(—Zw +3+/201w? — 800w + 800)
1<w<12390, 1.2390< 0 < .

20
(5.3)
Obviously, A € DD.
By Theorem 2.5, we have the following area of convergence:
20
(1) 0<0<1.18%, 0<w <maxy1.0455,— ¢, or
(1+p(Mso))
(2) 0<w<1l, -06712w<0c<0, or
(7w - 3v/17w? - 64w + 64) 54

1 <w <1.0455, <o0<0, or

8
3) O0<w<1, 1.0455<0<1.6712w, or

<w + 3¢m>

1<w<1.0455, 1.0455<o0< 3 .

In addition, A € D(1/2).
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By Theorem 2.4, we have the following area of convergence:

(1) 0<0<1189%, 0<w<max{11250,— 22 | o
(1+p(Mo))

7 9
2) 0<w<l1l, -0b6w<o<0, or 1<w<1.1250, gw—5<o'<0, or
(3) O0<w<l1, 11250<o0<13lw, or 1<w<1.1250, 1.1250< 0 <1.8-0.49w.
(5.5)

Now we give two figures. In Figure1, we can see that the area of convergence
obtained by Theorem 4.1 (real line) is larger than that obtained by Theorem 2.5 (virtual line).
In Figure 2, we can see that the area of convergence obtained by Theorem 4.1 (real line)
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is larger than that obtained by Theorem 2.4 (virtual line). From above we know that the area
of convergence obtained by Theorem 4.1 is larger than ones obtained by Theorems 2.5 and
24.

Example 5.2. Let
311

A=(121). (5.6)
213

Obviously, A € DD(1/3), A ¢ D(a), A ¢ DD. So we cannot use Theorems 2.4 and 2.5. By
Theorem 4.1, we have the following area of convergence:

(1) 0<o<1.0724, 0<cw<max)1.0693,— 22 L o
(1+p(Mos))

2) 0<w<1l, -01973w<0<0, or

<37w — V194502 — 7776w + 7776)
36

(5.7)

1< w <1.0693, <o<0, or

(3) 0<w<1, 1.0693 <0 <1.1973w, or

<\/1945w2 7776w + 7776 — w)

1<w<1.0693, 1.0693<o0 < T3
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