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We proved that the modified implicit Mann iteration process can be applied to approximate the
fixed point of strictly hemicontractive mappings in smooth Banach spaces.

1. Introduction

Let K be a nonempty subset of an arbitrary Banach space X and let X* be its dual space. The
symbols D(T) and F(T) stand for the domain and the set of fixed points of T (for a single-
valued mapping T : X — X, x € X s called a fixed point of T iff Tx = x). We denote by J the
normalized duality mapping from X to 2X" defined by

Je) ={fex i (x )=l =f P}, xeX (1.1)

where (-,-) denotes the duality pairing. In a smooth Banach space, ] is singlevalued (we
denoted by j).

Remark 1.1. (1) X is called uniformly smooth if X* is uniformly convex.
(2) In a uniformly smooth Banach space, J is uniformly continuous on bounded
subsets of X.

LetT : D(T) ¢ X — X be a mapping.
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Definition 1.2. The mapping T is called Lipshitz if there exists a constant L > 0 such that

ITx -Tyll < Lfx -y

, (1.2)

forall x,y € D(T). If L = 1, then T is called nonexpansive and if 0 < L < 1, then T is called
contractive.

Definition 1.3 (see [1, 2]). (1) The mapping T is said to be pseudocontractive if
lx-y| <|lx-y+r(d-Tx-T-T)y)|, (1.3)

forall x,y € D(T) and r > 0.
(2) The mapping T is said to be strongly pseudocontractive if there exists a constant ¢ > 1
such that

lx -yl < |[Q+7r)(x-y) -rt(Tx-Ty)], (1.4)

forall x,y € D(T) and r > 0.
(3) The mapping T is said to be local strongly pseudocontractive if for each x € D(T)
there exists a constant ¢t > 1 such that

=yl < l[@+r)(x-y) -rt(Tx = Ty)|, (1.5)

forally € D(T) and r > 0.
(4) The mapping T is said to be strictly hemicontractive if F(T) # @ and if there exists a
constant ¢ > 1 such that

lx =gl < |1 +7)(x~q) -rt(Tx-q)||, (1.6)

forallx € D(T), g€ F(T) and r > 0.

Clearly, each strongly pseudocontractive mapping is local strongly pseudocontractive.

Chidume [1] established that the Mann iteration sequence converges strongly to
the unique fixed point of T in case T is a Lipschitz strongly pseudocontractive mapping
from a bounded closed convex subset of L, (or I,) into itself. Schu [3] generalized the
result in [1] to both uniformly continuous strongly pseudocontractive mappings and real
smooth Banach spaces. Park [4] extended the result in [1] to both strongly pseudocontractive
mappings and certain smooth Banach spaces. Rhoades [5] proved that the Mann and
Ishikawa iteration methods may exhibit different behaviors for different classes of nonlinear
mappings. Afterwards, several generalizations have been made in various directions (see,
e.g., [6-13]).
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In 2001, Xu and Ori [14] introduced the following implicit iteration process for a finite
family of nonexpansive mappings {T; : i € I} (here I = {1,2,...,N}) with {a,} a real
sequence in (0, 1) and an initial point xy € K:

x1=(1-a)xo+ar1T1xy,

x2 = (1 -a)x1 + axTox,

(1.7)
xn = (1-an)xn-a +anTnxn,
xN+1 = (1 - ana)xn + anaTNaxna,
which can be written in the following compact form:
Xn = (1—an)xn1 +anTyx,, n21, (1.8)

where T,, = Ty(mod N) (here the mod N function takes values in I). Xu and Ori [14] proved
the weak convergence of this process to a common fixed point of the finite family defined
in a Hilbert space. They further remarked that it is yet unclear what assumptions on the
mappings and/or the parameters {a,} are sufficient to guarantee the strong convergence of
the sequence {x,}.

In [11], Osilike proved the following results.

Theorem 1.4. Let X be a real Banach space and let K be a nonempty closed convex subset of X. Let
{Ti :i € I} be N strictly pseudocontractive mappings from K to K with F = "\, F(T;) #0. Let {ay,)
be a real sequence satisfying the following conditions:

(i)0<a, <1,
(i) X0 (1 - an) = o,
(i) 52y (1 - a)? < oo.
From arbitrary xo € K, define the sequence {x,} by the implicit iteration process (1.8).

Then {x,} converges strongly to a common fixed point of the mappings {T; : i € I} if and only if
lim inf,, ., d(x,, ) = 0.

Remark 1.5. One can easily see that fora, =1-1/ nt/2, S, (1= o(n)2 = oo. Hence the results
of Osilike [11] are needed to be improved.

Let K be a nonempty closed bounded convex subset of an arbitrary smooth Banach
space X and let T : K — K be a continuous strictly hemicontractive mapping. We proved
that the implicit Mann type iteration method converges strongly to a unique fixed point of T.

The results presented in this paper extend and improve the corresponding results
particularly in [1, 3, 4,7, 8, 10, 11, 13, 15].

2. Preliminaries

We need the following results.
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Lemma 2.1 (see [4]). Let X be a smooth Banach space. Suppose that one of the following holds:

(a) J is uniformly continuous on any bounded subsets of X,

(b) (x =y, j(x) = j()) < llx~yI forall x,y in X,
(c) for any bounded subset D of X, there is a function ¢ : [0,00) — [0, 00) such that

Re(x —y,j(x) = j(y)) < c(llx-yl), (2.1)

forall x,y € D, where c satisfies lim;_,¢-(c(t) /t) = 0.
Then for any € > 0 and any bounded subset K, there exists 6 > 0 such that

l|sx + (1= s)y|* < (1 =25)||y||” + 25 Re(x, j(y)) + 2se, (2.2)

forall x,y € Kand s € [0, 6].

Remark 2.2. (1) If X is uniformly smooth, then (a) in Lemma 2.1 holds.
(2) If X is a Hilbert space, then (b) in Lemma 2.1 holds.

Lemma 2.3 (see [8]). Let T : D(T) ¢ X — X be a mapping with F(T)#@. Then T is strictly
hemicontractive if and only if there exists a constant t > 1 such that for all x € D(T) and q € F(T),
there exists j(x — q) € J(x — q) satisfying

Re (x-Tx,j(x-q)) > (1—%>||x—q||2. (2.3)

Lemma 2.4 (see [10]). Let X be an arbitrary normed linear space and let T : D(T) C X — X bea
mapping.

(a) If T is a local strongly pseudocontractive mapping and F(T) #0, then F(T) is a singleton
and T is strictly hemicontractive.

(b) If T is strictly hemicontractive, then F(T) is a singleton.

Lemma 2.5 (see [10]). Let {6,},{0,}, and {w,} be nonnegative real sequences and let € > 0 be a
constant satisfying

01 <(1-0,)0,+€60,+w,, n>1, (2.4)

where 3721 0, = 00,0, <1 foralln>1and 377, wy, < . Then limsup, o0, <€

3. Main Results
We now prove our main results.

Lemma 3.1. Let X be a smooth Banach space. Suppose that one of the following holds:

(a) J is uniformly continuous on any bounded subsets of X,
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(b) (x—1v,j(x)—jy)) <llx-ylf forall x,y in X,
(c) for any bounded subset D of X, there is a function c : [0,00) — [0, o0) such that

Re(x -y, j(x) - j(y)) <c(|lx-yl) (3.1)

forall x,y € D, where c satisfies lim;_,¢-c((t) /t) = 0.
Then for any € > 0 and any bounded subset K, there exists 6 > 0 such that

o .
Jacx + By + y2l < (1 - 200xlF + 2L e, () o
ay . :
+ 21 — Re(z, j(x)) + 2ea
forallx,y,ze Kand a,,y € [0,6];a+p+y =1
Proof. For a, B,y € [0,6];a + p+y =1, by using (2.2), consider
2
2 _ _ i Y
[|ax + By + yz||” = ||ax + (1 a)(l_(xy+ 1_“z>
_ 2 p Y 33
< (1-2a)|x]| +2€a+2aRe<1_ay+1_“2,](x)> (3.3)
= (1 -2a)||x|* + 2ea + 21a_ﬂa Re(y,j(x)) + 21“_}’“ Re(z, j(x)).
This completes the proof. O

Theorem 3.2. Let X be a smooth Banach space satisfying any one of the Axioms (a)—(c) of
Lemma 3.1. Let K be a nonempty closed bounded convex subset of X and let T : K — K be
a continuous strictly hemicontractive mapping. Let {a,},{fn} and {y,} be real sequences in [0,1]
satisfying conditions

(iv) an+pPu+yn=1foralln>1,

(V) Xty @n = o0,

(Vi) gy Pn < 00 and 3571 Yn < 00.

For a sequence {v,} in K, suppose that {x,} is the sequence generated from an arbitrary
x0 € K by

Xn = AnXp-1 + PuTxy + ynTvn, n>1, (3.4)
satisfying > -1 |vn — x4 < 0.
Then the sequence {x,} converges strongly to a unique fixed point q of T.

Proof. By [2, Corollary 1], T has a unique fixed point g in K. It follows from Lemma 2.4 that
F(T) is a singleton. That is, F(T) = {g} for some g € K.
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Set M =1+ diam K. It is easy to verify that

M = supl||x, — g|| + sup||Tx, - q| +sup|| T, - q]|.
n>1 n>1 n>1

Also

12w = 4ll” < llow = xall* + |20 = 4ll” + 2[00 = 2|04 - q]

< low = xall® + || %0 = g + 2Mll0n — x4.
Consider

%0 = q|” = | €nXns + BuTxn + yaTon — g
= ||atn(xnt = @) + Bu(Txn = @) + Yu(T0n - )|
<ty | xn1 - q|°
+PullTxw = ql” + 1| Tow ~ g
< Izt = qll* + M* (B + 1),

where the first inequality holds by the convexity of | - ||*.

(3.5)

(3.6)

(3.7)

Now we put k = 1/t, where t satisfies (2.3). Using (3.4) and Lemma 3.1, we infer that

llxn = qlI* = |tnxncs + BaTxn + 12 Ton - q|*
= || (Xn1 = q) + Bu(Txn = q) + yu(Ton — )|
< (1= 20t =l + 242 Re(Tx, = . vt =)
An'Yn
+21

. Re(Tvy, - q,j(xn-1—q)) + 2ea,

“nn .
= (1-2a,) |0~ alF + 2220 Re(Tx, g, )

1"[5" Re(Txn = q,j(xn-1-q) = j(xu — q))
nYn
+21 o Re(Tv, —q,j(vn —q))
20 Re(To, =gt ) = (0 =0)) + 26,

o
gadmwﬁwwﬂﬁ%w%ww
n

nﬂn
IITxn allllj (xn-1-aq) = j(xn = q) ||

nYn
+207 kllvn-tﬂl
nYn
210

IITvn alllj(xn-1-q) = j(vn = q)|| +2ean
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< (1-2a) s — gl + 220 B el -l + 2M5 "ﬂ" 5,
An'Yn nY
1

k||vn q|| +2M1 qn+26an

< (=200 [ =l + 2322 e~ P

210[:1):: k||o, - q|| +2Ma, max{ 6y, 1} + 2€ay,
(3.8)
where
611 =||j n-1— -j n = ’
17 Gena = 4) = Gon = @)l (3.9)
Mo =l (tn1 = 4) = j (@n = |-
Also, we have
”xn—l - xn” = ”xn—l — OpXp-1— ﬁnTxn - YnTUn”
= ”,Bn (xn—l - Txn) +Yn (xn—l - Tvn) ”
< Pullxn-1 = Txnll + yallxxn-1 — Ton|| (3.10)
< 2M(Bn +1n)
<o
implies
ll2¢n-1 = x|l — 0, (3.11)
asn — oo, and consequently
[1%¢n-1 = Onll < [|xn-1 = Xnll + [|2xn = Vull — O (3.12)
asn — oo. Since | is uniformly continuous on any bounded subsets of X, we have
Op, lh — 0 as n — oo. (3.13)

For any given € > 0 and the bounded subset K, there exists a 6 > 0 satisfying (2.2). Note that
(3.13) and (vi) ensure that there exists an N such that

B, Yn < min{ﬁ,ﬁ}, On, Mn < Aﬁ, n > N. (3.14)
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Now substituting (3.6) in (3.8) to obtain

[l = ll” < (1= 200) |01 = g |* + 2kera |0 - g

+2Ma, max{8p, 1, } + 2eay (3.15)
o
25T k(o =l + 2M o = )

by using (3.7), implies

% = gl < (1 = 2(1 = K)an) ||t — g + 2ea
+2M?kety (Bu + Yn) + 2Ma, max{6,, 1.}

AnYn 2
+ 277k (lfow = xall* + 2M o~ %) (316)
< (1-2(1 = K)atn) || 201 — g||° + 3ea,
An'Yn 2
24 k(o = xall + 2M o~ )
foralln > N.
Put
, 3e
On = ”xn—l —-q 2, On =2(1-k)an, € = m,
. (3.17)
_ njn _ 2 _
wy =277 ank(llvn xall” +2M v, = xall),
and we have from (3.16)
o1 <(1-0,)0,+€0, +w,, n>1 (3.18)

Fork <1/2,set6 =1/2(1 - k) < 1. Because a,, < §, weimply 1 —a,, > 1 -6 and 2(1 - k)a,, <
1. Now observe that >,;7, 6, = 00,0, < 1foralln > 1and >, ; w, < co. It follows from
Lemma 2.5 that

lim sup||x, - q||° < €. (3.19)

n— oo

Letting ¢ — 0, we obtain that limsup, _[lx, —q|* = 0, which implies that x, — q as
n — co. This completes the proof. O

Corollary 3.3. Let X be a smooth Banach space satisfying any one of the Axioms (a)—(c) of
Lemma 3.1. Let K be a nonempty closed bounded convex subset of X and let T : K — K be a Lipschitz
strictly hemicontractive mapping. Let {a,},{Bn} and {y,} be real sequences in [0,1] satisfying the
conditions (iv)—(vi).

From arbitrary xo € K, define the sequence {x,} by the implicit iteration process (3.4). Then
the sequence {x,} converges strongly to a unique fixed point q of T.
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Corollary 3.4. Let X be a smooth Banach space satisfying any one of the Axioms (a)—(c) of
Lemma 3.1. Let K be a nonempty closed bounded convex subset of X and let T : K — K be a
continuous strictly hemicontractive mapping. Suppose that {a,} be a real sequence in [0, 1] satisfying
the conditions (v) and lim,, _, ,a, = 0.

From arbitrary xy € K, define the sequence {x,} by the implicit iteration process (1.8). Then
the sequence {x,} converges strongly to a unique fixed point q of T.

Corollary 3.5. Let X be a smooth Banach space satisfying any one of the Axioms (a)—(c) of
Lemma 3.1. Let K be a nonempty closed bounded convex subset of X and let T : K — K be a
Lipschitz strictly hemicontractive mapping. Suppose that {a,} be a real sequence in [0,1] satisfying
the conditions (v) and lim,, _, ., = 0.

From arbitrary xy € K, define the sequence {x,} by the implicit iteration process (1.8). Then
the sequence {x,} converges strongly to a unique fixed point q of T.

Remark 3.6. Similar results can be found for the iteration processes involved error terms; we
omit the details.

Remark 3.7. Theorem 3.2 and Corollary 3.3 extend and improve Theorem 1.4 in the following
directions.
We do not need the assumption liminf,, _, ,d(x,, F) = 0 as in Theorem 1.4.

4. Applications for Multistep Implicit Iterations

Let K be anonempty closed convex subset of a smooth Banach space X and let T, Ty, T, ..., T}, :
K — K(p > 2) be a family of p + 1 mappings.

Algorithm 4.1. For a given X € K, compute the sequence {x,} by the implicit iteration process
of arbitrary fixed order p > 2 :

Xp = OpXp-1 + ﬂnTxn + Ynle;}u
vi = Bioors + (1= BTyl i=12,.p-2 (1)
1 - -1
yfl = ﬂﬁ 1xn—1 + <1 - ﬁfl >Tpxnr n>1,

which is called the multistep implicit iteration process, where {a,}, {B.}, {y.}, and {fi},i =
1,2,...,p—1arereal sequencesin [0,1] and a, + B, + 7, =1, for all n > 1.

For p = 3, we obtain the following three-step implicit iteration process.

Algorithm 4.2. For a given x € K, compute the sequence {x,} by the iteration process

Xpn = OpXp-1 + pnTxn + Ynle;llr
va =B + (1- 1) oy, (4.2)
Yo = Prxn + (1 - ﬂi)%xn, n>1,
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where {a,}, {Bn}, {yn}, {BL} and {B2} are real sequences in [0,1] satisfying some certain
conditions.
For p = 2, we obtain the following two-step implicit iteration process.

Algorithm 4.3. For a given xq € K, compute the sequence {x,} by the iteration process

1
Xn = XpXp-1 + ﬂnTxn + Ynlen/

43
Yi=Brxna+ (1= ) Toxs, n21, (9

where {a,}, {B.}, {yn} and {BL} are real sequences in [0, 1] satisfying some certain conditions.
IfTy =T, T, = I and B} = 0in (4.3), we obtain the following implicit Mann iteration
process.

Algorithm 4.4. For any given xy € K, compute the sequence {x,} by the iteration process

Xp=apxy1+(1—a,)Tx,, n>1, (4.4)

where {a,} is a real sequence in [0, 1] satisfying some certain conditions.

Theorem 4.5. Let X be a smooth Banach space satisfying any one of the Axioms (a)—(c) of
Lemma 3.1. Let K be a nonempty closed bounded convex subset of X and let T, T1,T»,..., T, : K —
K(p > 2) be p + 1 mappings. Let T, T, be continuous strictly hemicontractive mappings. Let {a,},
B}, {yn} and {Bi,}i = 1,2,...,p — 1 be real sequences in [0,1] satisfying the conditions (iv)—(vi)
and 3501 (1-PL) < co. For arbitrary xo € K, define the sequence {x,} by (4.1). Then {x,} converges
strongly to the common fixed point of (\_, F(T;) N F(T) #9.

Proof. By applying Theorem 3.2 under assumption that T and T; are continuous strictly
hemicontractive mappings, we obtain Theorem 4.5 which proves strong convergence of the
iteration process defined by (4.1). Consider by taking T; = T and v, = v,

1
Yn = Xn

Prxn + <1 - ﬂi)szi - Xp

o = xall = |

= |82 Gena =20 + (1= B2) (Towz = =) | (4.5)
< Ballens = xall+ (1= 1) [ To -
< Bhlls = xall + M (1= ).
From (4.5) and the condition 3%, (1 - B1) < o0, we obtain
Z”vn — Xl < 0. (4.6)
n=1

This completes the proof. O
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Corollary 4.6. Let X be a smooth Banach space satisfying any one of the Axioms (a)—(c) of
Lemma 3.1. Let K be a nonempty closed bounded convex subset of X and let T,T1, Ty, ..., T, : K —
K(p > 2) be p+1 mappings. Let T, Ty be Lipschitz strictly hemicontractive mappings. Let {a, }, {Bn},
{yu} and {Bi}, i = 1,2,...,p — 1 be real sequences in [0,1] satisfying the conditions (iv)-(vi) and
S (1= L) < co. For arbitrary xo € K, define the sequence {x,} by (4.1). Then {x,} converges
strongly to the common fixed point of (\_, F(T;) N F(T) #9.
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