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A general hierarchical problem has been considered, and an explicit algorithm has been presented
for solving this hierarchical problem. Also, it is shown that the suggested algorithm converges
strongly to a solution of the hierarchical problem.

1. Introduction

Let H be a real Hilbert space with inner product (-, -) and norm || - ||, respectively. Let C be a
nonempty closed convex subset of H. The hierarchical problem is of finding X € Fix(T) such
that

(S¥ - %, x—-%) <0, YxeFix(T), (1.1)

where S, T are two nonexpansive mappings and Fix(T) is the set of fixed points of T. Recently,
this problem has been studied by many authors (see, e.g., [1-15]). The main reason is that
this problem is closely associated with some monotone variational inequalities and convex
programming problems (see [16-19]).

Now, we briefly recall some historic results which relate to the problem (1.1).

For solving the problem (1.1), in 2006, Moudafi and Mainge [1] first introduced an
implicit iterative algorithm:

xps = 5Q(xt,5) + (1= 8)[ES(oy,5) + (1 = )T (xt,5)] (1.2)
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and proved that the net {x; s} defined by (1.2) strongly converges to x; as s — 0, where x;
satisfies x; = projg;, p,Q(xt), where P, : C — C is a mapping defined by

Pi(x) =tS(x)+(1-H)T(x), VxeC, te(0,1), (1.3)
or, equivalently, x; is the unique solution of the quasivariational inequality
0 € (I - Q)xt + Nrix(p) (xt), (1.4)
where the normal cone to Fix(P;), NFix(p,), is defined as follows:

{ue H: (y-x,u)<0}, if xeFix(P),
NFix(Pt) X — (1.5)
@, otherwise.

Moreover, as t — 0, the net {x;} in turn weakly converges to the unique solution x,
of the fixed point equation x, = proj,Q(x) or, equivalently, x,, is the unique solution of the
variational inequality

0e(I-Q)xow+ Ng(xe). (1.6)
Recently, Moudafi [2] constructed an explicit iterative algorithm:

Xps1 = (1= 64)xy + 6,(0,Sx, + (1= 0,)Tx,), Vn>0, (1.7)

where {6,} and {0, } are two real numbers in (0, 1). By using this iterative algorithm, Moudafi
[2] only proved a weak convergence theorem for solving the problem (1.1).

In order to obtain a strong convergence result, Mainge and Moudafi [3] further intro-
duced the following iterative algorithm:

Xps1 = (1= 6,)Qxp + 64[0,Sx, + (1 —0,)Tx,], Yn>0, (1.8)

where {6,} and {0y} are two real numbers in (0,1), and proved that, under appropriate
conditions, the iterative sequence {x,} generated by (1.8) has strong convergence.
Subsequently, some authors have studied some algorithms on hierarchical fixed
problems (see, e.g., [4-15]).
Motivated and inspired by the results in the literature, in this paper, we consider a
general hierarchical problem of finding X € Fix(T) such that, for any n > 1,

(Wpyx-X,x-X) <0, VxeFix(T), (1.9)

where W,, is the W-mapping defined by (2.3) below and T is a nonexpansive mapping,
and introduce an explicit iterative algorithm which converges strongly to a solution X of the
hierarchical problem (1.9).
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2. Preliminaries

Let C a nonempty closed convex subset of a real Hilbert space H. Recall that a mapping
Q : C — Cis said to be contractive if there exists a constant y € (0, 1) such that

[Qx-Qy| <yllx-y|, YxyeC 2.1)

A mapping T : C — C is called nonexpansive if

[Tx-Ty|| < [lx-y], ¥xyeC (2.2)

Forward, we use Fix(T) to denote the fixed points set of T
Let {T;}Z;, : C — C be an infinite family of nonexpansive mappings and {¢;};; a real
number sequence such that 0 < ¢; <1 for eachi > 1.
For each n > 1, define a mapping W, : C — C as follows:
un,n+1 = I/
U, = &nTallyner + (1= ¢0)1,

un,nfl = énflTnfl un,n + (1 - §n71)1’/

Uk = &Iy, ke + (1= &)1, (2.3)
Uy k-1 = TieaU i + (1 - &)1,

Uy =&ToUy s+ (1-8)1,
Wn = lln,l = §1T1Un,2 + (1 - é])[

Such W, is called the W-mapping generated by {T;}2; and {¢;}2;.
Lemma 2.1 (see [20]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let
{T;}2, be an infinite family of nonexpansive mappings of C into itself with (N, Fix(T,,) #0. Let

&1, &2, ... be real numbers such that 0 < ¢ < b <1 for each i > 1. Then one has the following results:

(1) for any x € C and k > 1, the limit lim,, _, o, U, kX exists;
(2) Fix(W) = N2, Fix(Ty).

Using Lemma 3.1 in [21], we can define a mapping W of C into itself by Wx =
limy, —, o Wyx = lim,,_, o U, 1x for all x € C. Thus we have the following.

Lemma 2.2 (see [21]). If {x,} is a bounded sequence in C, then one has

lim [[Wax, — Wyxa|| = 0. (2.4)
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Lemma 2.3 (see [22]). Let C be a nonempty closed convex of a real Hilbert space H and T : C — C
be nonexpansive mapping. Then T is demiclosed on C, that is, if x, — x € C and x, — Tx, — 0,
then x = Tx.

Lemma 2.4 (see [23]). Assume {a,} is a sequence of nonnegative real numbers such that

ani1 S (L=Yn)an +6nyn+1n, Yn>1, (2.5)

where {y,} is a sequence in (0,1) and {6,}, {1, } are two sequences such that
(i) 2ot1yn = oo
(i) imsup,_, 6, <00r 372 |6nyn| < oo;
(ifi) 352 1] < co.

Then lim,, _, o, a,, = 0.

3. Main Results

In this section, we introduce our algorithm and give its convergence analysis.

o]

Algorithm 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H and (T}, },,
be infinite family of nonexpansive mappings of C into itself. Let Q : C — C be a contraction
with coefficient y € [0,1). For any xg € C, let {x,} the sequence generated iteratively by

Xpi1 = AWy + (1 - an)T(ﬂann + (1 - ﬂn)xn)/ Vn >0, (3.1)

where {a,}, {fn} are two real numbers in (0,1) and W, is the W-mapping defined by (2.3).
Now, we give the convergence analysis of the algorithm.

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H and {T,},.; be
an infinite family of nonexpansive mappings of C into itself. Let Q : C — C be a contraction with
coefficient y € [0,1). Assume that the set Q of solutions of the hierarchical problem (1.9) is nonempty.
Let {ay}, {Pn} be two real numbers in (0,1) and {x,} the sequence generated by (3.1). Assume that
the sequence {x,} is bounded and

(i) limy, o a, = 0 and limy, _, o (B / an) = 0;
(ii) X5loPn = oo
(iii) limy 0o (1/Bn)|(1/ ) — (1/ap-1)] = 0 and limnﬁw(l—[?;llgi/anﬁn) =
hmneoo(l/an)u - (ﬁn—l/ﬁn” =0.

Then imy, ., o (|| Xn+1 — Xnl||/n) = 0 and every weak cluster point of the sequence {x,} solves
the following variational inequality

X eQ,
3.2
(I-Q)x,x-X)>0, VxeQ. 32
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Proof. Set y, = p,Qx, + (1 - B,)x, for each n > 0. Then we have

Yn—Yn-1= ﬂann + (1 - ﬂn)xn - pnlexnfl - (1 - ﬂnfl)xnfl
= ﬂn(an - an—l) + (ﬂn - pn—l)an—l + (1 - ﬂn)(xn - xn—l)
+ (ﬁn—l - ﬂn)xn—l-

It follows that

”yn —Yn-1 ” < Yﬁn”xn - xn—l” + (1 - ﬂn) ”xn - xn—l” + |ﬂn - ﬂn—ll(”an—lll + ”xn—l“)
= [1 - (1 - Y)pn] ||xn - xn—l” + Ipn _ﬂn—1|(||an—1” + ”xn—l”)'

From (3.1), we have

Xn+l — Xn = ‘xnwnxn + (1 - an)Tyn - “n—an—lxn—l - (1 - “n—l)Tyn—l
= an(wnxn - ann—l) + (an - an—l)wnxn—l + “n—l(wnxn—l - Wn—lxn—l)

+(1-ay) (T]/n - T]/n—l) + (a1 — ) Tyy1.

Then we obtain

||xn+1 - xn“ < an”ann - ann—l” + (1 - an)”Tyn - Tyn—lll
+ oy - “n—ll(”wnxn—l” + ”T]/n—l”) + a1 [[Wixn-1 = Wyo1x,1]|

< aonn - xn—l” + (1 - an)”]/n - ]/n—l” + |an - an—1|(||ann—1|| + ”T]/n—l”)

+ an—1||ann—1 - Wn—lxn—ln-

From (2.3), since T; and U, ; are nonexpansive, we have

[Waxn-1 = Wio1xn-all = 16 T1Up,2%0-1 = §T1Un-1, 2201 |
< &illUn,2x0-1 = Up-1,2%0-1|
= &11162Tolpn,3xn-1 — 2Toal 1,32 01|
<é&1é&llUn, 3301 — Up-1,3x0-1]|

<...

< §1‘§2 Tt én—l ”un,nxn—l - un—l,nxn—l ”

n—1
My &
i=1

IN

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)
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where M is a constant such that SUp,,5 Uy, nxp-1 — Up-1,nxn-1]]} £ My. Substituting (3.4)
and (3.7) into (3.6), we get

%41 = Xnll < @nll2n = Xl + (1= @) [1 = (1 =) Bu] 10 = Xnal

+ | Bn = Pra | (1Qxn1 || + |21 )

n-1
+ay = | (WXl + | Tynaa ||) + ana Ma ] Jé
- (3.8)
= [1= (1=7)Ba(1 = an)] 10 = 21l

+ | Bn = Pr-a | (1Qxn1 || + [ xn1]])

n-1

+ |an - ‘xnfll(”annfl” + ”T}/n*l”) + an—lMll_[éi-
i=1

Therefore, it follows that

”xn+1 - xn” _ _ _ ”xn - xn—l”
P <[ (L)1 - ]
+ 'ﬂ";ﬂ(nmmn + [ l)

Xy — 1| | gL
+ R (Wt |+ | Ty ||) + o My =22
ay Xp

= [1- (1)1 - ) Pt

n-1

1= (1= 7)Pu(l - )] (”"" Xl - ann)

Ay Ap—1
Pn = Pna
+ M(||an4|| + [|xna )
ay
n-1
o, — 0y n-le.
+ - 1| (”ann—lll + ”Tyn—l ”) + an—lMl Hl_l gl
an ady
Xy — Xp—
< [1 -(1- Y)ﬁn(l _ ,xn)] M
L]
+ < i_ 1 + |an_“n—1| 4 |ﬂn_ﬂn—1| +H?_11§i>M
Ay Ay_1 Ay Ay ay
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= [1 - (1 - Y)ﬂn(l - an)] —”xna_ninil” + (1 - Y)ﬂn(l -ay)
X L(l l_ 1 +l|an_an—l|
(1 - Y)(l —ay) \Pnlan ana P a,
e B g
)

where M is a constant such that

sup{ My, [|xy = xn1ll, (IWnXnall + || Tyna

n>1

), (1Quxnll + [xnal) } < M.

From (iii), we note that lim,, _, o, (1/ay-1) |y — @n-1/Pnats| = 0, which implies that

1 |a, — a,—
lim 190~ _
n—oo Py ay

Thus it follows from (iii) and (3.11) that

. 111 1
lim ( —|— - +
n—oo ﬂn Xn A1

ﬂn Xp ﬂn Ay anﬂn
Hence, applying Lemma 2.4 to (3.9), we immediately conclude that

. len+1 _xn” _

lim

n— oo an

0.

This implies that
Jim [lxps1 = x| = 0.
Thus, from (3.1) and (3.14), we have
1im [|x, - Ty = 0.
At the same time, we note that
Yn = Xn = Pn(Qxn — xn) — 0.
Hence we get

Tim ||y, = Tyn|| = 0.

1 lan—anal 1 |Pu=Pua| | H?J@) o

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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Since the sequence {x,} is bounded, {y,} is also bounded. Thus there exists a subsequence
of {y,}, which is still denoted by {y,} which converges weakly to a point X € H. Therefore,
X € Fix(T) by (3.17) and Lemma 2.3. By (3.1), we observe that

X1 = X = Ay (WaXn = 2) + (1= ) (Tyn = Yu) + (1 = @) Bn(Qon = xn), (3.18)
that is,
Xn —axn+1 = (I - Wn)xn + 1 ;an (I - T)yn + M(I _ Q)xn- (319)

Set z, = (x, — xp11)/ay, for each n > 1, that is,

(I-Q)xy. (3.20)

- nl_ n
Zn = (I—Wn)xn+1a;x"(I—T)yn+¥

Using monotonicity of I — T and I — W, we derive that, for all u € Fix(T),

<anxn - u)

= (1= W) %0 =)+ (1= T = (L= Tty - )

L (= Ty ) + 1= Q- )
> (=W =w) + P (1 0y =)+ CZ 5P (1 1y, - 0
(W) + (W W =)+ PO (e )

n

1- n)Pn
+ #((I - T)ynrxn - an>-

(3.21)

But, since z, — 0, f,/a, — 0and lim, ,||W,u — Wu| =0 (by Lemma 2.2), it follows from
the above inequality that

limsup((I - W)u,x, —u) <0, Vu € Fix(T). (3.22)

n—oo

This suffices to guarantee that w,, (x,) C Q. As a matter of fact, if we take any x* € wy,(x,),
then there exists a subsequence {x,, } of {x,} such that x,;, — x*. Therefore, we have

((I-W)u,x* —u) = lim <(I =W, xpn; — u> <0, VueFix(T). (3.23)
]—>oo
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Note that x* € Fix(T). Hence x* solves the following problem:

x* € Fix(T),
(3.24)
((I-W)u,x* —u) <0, VYu e Fix(T).

It is obvious that this is equivalent to the problem (1.9) since W,, — W uniformly in any
bounded set (by Lemma 2.2). Thus x* € Q.

Let X be the unique solution of the variational inequality (3.2). Now, take a
subsequence {x,,} of {x,} such that

limsup((I - Q)%, x, = X) = lim (I - Q)X, x, = ¥). (3.25)

n—oo

Without loss of generality, we may further assume that x,, — x. Then x € Q. Therefore, we
have

limsup( (I - Q)% x, ~ ¥) = (I - Q% ¥~ %) 0. (3:26)
This completes the proof. O

Theorem 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let {Ty};q be
infinite family of nonexpansive mappings of C into itself. Let Q : C — C be a contraction with
coefficient y € [0,1). Assume that the set Q of solutions of the hierarchical problem (1.9) is nonempty.
Let {a}, {Pn} be two real numbers in (0,1) and {x,} the sequence generated by (3.1). Assume that
the sequence {x,} is bounded and

(i) limy,— o ay = 0, limy, o5 B/ an = 0 and lim,, o, a2 / B, = 0;

(ii) X oloPn = oo/

(111) lim,, _, o0 (1/ﬂn)|(1/“n)_(1/an—l)| = 0and lim,, ., H?z_lléi/“nﬁn =lim, _ o (1/“n)|1_
(pn—l/ﬁn” =0;

(iv) there exists a constant k > 0 such that ||x — Tx|| > kDist(x, Fix(T)), where

Dist(x, Fix(T)) = yeg}(f(T)”x -y (3.27)

Then the sequence {x,} defined by (3.1) converges strongly to a point X € Fix(T), which solves the
variational inequality problem (3.2).

Proof. From (3.1), we have

X1 — X = Ay(Wyxy — WuX) + a, (WX = X) + (1 - a) (Tyn — X). (3.28)
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Thus we have

6t = FI < [t (Wit = W) + (1= ) (T = D) + 2000 (W = , 201 — %)
< (1= )| Tyn = F||? + @ull Wty = WoX|* + 20, (WX = &, %001 - %) (329)

~12 ~2 ~ o~ ~
S(l_an)”yn_x” + apl|xn — X||° + 200 (WyX = X, Xp41 — X).
At the same time, we observe that

lyn = %17 = [ (1 = Bu) (tn = ) + Bu(Qu — QF) + u(Q% - )|
<1 (1= Bu) (xtn = %) + Pu(Qixn = QD)||* + 2B, (QF - X,y - X)
< (1= ) llxn = X + Bull Qxn — Q| + 26, (QX - X, yu — %) (3.30)
< (1= Ba)llxn = XN + Puy*ll20n = ZI* +2B,(QF - %, yn - %)

= [1- (1= 7))l — 217 + 2B,(QF - %,y - ).
Substituting (3.30) into (3.29), we get

s = FI < anlloen = FIP + (1= ) [1 = (1= 72) Bl - £IP
+ 2B, (1 = ) {(QX — %,y — X) + 20, (WX = X, X1 — X)
= [1= (1-72)Bu (1= )|l = X + 260 (1 = ) (QF ~ %,y ~ %)
+ 20, (WX — X, xp1 — X)

= [1= (1= ) But = )] llew = 1P + (1= 92) a1 - )

2 2 a
~_~r n_~ _an~_~/ n+_~ .
X{l—y2<Qx Xy x>+(1_Y2)(1_an)>< n( X —X, X1 x)}

(3.31)

By Theorem 3.2, we note that every weak cluster point of the sequence {x,} is in Q. Since
Yn — Xn — 0, then every weak cluster point of {y,} is also in Q. Consequently, since X =
proj, (QXx), we easily have

lim sup(QX - X, y, — X) <0. (3.32)

n— oo
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On the other hand, we observe that

(WpX =X, xp41 — X) = <Wni - X, projFiX(T)xn+1 - 9~c> + <Wn5E — X, Xps1 — projFiX(T)xn+1 >

(3.33)
Since X is a solution of the problem (1.9) and PTOjgiy (1) Xn+1 € Fix(T), we have
(W, = %, projp, ) X — ) < 0. (3.34)
Thus it follows that
<I/ani - X, Xpi1 — 55) < <I/ani - X, Xpi1 — prijix(T)xn+1>
< “an - 55” Xn+l — prOjFix(T)xnﬂ
(3.35)
= ||W,X — X|| x Dist(x,41, Fix(T))
1 -~
< 2 IWak = Xll1xn41 = Txnaa].
We note that
12¢n+1 = Txpea || € l[xna1 = Txu|l + | Ty = Txpia|
< ay||Waxy — Txyl| + (1 - ‘xn)”Tyn - Txn” + ||2041 = x| (3.36)
< ay|[Wyxy — Txy|| + ”]/n - xn” + || xps1 = x|
< an||Whxty = Txull + BullQxn — x|l + [|x041 — Xanl|-
Hence we have
I WK - R, xpe1 — F)
B
a /1 - 1 S
< ﬂ_ E”an — X[ [|Waxy = Txy|| ) + ay E”an = X[1Qxy — x4l (3.37)
n
2
a;, |[xne1 — x| <1 ~ =~ )
S ~||W,x - .
+ ﬁn an k“ nx x”

From Theorem 3.2, we have lim,_, o ||xz+1 — Xu||/a, = 0. At the same time, we note that
{A/I) WX = X[[IWaxtn = Txll}, {(1/K) [WiX = X[[|Qxn — x4}, and {(1/k)[[W,X - X||} are all
bounded. Hence it follows from (i) and the above inequality that

m sup 2 (W, — %, st — %) < 0. (3.38)

n—oo n
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Finally, by (3.31)—(3.38) and Lemma 2.4, we conclude that the sequence {x,} converges
strongly to a point X € Fix(T). This completes the proof. O

Remark 3.4. In the present paper, we consider the hierarchical problem (1.9) which includes
the hierarchical problem (1.1) as a special case.
From the above discussion, we can easily deduce the following result.

Algorithm 3.5. Let C be a nonempty closed convex subset of a real Hilbert space H and S
a nonexpansive mapping of C into itself. Let Q : C — C be a contraction with coefficient
y € [0,1). For any xj € C, let{x,} the sequence generated iteratively by

X1 = nSxy + (1 — )T (BnQxn + (1 = fn)xn), Yn >0, (3.39)

where {a,}, {B,} are two real numbers in (0, 1).

Corollary 3.6. Let C be a nonempty closed convex subset of a real Hilbert space H. Let S : C — C be
a nonexpansive mapping. Let Q : C — C be a contraction with coefficient y € [0, 1). Assume that the
set Q' of solutions of the hierarchical problem (1.1) is nonempty. Let {ay}, {Bn} be two real numbers
in (0,1) and {x,} the sequence generated by (3.1). Assume that the sequence {x,} is bounded and

(i) limy, o a, =0, limy, o P/, = 0 and lim,, _, o, /ﬂn =0;

(11) Zn Oﬁ” o,
(iii) limy,— o0 (1/Bn)|(1/ an) = (1/ ap-1)| = 0 and limy, oo (1/an)|1 = (Bn-1/Pn)| = 0;
(iv) there exists a constant k > 0 such that ||x — Tx|| > kDist(x, Fix(T)), where

Dist(x, Fix(T)) = yeglem [l = v||- (3.40)

Then the sequence {x,} defined by (3.39) converges strongly to a point X € Fix(T'), which solves the
hierarchical problem (1.1).
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