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Let E be a real reflexive Banach space with a uniformly Gateaux differentiable norm. Let K be
a nonempty bounded closed convex subset of E, and every nonempty closed convex bounded
subset of K has the fixed point property for non-expansive self-mappings. Let f : K — K a
contractive mapping and T : K — K be a uniformly continuous pseudocontractive mapping with
F(T)#0. Let {A,,} C (0,1/2) be a sequence satisfying the following conditions: (i) lim,_, A, = 0;
(if) 32 = oo. Define the sequence {x,} in Kby xp € K, xy01 = Ly f (xn) + (1 — 210,) x5 + 1, Txy,
for all n > 0. Under some appropriate assumptions, we prove that the sequence {x,} converges
strongly to a fixed point p € F(T) which is the unique solution of the following variational
inequality: (f(p) —p,j(z—-p)) <0, forall z € F(T).

1. Introduction

Let E be a real Banach space with dual E*. We denote by ] the normalized duality mapping
from E to 2F" defined by

2

](x)={f*eE*:(x,f*>=||x||2=| 2}, Vx € E, (1.1)

where (-, -) denotes the generalized duality pairing.

It is well known that, if E is smooth, then J is single-valued. In the sequel, we will
denote the single-valued normalized duality mapping by j. We use D(T'), R(T) to denote the
domain and range of T, respectively.
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An operator T : D(T) — R(T) is called pseudocontractive if there exists j(x — y) €
J(x — y) such that

(Tx-Ty,j(x-y)) < |x-yl*, VxyeDD). (12)

A point x € K is a fixed point of T provided Tx = x. Denote by F(T) the set of fixed
points of T, thatis, F(T) = {x € K : Tx = x}.

Within the past 40 years or so, many authors have been devoted to the iterative
construction of fixed points of pseudocontractive mappings (see [1-10]).

In 1974, Ishikawa [11] introduced an iterative scheme to approximate the fixed points
of Lipschitzian pseudocontractive mappings and proved the following result.

Theorem 1.1 (see [11]). If K is a compact convex subset of a Hilbert space H,T : K — K isa
Lipschitzian pseudocontractive mapping. Define the sequence {x,} in K by

xg € K,
Xpi1 = (1 —ay)xy + a, Ty, (1.3)

yn: (1_pn)xn+ﬂnTxn, VTIZO,

where {a,}, {Pn} are sequences of positive numbers satisfying the conditions

(i) 0<a, <Pn<1,

(if) 1imy, ooy = 0,

(ifi) 32y s = o0,
Then, the sequence {x, } converges strongly to a fixed point of T.

In connection with the iterative approximation of fixed points of pseudo-contractions,
in 2001, Chidume and Mutangadura [12] provided an example of a Lipschitz pseudocon-
tractive mapping with a unique fixed point for which the Mann iterative algorithm failed to
converge. Chidume and Zegeye [13] introduced a new iterative scheme for approximating
the fixed points of pseudocontractive mappings.

Theorem 1.2 (see [13]). Let E be a real reflexive Banach space with a uniformly Gateaux differen-
tiable norm. Let K be a nonempty closed convex subset of E. Let T : K — K be a L-Lipschitzian
pseudocontractive mapping such that F(T) #@. Suppose that every nonempty closed convex bounded
subset of K has the fixed point property for nonexpansive self-mappings. Let {A,} and {6,} be two
sequences in (0, 1] satisfying the following conditions:

(1) limn—>009n =0,
(i) Ly (1+6,) <1, 372440, = 00, limy, 0, (A, /6,) =0,
(111) hmneoo((en—l/an - 1)/)‘71611) =0.
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For given x1 € K arbitrarily, let the sequence {x,} be defined iteratively by

Xpe1 = (1= X)) xp + M Txy — 4,0, (x, — x1), VYn2>1. (1.4)

Then, the sequence {x,} defined by (1.4) converges strongly to a fixed point of T.

Prototypes for the iteration parameters are, for example, A, = 1/(n + 1)? and 6, =
1/(n+ 1)b for 0 < b < aand a + b < 1. But we observe that the canonical choices of A,, = 1/n
and 6,, = 1/n are impossible. This bring us a question.

Question 1. Under what conditions, lim,_ ., = 0 and > A, = oo are sufficient to
guarantee the strong convergence of the iterative scheme (1.4) to a fixed point of T?

In this paper, we explore an iterative scheme to approximate the fixed points of
pseudocontractive mappings and prove that, under some appropriate assumptions, the
proposed iterative scheme converges strongly to a fixed point of T, which solves some
variational inequality. Our results improve and extend many results given in the literature.

2. Preliminaries

Let K be a nonempty closed convex subset of a real Banach space E. Recall that a mapping
f K — K is called contractive if there exists a constant a € (0,1) such that

I7G) = fW)ll < allx-yll,  ¥xyeK. (2.1)

Let p be a continuous linear functional on [* and s = (ag, ay, . ..) € [*. We write p,(a,)
instead of p(s). We call y a Banach limit if y satisfies ||p|| = (1) = 1 and pp(an+1) = pn(a,) for
all (ag, aq,...) € 1.

If p is a Banach limit, then we have the following.

(1) Foralln >1, a, < ¢, implies p,(a,) < pn(cn).
(2
3

)
) Hn(ansr) = pn(ay) for any fixed positive integer r.
) liminf, . ca, < pn(a,) <limsup, , a, forall (ap, a,...) € 1.
(4) If s = (ag, a1,...) €1 with a, — a, then u(s) = p,(a,) = a for any Banach limit p.
For more details on Banach limits, we refer readers to [14]. We need the following
lemmas for proving our main results.

Lemma 2.1 (see [15]). Let E be a Banach space. Suppose that K is a nonempty closed convex subset
of Eand T : K — E is a continuous pseudocontractive mapping satisfying the weakly inward
condition: T (x) € IK—(x)(IK—(x) is the closure of Ix (x)) for each x € K, where Ix (x) = {x+c(u—x) :
u € E and ¢ > 1}. Then, for each z € K, there exists a unique continuous path t — z; € K for all
t € [0,1), satisfying the following equation

zp =1Tz;+ (1 -t)z. (2.2)
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Furthermore, if E is a reflexive Banach space with a uniformly Gateaux differentiable norm and every
nonempty closed convex bounded subset of K has the fixed point property for nonexpansive self-
mappings, then, ast — 1, z; converges strongly to a fixed point of T.

Lemma 2.2 (see [16]). (1) If E is smooth Banach space, then the duality mapping J is single valued
and strong-weak* continuous.

(2) If E is a Banach space with a uniformly Gateaux differentiable norm, then the duality
mapping | : E — E* is single valued and norm to weak star uniformly continuous on bounded sets
of E.

Lemma 2.3 (see [17]). Let {a,} be a sequence of nonnegative real numbers satisfying an«1 < (1 -
Ay)ay + anPy for all n > 0, where {a,} C (0,1), and {B,} two sequences of real numbers such that
Do @n = oo and limsup,  _ f, <0. Then {a,} converges to zero as n — co.

Lemma 2.4 (see [18]). Let E be a real Banach space, and let | be the normalized duality mapping.
Then, for any given x,y € E,

llx+yl® < Il +2(y, j(x +y)),  Vi(x+y)€J(x+y). (2.3)

Lemma 2.5 (see [14]). Let a be a real number, and let (xo,x1,...,) € 1% such that p,x, < a for all
Banach limits. If limsup,, | (Xps1 — Xp) <0, then limsup, | x, < a.

3. Main Results
Now, we are ready to give our main results in this paper.

Theorem 3.1. Let E be a real reflexive Banach space with a uniformly Gateaux differentiable norm.
Let K be a nonempty bounded closed convex subset of E, and every nonempty closed convex bounded
subset of K has the fixed point property for nonexpansive self-mappings. Let f : K — K a contractive
mapping and T : K — K be a uniformly continuous pseudocontractive mapping with F(T) # (. Let
{An} € (0,1/2] be a sequence satisfying the conditions:

(1) limn—mo-)m = 0/
(ii) X2y = co.

Define the sequence {x,} in K by

x0 € K,
(3.1)
Xne1 = Anf (Xn) + (1 =24)xn + X, Tx,,  Vn2>0.

If limy, o ||y — Txy|| = O, then the sequence {x,} converges strongly to a fixed point p € F(T),
which is the unique solution of the following variational inequality:

(f(p)-pj(z-p)) <0, VzeF(). (3.2)
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Proof. Takep € F(T), and let S = I — T. Then, we have
(Sx-Sy,j(x-y)) >0. (3.3)
From (3.1), we obtain

Xn = Xp41 t -)Lnxn - )LnTxn + -)Lnxn - )‘nf(xn)
= Xpi1 + AnXp + 1, Sxp — )‘nf(xn)

= Xpi1 + Ay [xn+l + A + XuSxp — )‘nf(xn)] + A Sxn = Anf (x1)

(3.4)
=1+ A)xpq + Ai(xn + Sx,) - Aﬁf(xn) + A Sxy — Ay f(xp)
=1+ A)xn1 + 0, Sx41 + )Lfl(xn + Sx,) — )tif(xn)
+ A (Sxp — Sxpi1) = An f (20).
By (3.4), we have
Xp—p=(1+A1) (xn1 = p) + A (Sxpi1 — Sp) + A2 (x, + Sxy,)
(3.5)
- )‘if(xn) + )‘n(sxn - an+1) + -)‘n (P - f(xn)>
Combining (3.3) and (3.5), we have
<xn -p- )l;%(xn + an) + )‘if(xn) - )‘n(an - an+1) + Ay (f(xn) - p):j(xn+l - P) >
=(1+ )‘n) ”xn+1 - P”2 + )‘n<5xn+1 - SP,j(xn+1 - P)> (3:6)

> (1+ 1) || oner I

Next, we prove that limsup, ,_(f(p) —p,j(x, —p)) < 0. Indeed, taking z = f(p) in
Lemma 2.1, we have

zi—xn = (1=1)(Tzi — xn) + t(f(p) — xn), (3.7)
and, hence,
llzt = xull* = (1= )(Tzs = X, j (2t = %)) + H{f (P) = 2Xn, j (21 = X))
= (1 - t)<TZt - Txnrj(zt - xn)> + (1 - t)<Txn - xn/j(zt - xn)>

+t(f(p) — 21, j(z — xn) ) + tl|ze — xal® (3.8)
< lze = xall” + (1= )1 T30 — x|l ¢ — x4l

+H(f(p) =zt j(zt — xn))-
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Therefore, we have

1-
(2= £ ()21 = ) < — T = walllz -
(3.9)

1-t¢
< MlT”Txn - xﬂ“/

where M; > 0 is some constant such that ||z; — x,|| < M; forall t € (0,1] and n > 1. Letting
n — oo, we have

limsup(z: — f(p), j(z:t — xn)) <0. (3.10)

n—oo

From Lemma 2.1, we know z; — p ast — 0. Since the duality mapping J : E — E* is norm
to weak star uniformly continuous from Lemma 2.2, we have

limsup(f(p) =p,j(x. = p)) < 0. (3.11)

n—oo

From (3.6), we have

(1 + ) [t = pII* < (= p = A3 0 + So6) + A2 f () = A (S = St (X =) )
< lxen = ||| xns1 = p|| + MaAZ + Moy, ||Sxpsn — Sxal|

£ Gen) = £ () [llcner =PIl + Xalf (P) =P j (31 = P))

< ”xn - ]9” ”xn+1 - P” + M2)L$l + Mody||Sxpa1 — Sxul|

+ nallxn = pllllener =pll + alf (P) =P, j (01 = P))

1+\a 2 2
S (e =pI1* + luer = plI?) + M3
+ MMy, ||Sxpa1 — Sxyl| + An(f(P) _p'j(x"+1 _P)>'
(3.12)
where M is a constant such that
sup{|[lxn + Sxpll||xn = p| + || f ) ||| 6ne1 = || + || %01 — P, 7 >0} < Mo, (3.13)
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It follows that

1+ M

2 2
”xn+1 _P” < m”xn —P” + MZ)‘% + Mody||Sxns1 — Sxal|
+L< ()_ ( _ )>

1+2-a)\, fp)-pj(xn1-p

— _ 2(1—[1) : > 2(1_“))%1

- [1 o | Pl o

1+@2-a)h, 1+2-a)\, ~

{ 2(1-a) Mok, + 2(1-a) M ||Sxus1 = Sxal|

b F0) =P =)

=(1-ay)|xn - p||2 + anfn,

where
B = %Mﬁn + %Mﬂlmu = Sx,||
* s ) =P =),
Note that

lxn+1 = Xull < Xullxnll + Al T || + /ln”xn - f(xn)” —0 (n— o).
By the uniformly continuity of T, we have

[[Sxp41 — Sxy|| — 0 (n — 0).

Hence, it is clear that 3,77 a, = oo and limsup, _, B, <0.

(3.14)

(3.15)

(3.16)

(3.17)

Finally, applying Lemma 2.3 to (3.14), we can conclude that x, — p. This completes

the proof.

From Theorem 3.1, we can prove the following corollary.

O

Corollary 3.2. Let E be a real reflexive Banach space with a uniformly Gateaux differentiable norm.
Let K be a nonempty bounded closed convex subset of E, and every nonempty closed convex bounded
subset of K has the fixed point property for nonexpansive self-mappings. Let T : K — K be a
uniformly continuous pseudocontractive mapping with F(T) #@. Let {A,} C (0,1/2] be a sequence

satisfying the conditions:



8 Journal of Applied Mathematics

(1) hmn—mo)‘n =0,
(ii) Dpeg An = 0.
Define the sequence {x,} in K by

u,xg € K,
(3.18)
Xpr1 = A+ (1=20)x, + A\, Tx,, VYn>D0.

Then, the sequence {x,} converges strongly to a fixed point of T if and only if lim,, _, o ||, —Tx,| = 0.

Theorem 3.3. Let E be a uniformly smooth Banach space and K a nonempty bounded closed
convex subset of E. Let f : K — K be a contractive mapping and T : K — K a uniformly
continuous pseudocontractive mapping with F(T) #@. Let {A,} C (0,1/2] be a sequence satisfying
the conditions:

(1) limy, .4y =0,
(ii) DgAn = 0.

Iflimy, o || = Tx,|| = O, then the sequence {x, } defined by (3.1) converges strongly to a fixed point
p € F(T'), which is the unique solution of the following variational inequality:

(f(p)-p j(z-p)) <0, VzeF(T). (3.19)

Proof. Since every uniformly smooth Banach space E is reflexive and whose norm is
uniformly Gateaux differentiable, at the same time, every closed convex and bounded subset
of K has the fixed point property for nonexpansive mappings. Hence, from Theorem 3.1, we
can obtain the result. This completes the proof. O

From Theorem 3.3, we can prove the following corollary.

Corollary 3.4. Let E be a uniformly smooth Banach space and K a nonempty bounded closed convex
subset of E. Let T : K — K be a uniformly continuous pseudocontractive mapping with F(T) # 0.
Let {A,} C (0,1/2] be a sequence satisfying the conditions:

(i) im, Ay =0,
(ii) gty = c0.
Define the sequence {x,} in K by
u,xg € K,

(3.20)
Xp1 = A+ (1 =24,)x, + A, Tx,, Vn>0.

Then, the sequence {x, } converges strongly to a fixed point of T if and only if lim,, _, oo ||, =T x| = 0.

Theorem 3.5. Let K be a nonempty bounded closed convex subset of a real reflexive Banach space
E with a uniformly Gateaux differentiable norm. Let f : K — K a contractive mapping and T :
K — K be a uniformly continuous pseudocontractive mapping. Let {A,} C (0,1/2] be a sequence
satisfying the conditions:
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(1) hmn—>oo )‘n =0,
(ii) ZZO:O An = o0.

IfDNE(T) #0, where D is defined as (3.22) below, then the sequence {x,} defined by (3.1) converges
strongly to a fixed point p € F(T'), which is the unique solution of the following variational inequality:

(f(p)-p,j(z=p)) <0, VzeF(). (3.21)

Proof. First, we note that the sequence {x,} is bounded. Now, if we define g(x) = p||x, — x|?,
then g(x) is convex and continuous. Also, we can easily prove that g(x) — o as ||x|| — oo.
Since E is reflexive, there exists y € K such that g(y) = infyexg(x). So the set

D={yeK:g) = intg(x } #0. (322)

Clearly, D is closed convex subset of K.
Now, we can take p € DN F(T) and t € (0,1). By the convexity of K, we have that
(1-t)p+tf(p) € K. It follows that

g(p) <g(A-tp+tf(p)). (3.23)

By Lemma 2.4, we have

=P =t(f(p) = P)II” < lxn = I = 26(f (p) = P, i (xu = p = t(F (P) = P)))- (3.24)

Taking the Banach limit in (3.24), we have

pallxn =p = t(F (p) =) II” < pallen = pII* = 2tu{f () = i (xu = p = (f (P) = P)))-

(3.25)
This implies
2tpun(f(p) =P, jCen =P = t(f(p) = p))) < 8(p) - (A= B)p +tf(p))- (3.26)
Therefore, it follows from (3.23) and (3.26) that
un(f(P) =P j(xn—p—t(f(p) - p))) <O. (327)

Since the normalized duality mapping j is single valued and norm-weak* uniformly
continuous on bounded subset of E, we have

(fp)-pjCn-p))=(fp) -pj(xn—p-t(f(p) -p))) — 0 (t—0). (3.28)
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This implies that, for any € > 0, there exists 6 > 0 such that, forallt € (0,6) andn > 1,
(f(P) =P j(xn=p)) = {f(P) =P i(xu =P t(f(p) ~P))) <e. (3.29)
Taking the Banach limit and noting that (3.27), we have
pn(f(P) =P, j(xn=p)) Spulf(P) =P j(xn =P = t(f(p) —P))) + e <e. (3.30)
By the arbitrariness of €, we obtain

i f(p) =P, j(xn = p)) 0. (3.31)

At the same time, we note that

a1 = xnll < A (|| f Gen) || + 2l1xnll + [ Txall) — 0 (n —> o0). (3.32)

Since {x, —p}, {f(p) —p} are bounded and the duality mapping j is single valued and norm
topology to weak star topology uniformly continuous on bounded sets in Banach space E
with a uniformly Gateaux differentiable norm, it follows that

lim {(f(p) = p,j(xn1=p)) = {f(P) =p,j(xn—p))} =0. (3.33)

n—oo

From (3.31), (3.33), and Lemma 2.5, we conclude that

limsup(f(p) - p,j(xns1 —p)) < 0. (3.34)

n—oo

Finally, by the similar arguments as that the proof in Theorem 3.1, it is easy prove that
the sequence {x,} converges to a fixed point of T. This completes the proof. O

From Theorem 3.5, we can easily to prove the following result.

Corollary 3.6. Let K be a nonempty bounded closed convex subset of a real reflexive Banach space
E with a uniformly Gateaux differentiable norm. Let f : K — K be a contractive mapping and
T : K — K auniformly continuous pseudocontractive mapping. Let {A,} C (0,1/2] be a sequence
satisfying the conditions:

(1) hmn—mo)ln =0,
(i) 3o An = oo.
Define the sequence {x,} in K by
u,xg €K,

(3.35)
Xp1 = g+ (1 =2X,)x, + A, Tx,,, VYn>0.
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If DN F(T) #0, where D is defined as (3.22), then the sequence {x,} defined by (3.35) converges
strongly to a fixed point p € F(T).
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