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An ecoepidemiological system with prey refuges and disease in prey is proposed. Bilinear
incidence and Holling III functional response are used to model the contact process and the
predation process, respectively. We will study the stability behavior of the basic system from a
local to a global perspective. Permanence of the considered system is also investigated.

1. Introduction

Ecoepidemiology is the branch of biomathematics that understands the dynamics of disease
spread on the predator-prey system. Modeling researches on such ecoepidemiological issues
have received much attention recently [1-13]. Anderson and May [1] investigated a prey-
predator model with prey infection and observed destabilization due to the spread of
infectious diseases within animal and plant communities. Chattopadhyay analyzed predator-
prey system with disease in the prey [5] and applied the ecoepidemiological study to the
Pelicans at risk in the Salton Sea [6]. Bairagi et al. [13] made a comparative study on
the role of prey infection in the stability aspects of a predator-prey system with several
functional responses. An ecoepidemiological model with prey harvesting and predator
switching was investigated by Bhattacharyya and Mukhopadhyay [14]. Kooi et al. [15]
studied stabilization and complex dynamics in a predator-prey system with disease in
predator. Most of the above-mentioned studies focused on the role of disease in regulating the
dynamical consequences of the interacting populations concerned, such as disease-induced
stabilization and destabilization of population states [13].

In fact, the dynamical consequences of the predator-prey model can be determined
by much ecological effect, such as the Allee effect and prey refuge. Theoretical research
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and field observations on population dynamics of prey refuges lead to the conclusion that
prey refuges have two influences (stabilizing and destabilizing effect) on predator-prey
models and prey extinction can be prevented by the addition of prey refuges [13-34]. Here,
stabilization (destabilization) of stability refers to cases where an equilibrium point changes
from an attractor (a repeller) to a repeller (an attractor) due to increase in the value of
a control parameter [17]. Ruxton [16] proposed a continuous-time predator-prey model
under the assumption that the rate of prey moving to refuges is proportional to predator
density and the results showed that the hiding behavior of prey has a stabilizing effect. The
stabilizing effect was also observed in a simple predator-prey system by Gonzélez-Olivares
and Ramos-Jiliberto [17]. Ma et al. [23] formulated a predator-prey model with a class of
functional response incorporating the effect of prey refuges and observed the stabilizing and
destabilizing effect due to the increases in the prey refuges.

In the present research, we formulate a mathematical model of prey-predator interac-
tion with prey refuges and disease in prey. We mainly study the positivity and boundedness,
the stability behavior of the disease-free equilibrium point, and the permanence of the basic
model.

2. Model Formulation

The basic model comprises two population subclasses—(i) prey population with density
N (t) and (ii) predators with density Y'(¢). To formulate our model, we make the following
assumptions.

(1) The prey population increases logistically with intrinsic growth rate r and environ-
mental carrying capacity K.

(2) The prey population is divided into two subclasses—the susceptible prey (S(t))
and the infected prey (I(t)) due to infectious disease. We also assumed that N (t) =
S(t) + I(t) at any instant of time .

(3) The susceptible prey is capable of reproducing only and the infected prey is
removed by death at a rate d;.

(4) The disease is spread only among the prey population and the disease is not
p y g prey pop
genetically inherited. The infected prey does not become immune.

(5) Susceptible prey becomes infected with the simple mass action law SI, where f
measures the force of infection.

(6) The predators vanish due to natural death at a constant rate d;. They consume
susceptible and infected prey following the Holling III functional response with
predation coefficients ¢; and c;, respectively. The consumed prey is converted into
predator with efficiency e.

(7) It is assumed that there is a quantity yX of (the susceptible and the infected) prey
population incorporating refuges. y (0 <y < 1) denotes that a constant proportion
of (the susceptible and the infected) prey use refuges. All the above-mentioned
parameters are assumed to be positive.
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With the previously mentioned assumptions, the generalized predator-prey system
with prey refuges and disease in prey can be represented by the following equations:

1-7)’8%Y

ds =r5<1_ﬂ>_ﬂ51_%,
m+ (1-y)"S?

al _ oo, o (1-7) 12Y

i1, (2.1)

dt m+(1-y)’1? )

dy eci(1- y)>s2Y .\ ec,(1-7)° 1Y p
dt m+ (1-7)°2 m+(1-y)°12

Defining G = {(5,1,Y) € R|S+I<K,S>0,I>0,Y >0},itis easy to show that the
set G is the positively invariable set of system (2.1).

3. The Positivity and Boundedness
Theorem 3.1. All solutions of system (2.1) initiating RS are positive and ultimately bounded.

Proof. Let (S(t),I(t), Y (t)) be one of the solutions of system (2.1).
Integrating (2.1) with initial conditions (Sy, Iy, Yo), we have

_ ‘Ol S@FIRN _cl(l—y>25<§>m>> ]
S(t)—Soexp[fO<r<l T > PI(¢) m+(1—y)252(§) d¢| >0,

_ t Ca-p)IEYE)
I(t) = Iyexp UO <ﬂ5(§) TR dl>d§] >0, (31)

fec(1-7)°S2@)  ec(1-7) Q) > ]
Y(#) =Y, —d> )d 0.
& OeXon<m+(1—r>252(§>+ m-pre )%

Hence all solutions starting in R? remain in RS for all ¢ > 0. O

Next, we will prove the boundedness of the solutions.
Because dS/dt <rS(1 - S/K), then we have

tlim sup S(t) < K. (3.2)
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Let W = eS + el + Y, then we obtain that

aw S re
7 = TeS(]. - R) - fSI—edlI—sz

<reS-edil -dyY
=(r+1)eS - (eS+diel +dyY)
<e(r+1)K -06W,

where 6 = min{1,dy, d,}.
Hence, we have

%¥+6W§6U+DK

That is

0<W(s, 1Y) < T DK W(S©0),1(0),Y(0))

fo) eot
OSWS@ (t — +o0).

Thus, all curves of system (2.1) will enter the following region:

Bz%&LY%OSWSEE%QE

+ &, V£>O}.

4. The Equilibrium Point

(3.3)

(3.4)

(3.5)

(3.6)

All equilibrium points of system (2.1) can be obtained by solving the following equations:

1-— 2
m+ (1-y)°S?

1-7)’8%Y
r5< S;I>—ﬁ51—fﬁé—ll————o

o (1-y) 1%y

— =0,
m+ (1-y)I?

pSI -
ec;(1-7)7S%Y . ec(1-y)*I2Y

> — — Y =0,
m+(1-y)°S? m+(1-y)I?

These points are as follows:

(1) the trivial equilibrium point E((0,0,0),
(2) the equilibrium point Ex (K, 0,0),

(4.1)
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(3) the predator-extinction equilibrium point E(S, T,0),

(4) the disease-free equilibrium point E*(S*,0,Y*),

where

—_— dl . -_ T(ﬂK - dl)
S=— =Sy, I= = Iy,
po pr+pr) "
(4.2)
1 dym erS* S*
S Y* 1-2
1-y\ec—da dy ( K)

Let Ry = (ec;(1-y)2K%/(m + (1 - y)*K?))/d,. It is clear to show that the disease-free
equilibrium point E*(S*, 0, Y*) has its ecological meaning when R; > 1.

Let Ry = BK/dy, the predator-extinction equilibrium point E(S,T,0) is nonnegative
when Ry > 1.

5. The Stability Property

In this section, we will study the local and global stability of the equilibrium points of system
(2.1).

Theorem 5.1. Let Ry = ((eci(1 - y)*S%,/(m + (1 - y)*S%))) + (eca(l = y)*I3,/(m + (1 -
y)lezw)))/dz,ﬁz = max(Ry, Ry), then one has the following.

(1) The trivial equilibrium point E¢(0, 0, 0) is always unstable.

(2) If Ry < 1, Ry < 1, then the predator-extinction equilibrium point E(S,T,0) is globally
asymptotically stable. If Ry > 1 or Ry > 1, the equilibrium point Ex (K,0,0) is unstable.

(3) If Ry > 1 and Ry < 1, the predator-extinction equilibrium point E(S,I,0) is locally asymp-
totically stable. If Ry < 1, the predator-extinction equilibrium point E(S,I,0) is locally

asymptotically stable. If Ry > 1, the predator-extinction equilibrium point E(S,I,0) is
unstable.

Proof. The Jacobian matrix of system (2.1) at the trivial equilibrium point E(0,0,0) is

r 0 0
<0 & 0 ) o)

0 0 -d
O

Clearly, the trivial equilibrium point E((0, 0, 0) is unstable.
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The Jacobian matrix of system (2.1) at the equilibrium point Ex (K, 0, 0) is

1-7)°K?
| Gt VS
m+ (1-y)°K?
0 pK-dy 0 . (5.2)
0 eci(1-7)°K?

m+(1—y)2K2_ ?

According to the theorem about the local stability, the local stability of the equilibrium
point Ex (K, 0,0) is determined only by the sign of (ec,(1 - y)ZKZ/(m +(1- y)sz)) —dp and

K —d;.
Therefore, if Ry < 1 and R; < 1, the equilibrium point Ex (K, 0,0) is locally asymptoti-
cally stable.

Next, we will prove the global stability of the equilibrium point Ex (K, 0, 0).
Defining the Lyapunov function V = el + Y, then we obtain that

av ec;(1-7)°8?

i mes-at (G e )y -
5.3

eci(1-y)°K? >

————dy )Y.

<e(pK -di)I+ <m+ a —Y)ZKZ —dy

Hence,if Rg <land Ry <1,dV/dt <0.

Having E = {(5,1,Y) € G | dV/dt =0} = {I =0,Y = 0}, the maximum invariable set
of system (2.1)is M =E={I=0,Y =0}.

According to the LaSalle invariable set theorem, lim;_, ;I (t) = 0, lim; _, .., Y (t) = 0.

Thus, the limit equation of system (2.1) is

s _ rS(l— E). (5.4)

Clearly, the equilibrium point S = K is globally asymptotically stable.
According to the limit system theorem, if Ry < 1 and R; < 1, the equilibrium point
Ex(K,0,0) is globally asymptotically stable.
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Setting Ry > 1, the Jacobian matrix of system (2.1) at the predator-extinction equilib-

rium point E(g, 1, 0) is

(1S 1S _ < _a-p’s \
KK m+ (1- y)2§2
_ 1-7)T
gl 0 —”(—Y)ﬂ . (5.5)
m+ (1-y)1
eci(1- y)2§2 ecr(1- y)zfz
0 — + = - dz
\ m+(1-1)5 m+(1-p)°T )

The characteristic equation of system (2.1) at the predator-extinction equilibrium point

E(S,1,0) is

(A - A) (AZ—B)L+C> -0, (5.6)
where
22 212
A= c(l-y)"Sy + eca(1-y) Iy
- 2 2 —uz,
m+(1-y)'Sy, m+(1-y)I3 (57)
B--2M C:ﬂIM<S?M+ﬁSM> > 0.

K

According to the Routh-Hurwitz rule, the predator-extinction equilibrium point

E(g, T, 0) is locally asymptotically stable when El <1.
Next, we will prove the global stability of the predator-extinction equilibrium point

E(S,1,0).
Defining the Lyapunov function V =Y, then we have
av 1-y)°s? 1-y)° 1
av _ < eci( Y)Z , cel 7)2 —d )Y, (5.8)
dt m+(1-y)°S? m+(1-y)I?

Let ®(S, 1) = (c1(1-7)*S?/(m+ (1-7)*S?) + (eca(1 —y)*I2/ (m + (1 - y)*I?)) in which
(S,1)eD={(S,I)|S+I1<K,S>0,I>0}.
Thus
) 2ciem(1-y)°S dS  2cem(1-y)I dI
o'(t) = -+ - 5.9
<m+(1—y)252>2 dt <m+ (1—y)212>2 dt 59

Clearly, (2ciem(1 - y)zS/ (m+ (1- Y)252)2) > 0 and (2cpem(1 - y)ZI/(m +(1- y)2
1)) >00ntheset D' =D—-{S=0]|1=0}.
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Thus, @'(t) = 0 on the set D', if and only if dS/dt = 0 and dI/dt = 0, then S = Sy,

I=1y.

[fS=1=0,then®(S,I) =0.1f S= Sy, then I = I;. If S < Sy, then dI/dt < 0; that is,
I < Iy

Therefore, the maximum value of the function ®(#) is obtained at the point (K,0) or
(Sm, Im)-

Hence, if R, < 1, dV/dt < 0; that is, E = {(5,1,Y)eG|dV/dt =0} = {Y =0}.
According to the LaSalle invariable set theorem, lim;, .Y (t) = 0. Thus, the limit
equation of system (2.1) is

as S
E = TS<1 - E) —ﬁSI,
(5.10)
al
o = PSI-dil.

According to the results of the appendix section, if Ry > 1, the equilibrium point
(Sm, In) is globally asymptotically stable.

According to the limit system theorem, if Ry > 1 and R, < 1, the predator-extinction
equilibrium point E(S, I,0) is globally asymptotically stable.

Theorem 5.2. Let R} = (B/di(1 - y))\/(dom/(ec1 — o)), Ry = (((2d> — ec1)(1 - y)K)/
2dy)\/(ec1 — do)/dom. If Ry > 1, then the disease-free equilibrium point E*(S*,0, I*) is nonnegative,

(1) if R} < 1and R < 1, then the disease-free equilibrium point E*(S*,0,1%) is locally
asymptotically stable;

(2)if Ry < 1 and R5 < 1, then the disease-free equilibrium point E*(S*,0,1%) is globally
asymptotically stable;
(3) if R} > 1 or R; > 1, then the disease-free equilibrium point E*(S*,0, I*) is unstable.

Proof. Assuming R; > 1, the Jacobian matrix of system (2.1) at the disease-free equilibrium
point E*(5%,0,Y™) is

[ g TS _ a(1-1)%(s)" \
ann ﬁ K "+ (1 _Y)Z(S*)z
0 [25)) 0

, (5.11)
2ecim(1-y)°S*Y*

\ (m+ (1-1)*57?) /
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where

28" 2em(1-7)S Y™
an = T<1 K > - ( Yz N a = pS* - di. (5.12)
(m+ (1-1)'(s7) =

The characteristic equation of system (2.1) at the disease-free equilibrium point E*(S*,
0,Y*)is

2cem (1 -y)*(S*)°Y*
(A—an)| \*—apnd+ — (1-7) (57 =0. (5.13)

(m+ 1-p)s?)’

Clearly, if R} <1, ax» = pS* —d; < 0.
Again, we have

1-

=7

25*)_ 2cim(1-y)*S Y
m+(1 Y) (S*) )

=
(- 25*) (-2)0%)

[ ZS* 2d, 2d» S*]
r|l- —_—t— - — =
ec; ec; K

:L (2dy — ecy) — 22 \/ dm_ |
ec (1-y)K \eci—d,

Hence, if R5 < 1, then ay; <0.
According to the Routh-Hurwitz rule, if R} < 1 and R; < 1, then the disease-free

equilibrium point E*(S*,0,Y*) is locally asymptotically stable.

Next, we will study the global stability of the disease-free equilibrium point
E*(5*,0,Y").

Defining the Lyapunov function V' = I, then we obtain

(5.14)

dav a(1-y)%Y )
—=(pS-——-t— —d; I K-d)IL 5.15
dt (ﬂ m+(1-y)°1 )= @ ) 1

Thus, if Ry < 1, dV/dt < 0and dV/dt = 0 if and only if I = 0; thatis, E = {(5,1,Y) €
G |dv/dt=0}={I =0}.
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According to the LaSalle invariable set theorem, I(t) — 0 whent — +oo. The limit

system of system (2.1) is

s _ (1_§> _a(l-y)’sY

— =rS ,
dt K/ m+@1-y)’s
(5.16)
Ay ec(1-y)°Sy
=5 —dY
dt o+ (1-y)°s?
Clearly, the equilibrium points of the system (5.16) are
Ey(0,0),  Ex(K,0),  E(S',Y") (5.17)

in which S* and Y* are similar as the equilibria expression of system (2.1).
It is easy to show that the equilibrium point E, has its ecological meaning when R; > 1.

According to the Routh-Hurwitz rule, the equilibrium point E6 is unstable. If R; > 1,

then E} (K, 0) is unstable.
Again, the Jacobian matrix of system (5.16) at the equilibrium point E, is

_al-y)’sy

" m+ (1-7)°(s")?
2ecim(1-y)°S*Y* . , (5.18)
2 2
(m+(-1)"s))
where
25 2e;m(1-7)°S*Y*
m=rl"% )" : 5.19
" < K > <m + (1 _ Y)2(S*)2>2 ( )

The characteristic equation of system (5.16) at the equilibrium point E; is

2 _ 4 £\ 3%
2 api+ 2czem(1-y)"(S¥) Y3 -0 (5.20)
2/c2
(m+(1-1)"(s")?)

According to the above study, if R5 < 1, then a;; < 0.
Hence, if R5 < 1, then the equilibrium point E, is locally asymptotically stable in the

region D by the Routh-Hurwitz rule.
It is easy to note that the globally asymptotically stability of the equilibrium point E,,

implies that there is no close orbit in the region D for the considered system.
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Let

s=1/ bm sy L\ fmec, - do)¥,
ec| — dz C1

) (5.21)
df = dz(l — Y)252 +ecy — dz ;
- dr(ec1 — da) ’
and rewrite §, }7, andfinto S, Y, and ¢, then system (5.16) becomes as follows:
das _ 2 3 202y —
5 S<A0 + A1S + ArS% + AsS ) —(1-y)’S’Y = P(S,Y),
(5.22)
ay 200
= = =)y -Y=0(©S)Y),

where A() = T/dz > 0, A1 = —r/(de)\/dzm/(ecl - dz) < 0, Az = (1 - y)Zr/(ecl - dz) > 0,
Az = _(1 - Y)Zr/(ecl = dz) \/ dzm/(ECl - dz) <0.
Thus, the positive equilibrium point E, (S*,Y*) of system (5.16) becomes the positive
equilibrium point Ep(Sp, Yp) of system (5.22), where
1
Sp= m,

Yo = 1 ecy . r dym
"7 Ty da(eci - do) (1-y)K { ec1 —da (5.23)

B rec 1 1 | dym
- dz(ec1 — dz) (1 - Y) (1 - Y)K ec| — dz ’

Considering the Dulac function B(S,Y) = S72Y"!, then we have

O(BP) _0(BQ) _

3 _ )2 2_
55 5y [2A35 +(A+n(1-7))S - (Ag+m)

(5.24)
= S2Y"la(S, n).

In order to prove the global stability, we will prove only that there exists a real number
n such that ®(S,n) <0.

Clearly, if S = 0or S = —(Ay + n(1 —y)*)/3A3, then 2S[3A3S + A + n(1-y)*] = 0 since
0D(S,n)/dS = 25[3A3S + Ay + n(1 - y)*].

Let—(Ay+n(1 —y)2) /3A3 >0 (A >0, A3 <0), thatis, Ay +n(1 _Y)2 > 0, then we obtain
thatif 0 < S < —(Ay +n(1 - Y)z)/3A3, then 0®(S,n)/0S > 0. Otherwise, 0D(S,n)/0S < 0.

Therefore, the function @(S, nn) has the maximum value at the point S = —(Az + n(1 -
Y)?)/3As and ®(0,n) = —(Ag + 1) < 0.
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Hence, there exists only one real number 7, such that A, + n(1 - y)* > 0 and

max O(S,n) = (S, 1)|s__(a,4n(1-y)) /34,

0<S<+o
213 5.25
[A2+"(1_Y) ] Ay +n(1-y) Ay (5:29)
= 5 - 5 + 5 AQ =0.
2745 (1-7) (1-7)
Thus, we will prove only that there exists A; + n(1 - y)* > 0, such that
3
[A2+n(1—y)2] +M[A2+n(1—y)2] +N=0, (5.26)

where M = —27A2/(1-7)* <0, N =27A2[A,/ (1 - y)* - Ap] > 0.
The discriminant of the cubic equation is

A_M+&2_27A§|:< A, _A0>2_ 442 ]
- - 2 6
474 (1-7) (1-7) (5.27)

= [A25§, ~ Ag+ 2A3Sf,] [Azsg — Ag - 2A3s;].

It is easy to show that if d; < ec; < 2d,, then Asz, —Ayg=7r(2dy—ec1)/dr(ec1 —dy) > 0.

Again, if Ry > 1and R; < 1, then Azsf, - Ay - 2A3S’f’J >0 and 2A3S‘:; + AZS}Z7 —Ap<0.If
2A3S) + AyS; — Ag =0, then A = 0.

According to Shengjin’s distinguishing means, the cubic equation has one negative
real root and two positively real roots.

If 2A3Sf, + AQSI% — Ay <0, the cubic equation has three roots which are not equal.

According to the Descartes rule of signs, the cubic equation has two positively real
roots and one negatively real root at most.

Therefore, the cubic equation has at least one positively real root. That is to say, there
exists a number n, such that A, + n(1 — y)z > 0.

Furthermore, we obtain that

d(BP) _ (BQ)

528
a3 v =0 (528)

According to the Bendixson-Dulac theorem, there does not exist the limit cycle for the
limit system.

Hence, the equilibrium point E;, is globally asymptotically stable.

Therefore, if Ry < 1and R} < 1, then the equilibrium point E;, is globally asymptotically
stable according to the limit system theorem.

6. Permanence

Theorem 6.1. If Ry >1, R; > 1, Ry >1,and R} > 1, then system (2.1) is permanent.
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Proof. Considering the average Lyapunov function V(S,1,Y) = S%IY*, wherea; (i = 1,2,3)
is positive, then in the region Ri, we have

v S+1 a(1-7)’sy
vl () o e

1-7y)IY
+ [ﬂS - CZ(—Y)z - d1] (6.1)
m+ (1-y)I?
1- 252 1= 212
aa[ eci( Y)z N ecx(1-y) - —dz] =¥(S,1Y).
m+(1-y)82  m+(1-y)’12 m

In order to prove the permanence of system (2.1), we only indicate the following
results: the function ¥(S,1,Y) > 0 for all boundary equilibrium points.
Let a; > (dyay + daas) /1, then

q‘(Eo) = a1r — 0{2611 — a3d2 > 0,

ec;(1-7)°K? ~ d2>

‘P(EK) = uz(ﬂK - dl) +lX3<m+ (1 _Y)sz

(6.2)

_ 1-y)°Ss2 1-y)°I2
‘P(E)za3<ecl( Y) Sy N ecx(1-y) Ty —d2>,

m+(1-7)’82, m+(1-7)°1%,

1P’(E*) =y ([55* - d1)

Hence, if Ry > 1 and Ry > 1, then ¥(Ek) > 0. If R, > 1, then ‘P(E) > 0.If R} > 1, then
W(E*) > 0.

Therefore, system (2.1) is permanent when Ry > 1, R > 1, R; > 1,and R} > 1 by the
average Lyapunov function theorem [34].

By simple computation, R; > 1(< 1) is equivalent to (1-y)K+/(ec1 — dz) /dom > 1(< 1).
Hence, if Ry > 1, then R} > 1 implies Ry > 1.
Appendix

Considering the following SI model

das S+1
E—Ts<1— K >—ﬁ51,

; (A1)
= pSI-dil,

where S(t) and I(t) are density of susceptible and infected prey population at time t. The
parameters 7, K, , and d; are all positive.
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The positive equilibrium point of this system is Ep(Sam, In) in which

dq r(BK - di)
Smv=—, M= ————. (A2)
p p(r + PK)

Let RO = ‘BK/dl

Clearly, if Ry = pK/d; > 1, then the equilibrium point E (S, In) is positive.

Theorem A.1. Let Ry = PK/di. If Ry > 1, then the positive equilibrium point Eng(Snr, In) is
globally asymptotically stable.

Proof. The Jacobian matrix of system (A.1) at the positive equilibrium point Er;(Sa, Im) is

TSM TSM
_2M_PM By
K K . (A.3)

0  pSu-di -

Clearly, if Ry > 1, then the positive equilibrium point Ep; (S, Inm) is locally asymptot-
ically stable.
Next, defining the Dulac function B(S, I) = 1/SI, then we have

3(BP) 0(BQ)  r
s a1 k<" (A4

where P(S,I) =rS(1 - ((S+1)/K)) - pSI, Q(S,I) = SI — d;1.

Therefore, there does not exist closed curve in the region D according to the Dulac
theorem.

This implies that the positive equilibrium point Ey(Sa, Ia) is globally asymptotically
stable.
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