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LetF, ,(fw‘w) be a (2v+6+1)-dimensional vector space over the finite field IF,;. In this paper we assume
that I, is a finite field of odd characteristic, and O35, a(F4) the singular orthogonal groups of
degree 2v + 6 + [ over ;. Let M be any orbit of subspaces under Oa,.541, A(IF;). Denote by £ the
set of subspaces which are intersections of subspaces in _#, where we make the convention that

the intersection of an empty set of subspaces of ]Fl(12v+6+l)

is assumed to be ]F,;ZW&H), By ordering £

by ordinary or reverse inclusion, two lattices are obtained. This paper studies the questions when

these lattices £ are geometric lattices.

1. Introduction

Let F; be a finite field with g elements, where g is an odd prime power. We choose a fixed

nonsquare element z in F; =T, \ {0}. Let IF,?W'S”) be a (2v + 6 + I)-dimensional row vector
space over the finite field F;, and let O2y,5.1,4 (IF;) be one of the singular orthogonal groups

of degree 2v + 6 +  over F,. There is an action of Oyy4541,4 (F4) on ]Fffvw”) defined as follows:

F,SZVHSH) % OZv+5+l,A (Fq) N ]F1(12v+6+l),

((xll x2/ cecy x2v+6+l)/ T) L (x1/ x2/ ey x2v+6+1)T~

(1.1)

Let P be an m-dimensional subspace of ]F((fv*&”) 1<m<2v+6+1),and vy,0,,...,0, be
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a basis of P. Then, the m x (2v + 6 + [) matrix:

(%1

U2
(1.2)

Om

is called a matrix representation of P. We usually denote a matrix representation of the m-
dimensional subspace P still by P. The above action induces an action on the set of subspaces

of Fff”ml), that is, a subspace P is carried by T € Oa,4541,4 (F4) into the subspace PT. The

set of subspaces of F§2v+6+l) is partitioned into orbits under Oa,5.1,a(F,;). Clearly, {0} and
{IE‘;ZWSH) } are two trivial orbits. Let / be any orbit of subspaces under O, 51,4 (F;). Denote
the set of subspaces which are intersections of subspaces in /# by £(_#) and call Z(_) the
set of subspaces generated by . We agree that the intersection of an empty set of subspaces
is F;2v+5+1)' Then, IE‘;ZWM) € L(M). Partially ordering £(_H) by ordinary or reverse inclusion,
we get two posets and denote them by Lo (M) and Lr (M), respectively. Clearly, for any two

elements P,Q € Lo (M),

PAQ=PNQ, PvQ=n{Re Lo(M):R2(P,Q)}, (1.3)

where (P, Q) is a subspace generated by P and Q. Therefore, £ () is a finite lattice.
Similarly, for any two elements P, Q € Lgr(),

PAQ=n{Re Lr(M):R2(P,Q)}, PvQ=PnQ, (1.4)

so Lr(M) is also a finite lattice. Both Lo () and Lg(_M) are called the lattices generated by
M.

The results on the geometricity of lattices generated by subspaces in d-bounded
distance-regular graphs can be found in Guo et al. [1]; on the geometricity and the
characteristic polynomial of lattices generated by orbits of flats under finite affine-classical
groups can be found in Wang and Feng [2], Wang and Guo [3]; on inclusion relations,
the geometricity and the characteristic polynomial of lattices generated by orbits of
subspaces under finite nonsingular classical groups and a characterization of subspaces
contained in lattices can be found in Huo [4-6], Huo and Wan [7, 8]; on inclusion
relations, the geometricity and the characteristic polynomial of lattices generated by orbits
of subspaces under finite singular symplectic groups, singular unitary groups, and singular
pseudosymplectic groups and a characterization of subspaces contained in lattices can be
found in Gao and You [9-12]. In [13], the authors studied the various lattices Lo (M)
and L (M) generated by different orbits # of subspaces under singular orthogonal group
O2y+5+1,4(Fy). The study contents include the inclusion relations between different lattices,
the characterization of subspaces contained in a given lattice Lgr(#) (resp., Lo(M)), and the
characteristic polynomial of £r(). The purpose of this paper is to study the questions when
Lr(M) (resp., Lo(M)) are geometric lattices.
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2. Preliminaries

In the following, we recall some definitions and facts on ordered sets and lattices (see [8, 14]).

Let A be a partially ordered set, and a,b € A. We say that b covers a and write a < - b,
if a < b and there exists no ¢ € A such that a < ¢ < b. An element m € A is called the minimal
element if there exists no elements a € A such that a < m. If A has a unique minimal element,
denote it by 0 and we say that A is a poset with 0.

Let A be a poset with 0 and a € A. If all maximal ascending chains starting from 0
with endpoint a have the same finite length, this common length is called the rank r(a) of a.
If rank r(a) is defined for every a € A, A is said to have the rank functionr : A — N, where
N is the set consisting of all positive integers and 0.

A poset A is said to satisfy the Jordan-Dedekind (]D) condition if any two maximal chains
between the same pair of elements of A have the same finite length.

Proposition 2.1 ([14, Proposition 2.1]). Let A be a poset with 0. If A satisfies the JD condition then
A has the rank function r : A — N which satisfies

(i) 7(0) = 0,
(ii)a<-b=rb)=r(a)+1.

Conversely, if A admits a function r : A — N satisfying (i) and (ii), then A satisfies the |D condition
with r as its rank function.

Let A be a poset with 0. An element a € A is called an atom of A if 0 < - a. A lattice L with 0
is called an atomic lattice (or a point lattice) if every element a € L\ {0} is a supremum of atoms, that
is,a=sup{beL|0<-b<al.

Definition 2.2 ([14, page 46]). A lattice L is called a semimodular lattice if for all a,b € L,

aNb<-a=b<-aVvb. (2.1)

Proposition 2.3 ([14, Theorem 2.27]). Let L be a lattice with 0. Then, L is a semimodular lattice if
and only if L possesses a rank function r such that for all x,y € L

r(xny)+r(xVvy) <r(x)+r(y). (2.2)

Definition 2.4 ([14, page 52]). A lattice L is called a geometric lattice if it is

G] an atomic lattice,
G, asemimodular lattice,

G3 without infinite chains in L.

According to Definition 2.2, Proposition 2.3, and Definition 2.4, we can obtain the
following proposition.

Proposition 2.5. Let L be a lattice with 0. Then, L is a geometric lattice if and only if

Gy foreveryelement ac L\ {0}, a=sup{be L|0<-b<a},
G, L possesses a rank function r and for all x,y € L, (2.2) holds,
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Gs without infinite chains in L.

Let

0o I™
S = I® o0 s=(° 2.3
2v+6,A = ’ 1= ow ) ( . )
A

where S = Sy,154, 06 =0,1, or 2, and

o, if 6=0,
Ao 1(;1’2, ifo6=1, (2.4)
(") wo-z
-z
The set of all (2v + 6 + 1) x (2v + 6 + 1) nonsingular matrices T over I, satisfying
TST' =S, (2.5)

forms a group which will be called the singular orthogonal group of degree 2v+06+1, rank 2v+6,
and with definite part A over F; and denoted by Oa,5.1,4 (F;). Clearly, Ozy541,a (F;) consists
of all (2v + 6 +1) x (2v + 6 + ) nonsingular matrices of the form:

<T11 T12> 2v+6
T = )
0 T2/ 1 (26)

2v+6 1

where Tiq ST{1 = 5, and Ty, is nonsingular.

Two n x n matrices A and B are called to be cogredient if there exists a nonsingular
matrix P such that PAP! = B.

An m-dimensional subspace P is said to be a subspace of type (m,2s +y,s,T), if PS;P! is
cogredient to M(m, 2s +7y,s,I'), where the matrix M(m,2s +7,s,I), respectively, is as follows

0 I®
M(m,2s,5) = I® 0 , ify=0,
O(m—ZS)

0 I® (27)
190
1 7
O(m—Zs—l)

M(m,2s+1,s,1) = ify=1



Journal of Applied Mathematics 5

or
0 I®
1) 0
M(m,2s+1,s,z) = . , ify=1,
0(m72571)
0 I® (2.8)
I6) 0
M(m,2s+2,8) = 1 , ify=2.
-z
0(m—25—2)

(2v+6+1)
q

Letey, e, ..., 0015, €001641, - - -, €216+ be a basis of F , where

ei:(o/"'lolllol"'/o)/ (2.9)

1 is in the ith position. Denote by E the [-dimensional subspace of IF(SZWS”) generated by

€27+6+1, €2v+642, - - - , €216+l AN m-dimensional subspace P is called a subspace of type (m,2s +
y,s, I, k) if

(i) P is a subspace of type (m,2s +7,s,T),
(ii) dim(PNE) = k.

Denote the set of all subspaces of type (m,2s + y,s,I’, k) in IF,;ZHSH) by M(m,2s +
Y,s,I,k; 2v+6+1, A). By [15, Theorem 6.28], we know that M(m,2s+y,s,T, k; 2v+6+1, A) is
nonempty if and only if

k<,
v+s+min{6,y},
i = = (210)
2s+y<m—k< ify#6ory=6and I'=A4A,
v+s,

ify=6=1and I'#4A,
or

max{0,m —v—s—min{6,y}},
ify#6ory=6and I'=A,
max{0,m—v - s},
ify=56=1and I'#A.

min{l,m-2s-y}>k> (2.11)

Moreover, if M(m,2s +y,s,T,k; 2v + 6 + 1, A) is nonempty, then it forms an orbit of
subspaces under Oyy45:1,4 (Fj). Let £(m, 25+y,s,T, k; 2v+6+1, A) denote the set of subspaces
which are intersections of subspaces in _#(m,2s +y,s,I’,k;2v + 6 + I, A), where we make the
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convention that the intersection of an empty set of subspaces of ngvw”) is assumed to be
IE‘?WS”). Partially ordering £(m,2s +y,s,I,k;2v + 6 + 1, A) by ordinary or reverse inclusion,
we get two finite lattices and denote them by £Lo(m,2s+y,s,I, k;2v+6+1, A) and Lg(m,2s+
Y,s,I,k;2v+ 6 +1,A), respectively.

The case Lr(m—1,25+y,s,I’; 2v+ 6, A) has been discussed in [8]. So, we only discuss
the case 0 < k < [ in this paper.

By [13], we have the following results.

Theorem 2.6. Let 2v+ 6 +1>m >1, 0 < k <1, assume that (m,2s +y,s, I, k) satisfies conditions
(2.10) and (2.11). Then,

,ER(m,25+r,s,1",k; 2V+6+l, A) DﬂR(ml,Zsl +Y1,Sl,r1,k1; 2V+6+I,A) (212)
if and only if

ki<k<l,

(2s+y) - @2si+1) + [y -nl 22[y-nl
if ngyorypn=yand I =T,
(2s+y)-(2s1+11)+2>4,

if n=y=1andI'1#I.

(2.13)
2(m—k) = 2(my — ky) 2

Theorem 2.7. Let 2v+ 6 +1>m >1, 0 < k < I. Assume that (m,2s +7v,s,T, k) satisfies condition

(2.10), then Lr(m,2s +v,s,I, k; 2v + 6 + 1, A) consists of IE‘;ZWSH) and all the subspaces of type
(m1,2s1 + 11,581,171, k1), where (my,2s1 + y1, 51,11, k1) satisfies condition (2.13).

Theorem 2.8. Let2v+6+1>m>1,0<k <1, and (m,2s +y,s,T, k) satisfy

v+s+min{§,y},
if y76ory=06and IT' = A,

2s+y<m-k< s (2.14)
if y=6=1and I' #A.
Forany X € Lo(m,2s +y,s,I,k; 2v+ 6 +1,A), define
dimX, if X# F®%,
T(X) = { . 11(2 +65+1) (215)
m+1, if X=TF;""",

then r = Lo(m,2s +7v,s,I,k; 2v + 6 +1,A) — N is a rank function of the lattice Lo(m,2s +
y,s,I,k; 2v+6+1,4).
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Theorem 2.9. Let 2v+6+1>m > 1,0 < k <[, and (m,2s +y,s,I, k) satisfy (2.14). For any
X € Lr(m,2s+y,s,I,k; 2v+6+1,A), define

m+1-dimX, if X#FZ00

r(X) = { ’ a ‘ (2.16)

. _ wv+o+)

0, if X =T,

then ' : Lr(m,2s +7v,s,I,k; 2v + 6 +1,A) — N is a rank function of the lattice Lr(m,2s +
Y,s, I, k; 2v+6+1,A).

3. The Geometricity of Lattices 2o(m,25 +y,s,I,k;2v+6+1,A)

Theorem 3.1. Let 2v+ 6 +1>m > 1,0 < k <1, assume that (m,2s +y,s,T, k) satisfies conditions
(2.10) and (2.11). Then

(i) eachof Lo(k+1,0,0,¢, k; 2v+6+1, A) and Lo(k+1,1,0,T, k; 2v+6+1,A) I'=1 or z)
is a finite geometric lattice, when k = 0, and is a finite atomic lattice, but not a geometric
lattice when 0 < k < I;

(ii) when2 <m—-k <2v+6-1, Lo(m,2s+v,s,I, k; 2v+6+1, A) is a finite atomic lattice,
but not a geometric lattice.

Proof. By Theorem 2.8, the rank function of Lp(m,2s + y,s,I,k; 2v + 6 + I, A) is defined
by formula (2.15), we will show the condition G; of Proposition 2.5 holds for £Lo(m,2s +
y,s,I,k; 2v+6+1,A). {0} € Lo(m,25+7,s,T,k; 2v+ 06 +1, A) and it is the minimal element,
so all 1-dim subspaces in Lo (m, 25+y,s, I, k; 2v+6+1, A) are atoms of Lo (m,2s+y,s,1, k; 2v+
6+ A).

Let U € Lo(m,2s +7v,5,T,k; 2v + 6 +1,A) \ {{0},FS"***}, by Theorem 2.7, U is a
subspace of type (m1,2s1 + y1,51,1'1, k1) and satisfies condition (2.13). If m; = 1, then U is an
atom of Lo(m,2s+7v,s,I,k; 2v+6+1,A). Assume m; > 2, then

US[Ut = [SZSH_YI,FI,O(ml—kl—zsl_ﬁ)lo(kl)]/ (3.1)

where I't = ¢, (1), (z), or [1, —z].

Let U; be an ith (1 < i < my) row vector of U, then (U;) is a subspace of type
(1,0,0,¢,0),(1,1,0,1,0),(1,1,0,2,0),0r (1,0,0,0,1), and (U;) C U. By Theorem 2.7, we know
(U;) € Lo(m,2s5+y,s,T, k; 2v+6+1, A), so (U;) is an atom of Lo (m,2s+y,s,T, k; 2v+6+1, A),
and U = Vl'zll (U;), hence, U is a union of atoms in £Lp(m,2s +7v,s,I', k; 2v + 6 + 1, A). Since
|M(m,2s +y,s,T,k; 2v+ 6 +1,A)| > 2, there exist Wi, W, € M(m,2s +7v,s,T,k; 2v + 6 +
I,A), W1 #W,, such that ]ngv+5+1) = Wy v W,. Wi, W, are unions of atoms in Lo (m,2s +
Y,s, I, k; 2v+6+1, A), hence, IF;ZWSH) is a union of atoms in Lo (m,2s+y,s,I, k; 2v+56+1, A),
therefore, G; holds.

In the following, we prove (i) and (ii).

The Proof of (i). We only prove the formula (2.2) holds for £o(k+1,1,0,T, k; 2v+6+1, A).
The other can be obtained in the similar way. We consider two cases:

(@) k=0.Lo(k+1,1,0,T,k; 2v+6+1, A) consists of ]Fff’”&l), {0} and subspaces of type

(1,1,0,T,0). Let U, W € £o(1,1,0,T,0; 2v+5+1, A),if U, W are F****) (0}, respectively, then
q p Y
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UvV = F& UAW = {0}, s0 r(UVW)+r(UAW) = r(U)+r(W). If U = W is {0} or F ",
the other is a subspace of type (1,1,0,T,0), then UAW is {0} or subspace of type (1,1,0,T,0),
U v W is a subspace of type (1,1,0,T,0) or ]F,SZWSH), sor(UVW)+r(UAW)=rlU)+r(W).
If U and W are subspaces of type (1,1,0,I,0), then U AW = {0}, UV W = IE‘,SZW‘S”), o)
rUVW)+r(UAW)=rU)+r(W).

Hence, (2.2) holds and £Lp(k+1,1,0,T, k; 2v+6+1, A) is a finite geometric lattice when
k=0.

(b)0<k<lLLetU=(e;+(T/2)eps1), W = (ess1 + ([/2)eyss+1), Wwhere s <v —1, then
UW e Lok +1,1,0,I,k; 2v+ 6 +1,A). When g = 3(mod 4) or g = 1(mod 4), then -1 is a
nonsquare element or a square element, respectively. Thus, [I',I'] is cogredient to either [1, —z]
or Sy, and (U, W) is a subspace of type (2,2,0,I',0), where I' = [1, —z], or a subspace of type
(2,2,1,,0). So (U, W) & Lo(k +1,1,0,T,k; 2v + 6 +1,A), and we have U v W = FS"*0
U AW = {0}. By the definition of rank function, r(UV W) =k+1+1=k+2,r(UAW) =0,
r(U)=r(W)=1,wehaver(UVW)+r(UAW)=k+2>r(U)+r(W) =2.

Hence, £o(k +1,1,0,T,k; 2v + 6 + 1, A) is a finite atomic lattice, but not a geometric
lattice when 0 < k < [.

The Proof of (ii). We will show there exist U, W € Lo(m,2s5+7,s,I, k; 2v+56+1, A) such
that the formula (2.2) does not hold. As to y = 0,1, or 2, we only show the proof of y =1,
others can be obtained in the similar way. We distinguish the following three cases.

(a) 6=0,0r6 =1, I' # A. Then, the formula (2.10) is changed into 2s+1 < m—-k <v+s.
Let 0 = v + s —m + k, we distinguish the following two subcases.

(al)m-k-2s-1>1.Fromm—-k—-2s-1>1landm-k <v+s,wehaves+2<v.Let

I® 00 0 00 0 00 0O 0 O
000 0 0I® 0 00 0O 0 O
uUu=| 0 10 0 0 0 I'/200 0 0 0|,
0 00I®W0 0 0 00 0O 0 O
000 0 00 0 00 0 IO (3.2)

s 11 o4 o s 1 1040 kl-k

Tr
W = <es+2 + <§)ev+s+2>1

where 01 = m — k —2s5 -2, then U is a subspace of type (m—-1,25 +1,5,I', k), W is a subspace
of type (1,1,0,I',0). When g = 3(mod 4) or g = 1(mod 4), then -1 is a nonsquare element or
a square element, respectively, thus [I',I'] is cogredient to either [1,-z] or Sz, and (U, W)
is a subspace of type (m,2s +2,s,I', k) or type (m,2(s +1),5 + 1, ¢, k). Consequently, U, W €
Lo(m,2s+1,s,T,k; 2v+6+1,A), (UW) ¢ Lo(m,25+1,s,T,k; 2v+6+1,A). Thus, we have
UVW = FS7 0 UAW = (0}, r(UVW) = m+1,r(UAW) =0, r(U) = m~1, r(W) = 1. Then,

rUVW)+r(UAW)=m+1>r(U)+r(W)=m-1+1=m. (3.3)
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(@a2ym-k-2s-1=0.From2<m-k<2v+6-1,wehaves+1<v,s>1. Let

IsY 000 0 0 0 0 O
U= 0 0001I® 0 0 0 0
0 010 0T/20 0 0}
0 000 0 0 01I%WoO

(3.4)
s-11 10 s 1 o kl-k

T
W = <es+1 - <§>ev+s+1>/

then U is a subspace of type (m—-1,2(s-1)+1,s-1,T, k), W is a subspace of type (1,1,0,-T,0),
(U, W) is a subspace of type (m,2s,s, ¢, k). Consequently, U W € Lo(m,25 +1,s,T,k; 2v +
6+1,A), (UW) & Lo(m,25+1,5,T,k; 2v+6+1, A). Thus, we have UVW = F"* ) Uaw =
{0, r(UVW)=m+1,r(UAW)=0,r(U)=m-1, r(W) = 1. Then,

rUVW)+r(UAW)=m+1>r(U)+r(W)=m-1+1=m. (3.5)

Therefore, there exist U, W € Lo(m,2s +1,s,T,k; 2v + 6 + 1, A) such that formula (2.2) does
not hold.
(b) 6 =1,I = A. Then, the formula (2.10) is changed into 2s + 1 <m -k <v+s+1. Let
o =v+s-m+k+1, we distinguish the following two subcases.
(bl)m-k-2s-1>1.Fromm-k-2s—-1>1,and2<m -k <2v,wehaves+1<v.
Let

I® 0 0 000000 0 O
00 0 0I0OO0ODODO O O
Uu=| 00 0 0 0 0001 0 0],
0 0I©0 0 0000 0 O
00 000 00O0OOTIWDO (3.6)

s 1 o0 0s 1o0o,01kl-k

A
W= <es+1 + <E>6v+s+1>/

where 01 = m — k —2s -2, then U is a subspace of type (m—-1,2s+1,s,A, k), W is a subspace
of type (1,1,0,4,0). When g = 3(mod 4) or g = 1(mod 4), similar to the proof of the case
(a.1), (U, W) is a subspace of type (m,2s +2,s,I', k) or (m,2(s +1),s + 1, ¢, k). Consequently,
UWe Lom,2s+1,s,A,k; 2v+1+LA), (UW) ¢ Lo(m,2s+1,5,A,k; 2v+1+1,A), and
the formula (2.2) does not hold.
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(b2)m—-k—-2s—-1=0.From2<m -k <2v,wehaves+1<v. Let

IH 0 0 0 00 0 00 O
1= 0 00 0 I®0 0 000
0o 00 O OO0 O 1 0 0)
0 00 O 00 0 01I®p

(3.7)
s-11 10-1 s 10o-11kI-k

A
W= <es+1 + <§>ev+s+1>/

then U is a subspace of type (m—1,2(s—1)+1,5-1, A, k), W is a subspace of type (1,1,0, A, 0),
when g = 3(mod 4) or g = 1(mod 4), (U, W) is subspace of type (m,2(s —1) +2,s - 1,T, k)
or (m,2s,s,$, k). Similar to the proof of the case (a.1), the formula (2.2) does not hold for U
and W.
(c) 6 = 2. Then, the formula (2.10) is changed into 2s +1 < m—k < v+ s+ 1. Let
o =v+s—-m+k+1, we distinguish the following two subcases.
(cl)ym-k-2s-1>1.Fromm—-k-2s-1>1,andm—-k<2v+1,wehaves+1<v.

Let
I®0 0 00 00000 0 O
00 0 0I®0O0ODODO0OO0 0 O
U= 00 0 00 000 xy 0 0],
0 0I® 0 0 00000 O O
00 000 00O0OOOTI®DOY (3.8)
s 1 o0 0s 1o, 011kI-k

T
W= <es+1 + <§)ev+s+1>/

where 0y = m—-k-2s—-2and x% - zy2 =TI, then U is a subspace of type (m—-1,25+1,s,I, k),
W is a subspace of type (1,1,0,I’,0). But when g = 3(mod 4) or g = 1(mod 4), similar to the
proof of the case (a.1), (U, W) is a subspace of type (m,25+2,s,T, k) or (m,2(s+1),s+1,¢, k).
Consequently, U, W € Lo(m,2s +1,s,T,k; 2v+6+1,A), (UW) & Lo(m,25+1,s,T,k; 2v +
6 +1,A), and the formula (2.2) does not hold.

(c2)ym-k-2s—-1=0.From2 <m-k <2v+1,we have s > 1 and m > 3. We choose
(a,b) and (c, d) being two linearly independent solutions of the equation x? — zy? = T. Let

IV 00 0 000 0 O
- 0 00I®000 0 O
0 000 Oab 0 0)
0 00 0 000 1IWQ

(3.9)
s-1 10 s ol11kl-k

W = (cers1 +dersa),
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then U is a subspace of type (m-1,2(s-1)+1,5-1,T, k), W is a subspace of type (1,1,0,T,0).

Let
Y

because det A = —(ad — bc)?z, hence, A is cogredient to [1,—z]. Then,

(&)=

is cogredient to
[52(5—1)+2,A, olm=k=2s), O(k>] . (3.12)

Therefore, (U, W) is a subspace of type (m,2(s —1) + 2,5 — 1,I, k). Similar to the proof of the
case (a.2), the formula (2.2) does not hold for U and W. O

4. The Geometricity of Lattices Lr(m,2s5+ 7,5, [, k;2v+ 6 +1,A)

Theorem 4.1. Let 2v+6+1>m>1, 0 < k <1, assume that (m,2s +y,s, I, k) satisfies conditions
(2.10) and (2.11). Then,

(i) each of Lr(k+1,0,0,¢,k; 2v+6+1,A), Lr(k+1,1,0,T,k; 2v+6+1,A) (' =1 or z)
and Lr2v+6+k—-1,2s5+7,s,I, k; 2v+6+1, A) is a finite geometric lattice when k = 0,
and is a finite atomic lattice, but not a geometric lattice when 0 < k < I;

(ii) when2 <m—-k <2v+6-2, Lr(m,2s5+7y,s,I, k; 2v+06+1, A) is a finite atomic lattice,
but not a geometric lattice.

Proof. By Theorem 2.9, the rank function of £g(m,2s + y,s,I,k; 2v + 6 + [, A) is defined
by formula (2.16), ]ngws”) is the minimal element of Lr(m,2s + y,s,I,k; 2v + 6 + [, A),
all subspaces of type (m,2s + y,s,I, k) in Lr(m,2s + y,s,I,k; 2v + 6 + I, A) are atoms of
Lr(m,2s+y,s,T,k; 2v+6+1,A).

The Proof of (i). By [8], Lr(k+1,0,0,¢,k; 2v+6+1,A), Lr(k+1,1,0,T, k; 2v+6+1,A),
and Lr(2v+6+k-1,2s+y,s,I, k; 2v+6+1, A) are finite geometric lattices when k = 0; in the
following, we will show that they are finite atomic lattices, but not geometric lattices when
O<k<l

(a) Let

U = (i1, 204641, €20+642, - - - , €2vs6+k )
4.1)

W= <el/ €29+6+27 €20+5+43s - + + 1 E2v46+k+1 >

Then, both U and W are subspaces of type (k + 1,0,0,¢,k), and U N W = (eps6:2,
€2p+643, - - - €2v+6+k ), (L, W) is a subspace of type (k + 3,2,1,¢,k + 1). Consequently,
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(UW) & Lr(k+1,0,0,¢,k; 2v+6+1, A), 7' (UAW) = 7' (FS ) = 0, 7/ (UVW) = ¥/ (UNW) =
k+2—(k-1)=3,7U) =+ (W) =k+2- (k+1) = 1. Thus,

rUAW)+r' UV W)>rU)+1r(W). (4.2)

That is, (2.2) does not hold for U and W. Hence, Lr(k +1,0,0,¢,k; 2v + 6 + I, A) are not
geometric lattices when 0 < k < I.
(b) Let

T
U=(e + E C€y11, €29+6+17 €2v+6+2/ -+ + 1 E2v46+k )/
43)

T
W={(es1+ ) €541, €20+642, €204643/ + - - 1 E2v45+k+1 ) -

Then, both U and W are subspaces of type (k + 1,1,0,I k), and U N W =
(€2v16+2, €204+643, - - -, €ovi6+k ), (U, W) is a subspace of type (k+3,2,0,I, k+1) or (k+3,2,1, ¢, k+
1) when g = 3(mod 4) or g = 1(mod 4). Consequently, (U, W) & Lr(k+1,1,0,T, k; 2v+ 6+
LA), F'(UAW) =7 (FL ) =0, #(UVW) = /(UNW) = k+2—(k—=1) =3, 7' (U) = 7' (W) =
k+2-(k+1)=1.Thus,

FUAW) +7UVW) > U) + 7 (W). (4.4)

That is, (2.2) does not hold for U and W. Hence, £Lgr(k + 1,1,0,T,k; 2v + 6 + [, A) are not
geometric lattices when 0 < k < I.
(c) From the condition (2.10), the following hold.

(i) Ify=6=1T#A,then2v+6-1<v+s,thatis,v<s,v =s,hence 2v +1 < 2y, and
it is a contradiction.

(i) fy=6,I'=A,then2v+6-1<v+s+0, thatis,v-1<s,hences=v,ors=v-1.
Whens = v, from2s+y <2v+ 6 -1, weobtain2v + 6 < 2v+ 6 -1, and itis a
contradiction. When s = v — 1, we have 2v + 6 — 2 < 2v + 6 — 1. That is, in this
situation, v — 1 = s holds.

(iii) If y #6, then2v + 6 =1 < v+ s+ min{d,y} < v+ s+, thatis,v -1 < s, hences = v,
ors=v—-1.Whens=v,wehave2v+y <2v+6-1,theny <6-1. Whens=v-1,
wehave2v +y-2<2v+6-1,theny-1<6.

From the discussion above, we know that
(cl)Ifs=v,theny<6-1,andwehave6=1,y=0,6=2,y=0,and 6 =2,y =1
three possible cases. For Zr(2v + 6 + k- 1,2v +y,v, I, k; 2v + 6 + 1, A), here we just give the
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proof of the case 6 = 2, y = 1, others can be obtained in the similar way. We choose (a, b) and
(c,d) being two linearly independent solutions of the equation x> — zy? =T. Let

I 0 00 0 O
0 I 00 0 O
U= 0 0 ab 0 0)
0 0 001I®
v v 11kI-k (4.5)

00cdO 0 0
W_<OOOOO 0 1>’
vv11klIl-k-11

then U is a subspace of type 2v +k +1,2v + 1,v,T, k), W is a subspace of type (2,1,0,T,1),
and (U, W) is a subspace of type (2v + k+3,2v+2,v,I',k + 1). Consequently, U, W € Lr(2v +
k+1,2v+1,v,T,k; 2v+6+LA), (UW)¢& Lr2v+k+1,2v+1,v,T,k; 2v+6+1,A). Thus,
wehave UVW = [0}, UAW = F& Y (U VW) = F(UnW) =2v+k+2, P (UAW) =
0,7U)=2v+k+2-2v-k-1=1,r(W)=2v+k+2-2=2v+ k. Then,

rUAW)+r7 UV W)>7rU)+7r(W). (4.6)

That is, (2.2) does not hold for U and W. Hence, Zr(2v+k+1,2v+1,v,1,k; 2v+6+1, A) are
not geometric lattices when 0 < k < I.

(c2)Ifs=v-1,thenwehavey#6, y-1<6,0ory =06, =A. Asto Lr(2v+6+k -
1,2(v-1)+y,v-1,I,k; 2v+6+1,A), we consider 6 =0, =1, and 6 = 2 three cases. Here
we just give the proof of the case 6 = 1, and we also discuss the following three subcases:

(c21)6=1,y=0.For Lr2v + k,2(v-1),v-1,¢,k; 2v+ 6 +1,A), let

I 0 0 0 0 0 0
u-| © 010 0 0 0
- 0 0 0 01I® 0 0
0 00 0 O 0 1
v-11 v 1k I-k-11 (4.7)
0 1 0 0 O 0 0
W‘(o 0 01 0 0 o)’
v-1 1 » 1 kl-k-1 1

then U is a subspace of type (2v+k,2(v-1),v-1, ¢, k+1), W is a subspace of type (2,1,0, A, 0),
and (U, W) is a subspace of type v+ k+2,2v+1,v,A,k+1). If v =1, then s = 0, and as
to W, from the condition (2.10), we obtain 2 < 1, that is, it is a contradiction. Consequently,
v>2,and U W € Lr(2v+k,2(v-1),v-1,¢,k; 2v+6+1, A) (U W) & Lr2v+k,2(v-1),v-
1,¢,k; 2v+6 +1,A). Thus, we have U VW = (0},U AW = FS" % r(UvW) = r(UnW)
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=2v+k+1,7UAW)=0,r(U)=2v+k+1-2v-k=1,7Y(W)=2v+k+1-2=2v+k-1.
Then,

rUAW)+r(UvVvW)>7rU)+7r(W). (4.8)

That s, (2.2) does not hold for U and W. Hence, £Zr(2v+k,2(v-1),v-1,¢,k; 2v+6+1, A) are
not geometric lattices when 0 < k < I.
(c22)6=1,y=1T=A.For Lr2v+k,2(v-1)+1,v-1,A,k; 2v+6+1,A), let

I 0 0 0 0 0 0
u=| © 010 0 0 0
- 0 00 1 0 0 o)
0 0 0 01I® 0 0
y-1 1 v 1k I-k-1 1 (4.9)

v-1 1v1k I-k-11

then U is a subspace of type (2v+k,2(v-1)+1,v-1, A, k), W is a subspace of type (2,1,0, A, 0),
and (U, W) is a subspace of type 2v+k+2,2v+1,v, A, k+1). Consequently, U, W € Lr(2v +
k,2v-1)+1,v-1,A,k; 2v+6+L, A) (U W) & Lr2v+k,2(v-1)+1,v=-1,A,k; 2v+6+1,A).
Thus, we have UVW = {0}, UAW = FS7 0 (VW) = #/(UNW) = 2v+k+1, 7 (UAW) =0,
r(U)=2v+k+1-2v-k=1,r(W)=2v+k+1-2=2v+k—1.Then,

rUAW)+7r(UVW)>7rU)+7r(W). (4.10)

That is, (2.2) does not hold for U and W. Hence, Zr(2v + k,2(v-1) +1,v—-1,A,k; 2v+ 6 +
I, A) are not geometric lattices when 0 < k < I.

(c2.3) 6 =1,y = 2. See the proof of the Theorem 7 in [12].

The Proof of (ii). Let U € M(m,2s +y,s, I, k; 2v+6+1,A), then

usu' = [Al, gm-k=2sr o<k>], (4.11)

where A1 = Sy, 1. Hence, there exists a (2v + 6 + 1 —m) x (2v + 6 + ) matrix Z such that
t
u u N _
(Z) Sl (Z) = [Alr SZ(m—k—Zs—y)/ A 7 O(k)/ O(Z k)] 7 (412)

where A* takes values in Table 1 as follows.

In Table 1 as follows >}; = So(yss—m+k+i),i = 0,1, 0r 2.

Asto6=0;, 6=1,A=1, 6=1,A =z and 6 = 2 four cases, we only show the proof
of the case 6 = 0, others can be obtained in the similar way. We also distinguish the following
three subcases.
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Table 1
6=0 6=1,A=1 6=1,A=z 6=2
Y= % [Zo,1] [Zo, 2] [Z0,1,-2]
Y = 1,F =1 [20, —1] Z] [Zo, —1, Z] [Z],—Z]
Y= l,F:z [20,—2] [Zo,l,—Z] Zl [21,—1]
y=2 [Z0,1,—2] [Z1, 2] [Z1,1] 3

(@) If y = 0, then Ay = Sp5, A" = So(w—m+kss)- Let uy, U, ..., Us, V1, Vo, ..., Vs, Usil, - -,
Upmk-s, W1, .-, Wk and Vsi1, ..., Omkos, Um—k-st1,+ -+, Uy, Om—k-st1,+++, Uy, Wky1,..., W be row
vectors of U and Z, respectively,

W= <vv—m+k+s+lr ey Ovsy Upsilye ooy Uy, Ops4l, - - -, Oy, W1, .- -, wk>r (413)

then W € M(m,2s,s, ¢, k; 2v +1).

Fromm—-k <2v-2,weknow s <v.If m—k =2s,thenm—-k—-s=s<v,sou,,v, ¢ U.If
m—k >2s,thens<v-1,s0v,1,v, € U.Inaword, dim(U, W) >m+2,dim(UNW) <m-2.
Thatis, UAW = F&, 7 (UAW) =0, /(UVW) 2m+1-(m-2) =3,7U) =r' (W) =
m+1-m = 1. Consequently, (U AW) +r'(U VW) >r'U) +r'(W).

(b) If y = 1, then Ay = Sosi1,r, A" = Sowomsk+s)+1,-r, and I' = (1) or (z). Let uy, up, ...,
Ug,01,02,...,05, 0, U471, , Up—f—5-1,W1,..., Wk and Us+ly+++rOm—k-s-1,Um-k-ss++-, Uyp-1,
Up—k=ss - - Oy-1, W, Wi+1, . . ., w; be row vectors of U and Z, respectively

*
W = <vv—m+k+s+1/ ey Oy, Up—g, e v e, Up2,Vyg,..., Uy, W0, W,

(2 )
E r‘uV71 +Uyp-1, W1, .., Wk ),

because ((1/2)Tuy-1 + vy,-1)S2, ((1/2)Tup—1 + v,,_l)t =T, and
(@ G @@y (@ ) s e

then W € #(m,2s + 1,s,T,k; 2v + ). From the conditions 2s +1 < m — k < 2v — 2 and
m-k<v+s,wecanobtainm—-k—-s-1<v-1ands<v-1,hence (1/2)Tu,1 +v,1 & U.
Obviously, w* ¢ U. Similar to the proof of the case (a), ¥ (UAW) ++'(UVW) > r'(U) + 7' (W).

() If y = 2, then A1 = Sysior, A* = Sopwomskss)ysor, and I' = [1,-z]. Let uy, up,
<o U5, 01,02,...,05,W1, W2, Usi 1, -« oy Um—k—s-2, W1, ..., Wk and Usilse s Om—k-s-2, Um—-k-s-1,--+,
Uy 2, Vmk-s-1,+ -, Vp-2, W], W5, Wks1, ..., W) be row vectors of U and Z, respectively,

(4.14)

* ¥
W= <Uv—m+k+s+1/ vy Ops2,Up-s-1,---, Uy-2,Vp5-1,...,0p2, W, W,, W1,..., wk>/ (416)

then W € M(m,2s +2,s,T,k; 2v +1). Obviously, w}],w; ¢ U. Similar to the proof of the case
(@), ”UAW)+r(UVvW)>rU) +r(W).
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From the discussion above, we know that when 2 < m —k < 2v -2, Lr(m,2s +
y,s,I,k; 2v +1) is a finite atomic lattice, but not a geometric lattice. O
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