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The robust filtering problem for a class of uncertain discrete-time fuzzy stochastic systems with
sensor nonlinearities and time-varying delay is investigated. The parameter uncertainties are
assumed to be time varying norm bounded in both the state and measurement equations. By
using the Lyapunov stability theory and some new relaxed techniques, sufficient conditions are
proposed to guarantee the robustly stochastic stability with a prescribed H, performance level of
the filtering error system for all admissible uncertainties, sensor nonlinearities, and time-varying
delays. These conditions are dependent on the lower and upper bounds of the time-varying delays
and are obtained in terms of a linear matrix inequality (LMI). Finally, two simulation examples are
provided to illustrate the effectiveness of the proposed methods.

1. Introduction

Fuzzy systems in the Takagi-Sugeno (T-S) model can represent a lot of complex nonlinear
systems in [1-3]. By using a T-S fuzzy plant model, one can describe a nonlinear system
as a weighted sum of some simple linear subsystems. This fuzzy model is described by a
family of fuzzy if-then rules that represent local linear input/output relations of the system.
The overall fuzzy model of the system is achieved by smoothly blending these local linear
models together through membership functions. Consequently, stability, control, and filtering
problems for T-S fuzzy systems have attracted considerable attention, and many important
results have been reported in [4-9].
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It has been known that time delays are one of the main causes of instability and poor
performance of control systems in [10]. Analysis and synthesis of such systems are of both
theoretical and practical importance. Therefore, the study of time-delay systems has attracted
great attention over the past few years in [11, 12]. For continuous-time systems, the obtained
results can be generally classified into two types: delay-independent and delay-dependent
ones. It has been understood that the latter is generally less conservative since the size of
delays is considered, especially when time delays are small. Compared with continuous-
time systems with time-varying delays, the discrete-time counterpart receives relatively less
attention. See, for example, [13-16] and references therein.

In the past few years, much research effort has been paid to the control and filtering
problems for nonlinear systems that have been widely applied in many fields such as commu-
nication network, image processing, and mobile robot localization [17, 18]. And the filtering
for nonlinear stochastic systems has been of great interest since stochastic modeling has come
to play an important role in many branches of engineering applications [19-22]. particularly
for discrete-time stochastic systems, so far, a number of important results have been reported
for linear discrete-time stochastic systems. The exponential filtering problem is studied for
discrete time-delay stochastic systems with Markovian jump parameters and missing mea-
surements in [23]. The robust fault detection filter problem for fuzzy It0 stochastic systems
is studied in [24]. The problem of robust H, filtering for uncertain discrete-time stochastic
systems with time-varying delays is considered in [25]. For nonlinear discrete-time stochastic
systems, the filtering problem for a class of nonlinear discrete-time stochastic systems with
state delays is considered in [26]. The robust H, filtering problem for a class of nonlinear dis-
crete time-delay stochastic systems is considered in [27]. The H, filtering problem for a gen-
eral class of nonlinear discrete-time stochastic systems with randomly varying sensor delays
is considered in [28]. Recently, the filtering problem for discrete-time fuzzy stochastic systems
with sensor nonlinearities is considered in [29]. And the problem of H,, filtering for discrete-
time Takagi-Sugeno (T-S) fuzzy Ito stochastic systems with time-varying delay is studied
in [30]. In [27, 29, 31, 32], the nonlinearity for filtering problem of systems was assumed to
satisfy sensor nonlinearities, which may included actuator saturation and sensor saturation.
It is worth mentioning that, although the system in [29] is with sensor nonlinearities, the pro-
posed filter design approach do not consider the discrete-time fuzzy stochastic systems with
time delay, which is not applicable to stochastic delay systems. And in [30], the stochastic sys-
tems do not contain the sensor nonlinearities. To the best of our knowledge, no results on Ho,
filtering for the uncertain discrete-time fuzzy stochastic systems with both sensor nonlineari-
ties and time-varying delay are available in the literature, which motivates the present study.

Motivated by the works in [25, 27, 29, 30], in this paper, a delay-dependent H,, perfor-
mance analysis result is established for filtering error systems. A new uncertain discrete-time
fuzzy stochastic systems model is proposed, and a new different Lyapunov functional is then
employed to deal with systems with sensor nonlinearities and time-varying delay. As a result,
the H, filters are designed in terms of linear matrix inequalities (LMlIs). The resulting filters
can ensure that the filtering error system is robustly stochastic stable and the estimation error
is bounded by a prescribed level for all possible bounded energy disturbances. Finally, two
examples are given to show the effectiveness of the proposed method.

Throughout this paper, R" denotes the n-dimensional Euclidean space, and R™™ is
the set of n x m real matrices. I is the identity matrix. | - | denotes Euclidean norm for vectors
and || - || denotes the spectral norm of matrices. N denotes the set of all natural numbers,
thatis, N = {0,1,2,...}. (Q,F, {Fx}ken,P) is a complete probability space with a filtration
{Fi}en satisfying the usual conditions. MT stands for the transpose of the matrix M. For
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symmetric matrices X and Y, the notation X > Y (resp., X > Y) means that the X — Y is
positive definite (resp., positive semidefinite). * denotes a block that is readily inferred by
symmetry. E{-} stands for the mathematical expectation operator with respect to the given
probability measure 0.

2. Problem Description

Consider a class of uncertain discrete-time stochastic systems that can be approximated by
the following time-delay T-S fuzzy stochastic model with r plant rules.

Plant rule i:

if 61 (k) is 77 and ... and 6, (k) is 77},

then

x(k+1) = (A + AA;(k))x(k) + (Agi + AAgi(k))x(k — T(k)) + (B; + AB;(k))v(k)
+ [(Ei + AE;i(k))x (k) + (Eqi + AE4i(k))x(k - T(k)) + (G; + AGi(k))v(k)]w(k),
y(k) = ¢(Ci(k))x(k) + (Cai + ACai(k))x(k = 7(k)) + (Di + ADi(k))v(k),

z(k) = Lix(k), i=1,2,...,r,
2.1)

where 11; is the fuzzy set. O(t) = [6:1(t),60:2(),..., Gp(t)]T is the premise variable vector,
x(k) € R" is the state vector, y(k) € R7 is the measurable output vector, z(k) € R" is the state
combination to be estimated, w(k) is a real scalar process on a probability space (&, ¥, )
relative to an increasing family (¥«)cn of o-algebra ¥« C ¥ generated by (w(k))cn, and N
is the set of natural numbers. The stochastic process {w(k)} is independent, which is assumed
to satisfy

Elwk)} =0, E{w'(k)}=1  Efw@w()}=0 (i#j), (2.2)

where the stochastic variables w(0),w(1), w(2),... are assumed to be mutually independent.
The exogenous disturbance signal v(k) € R is assumed to belong to L., ([0 o0),RP), and
is ¥Fr-1 measurable for all k € N, where L, ([0 o0),R?) denotes the space of k-dimensional
nonanticipatory square summable stochastic process f(-) = (f(k))ren on N with respect to
Fren satisfying

112, = E{ilf(k)lz} = iE{ fH)*} < oo. (2.3)
k=0 k

=0
The time-varying delay 7(k) satisfies

71 <7(k) <72, (2.4)
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where 71 and 7, are known positive integers representing the minimum and maximum de-
lays, respectively.

In addition, A;, A4, B;, Ei, E4i, Gi, C;, C4i, D;, and L; are known real constant matrices,
AA;(k), AA4(k), ABi(k), AE;i(k), AE4(k), AGi(k), ACgi(k), and AD;(k) are unknown matri-
ces representing time-varying parameter uncertainties, and the admissible uncertainties are
assumed to be modeled in the form

[AAi(k) AE;i(k)] = [M1; My Fui(k)Nu;, (2.5)
[AA4i(k) AEgi(k) ACai(k)] = [Msi My Ms;| Fai(k)Noj;, (2.6)
[ABi(k) AGi(k) ADj(k)] = [Me My Msi]F3i(k)Ns;, (2.7)

where My;, My;, M3s;, My, Ms;, Meg;, M7;, and Mg; are known constant matrices and Fy;(k),
F»i(k), and F3i(k) are unknown time-varying matrices with Lebesgue measurable elements
bounded by

FLOFu(k) <1, FR(Ex(k)<I, FLFu(k)<I, Vk. (2.8)

The defuzzified output of the T-S fuzzy system (2.1) is inferred as follows:

x(k+1) = Zr:hi(Q(k)){(Ai + AAi(k))x(k) + (Agi + AAgi(k))x(k — 7(k)) + (B; + ABi(k))v(k)

i=1
+ [(E;i + AE;(k))x(k) + (Eqi + AE4(k))x(k - 7(k))
+(Gi+ AG;(k))v(k)]w(k)},

y(k) = D hi(0(k){P(Ci(k))x(K) + (Cai + ACai(k))x(k = T(K)) + (D; + AD;(k))v (k) },
i=1

z(k) = D hi(6(k))Lix(k),
i=1
(2.9)

where h;(0(k)) = pi(0(k))/ Z]r-=1 hj(0(k)), and p;(0(k)) = H?:ln;.(ej(k)), in which q}(Gj(k)) is
the grade of membership of 7;(k) in 71; According to the theory of fuzzy sets, we have
ui(0(k)) >0,(i=1,2,...,r)and 3, h;(6(k)) > 0. Therefore, it is implied that h;(0(k)) > 0,
(i=1,2,...,r)and >/ hi(6(k)) = 1.

For some given diagonal matrices K; > 0 and K, > 0 with K; > Kj, the nonlinear
vector functions ¢ € [Kj, K], is assumed to represent sensor nonlinearities and satisfies the fol-
lowing sensor condition [29]:

($(&) - Ki&) " (p(2) - Kad) <0, V¢ R, (2.10)
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Further, the nonlinear function ¢(¢) can be decomposed into a linear and a nonlinear part as
follows:

P(@) = ¢s(&) + K1, (2.11)

where the nonlinearity ¢(¢) belongs to the set @, given by
®, = {¢s: 9L (&) (9:(2) - K&) <0} (2.12)

with K = K; - K7 > 0.
We consider the following fuzzy filter for the estimation of zj:

X(k+1) = Zhi(G(k)) {Afix(k) + Bfiy(k)},
- 2.13)

z2(k) = > hi(0(k))Lix (k),
i=1

where x(k) € R", z(k) € R", and the matrices As; and By; (i = 1,2,...,r) are to be determined.

Remark 2.1. Similar to [27, 29], the sensor nonlinearities satisfying (2.10) are also considered
in this paper. Here, there exists the nonlinear function ¢(¢) in the system (2.1), which is
called sensor nonlinearities. It is noted that in the previous filter, the matrix L; is assumed
to be constant in order to avoid more verbosely mathematical derivation.

Defining ¥ (k) = x(k)-x(k), Z(k) = z(k)-z(k), e(k) = [xT (k) % (k)]", and augmenting
the model (2.9) to include the states of the filter (2.13), we obtain the following filtering error
system:

e(k+1) = ZZhi(G(k))h]-(G(k)){ (Zij + AZi(k)>e(k) + By <Eie(k)>

i=1 j=1

+ (Zdij + Azdi]-(k)>He(k — (k) + (E,»,- + AE]-(k)>v(k)
+|(Ei + AEi(k) )e(k) + (Eai + AEai(k) ) He(k - (k)

+ (Gi+ AT(R) o (R)]w(k) ),
(2.14)

Z(k) = 3. > hi(0(k)h;(O(K))Lije(k), (2.15)

i=1 j=1
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where
A = [Ai—Af:iBfleci A(i‘i]/ Byi= [—gﬁ]’ Ci= G 0,
Adij = [Adi —A g;fcdi]' Bij= [Bi—%iffDi]' Ei= [E: 8]'
Eyi = [EZ] Gi= [g] Li=[0 Li-L;], H=][I0],

AA;i(k) = MiF1i(k)Nu, AAgij(k) = My, Fai(k)Na, ABj(k) = Mg, Fi(k)Ns;,

AE;(k) = MgiF1i(k)N1;, AE (k) = Mg, Fyi(k)No;, AG;(k) = Mg, Fsi(k)N3;,

~  _ |Mii = Ms; — Me;

Mai = Mli]' Mauy; = [MSi - Bf]-M5i]' Ms, = [Méi - Bf]-Msi]'
5 _ |Mai — | My — (M7 N _
MEl = MZi:I’ MEdi = M4i]I MGi = |:M7i:|/ Nll = [Nll 0]

(2.16)

The H,, filtering problem to be addressed in this paper can be formulated as follows.
Given discrete-time fuzzy stochastic systems (2.9), a prescribed level of noise attenuation
y>0,and any ¢ € [K; K], find a suitable filter in the form of (2.13) such that the following
requirements are satisfied.

(1) The filtering error system (2.14)-(2.15) with v(k) = 01is said to be robustly stochastic
stable if there exists a scalar ¢ > 0 such that for all admissible uncertainties satisfying
(2.5)-(2.8)

E{ix(k)ﬁ} < cE{|x ()}, 217)
k=0

where x(k) denotes the solution of stochastic systems with initial state x(0).

(2) For the given disturbance attenuation level y > 0 and under zero initial conditions
for all v(k) € Lg([0 o), RP), the performance index y satisfies the following
inequality:

(k) = Z(K)[lea < yllo(K)lleo- (2.18)

Before concluding this section, we introduce the following lemmas, which will be used
in the derivation of our main results in the next section.

Lemma 2.2 (Gu et al. [33]). Given constant matrices I'1, T2, and T's with appropriate dimensions,
where T =T and T} =T5 > 0, then

I +T0T,' T3 <0 (2.19)
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if and only if

T, T;

r, 17
I T

r; -I,

<0, or [ ] <0. (2.20)

Lemma 2.3 (see [34]). For given matrices H, E, and F(t) with FT (t)F(t) < I and scalar € > 0, the
following inequality holds:

HFHE+E'FT(t)HT <eHHT + ¢ 'ETE. (2.21)

3. Main Results

Theorem 3.1. Consider the uncertain discrete-time fuzzy stochastic systems in (2.1). A filter of form
(2.13) and constants T and T, the filtering error system (2.14)-(2.15) is robustly stochastic stable
with performance vy, if there exist real matrices X > 0,Y > 0, Q > 0, any matrices Afj, Brj, scalars
€1 >0, 6y >0and es3; >0 fori,j=1,2,...,r such that the following LMI is satisfied:

[>7 0 0 O CiTKT AITX 217 EiTX EITY 0 0 0 7
x*x 2»n 0 0 0 0 Agj 0 0 0 0 0
* * 233 0 0 AZ;IX 237 E;X E;Y 0 0 0
*x % * Xy 0 B/X Zy GX GY 0 0 0
x x % x 2 0 —BIT:]. 0 0 0 0 0
x ok x % * -X 0 0 0 XMy XMj; XM | <0, (3.1)
* ok k% * * -Y 0 0 YMy 2m1 Zo
* ok ok % * * * -X 0 XMy XMy XMy
* * * * * * * * =Y YM, YMy YMy;
* * * * * * * * * -1 0 0
* * * * * * * * * * —&ril 0
B T T * * * * * * * -3l |

where

Si=-X+(m-n+1)Q+euNLNy,  Zp=-Y+(Li- L) (Li- L)),

S35 = -Q + &2 N3, N, Sy = —y*T + &3 NLNy;, -
7= A]Y - Ap, -C/K{Bp;, Sy =AY -CyBr,  Zy=B/Y-D/BL, 02
2711 = Y Ms; — BrjMs;, 2712 = Y Mg — BrjMs;.

Moreover, if the previous condition is satisfied, an acceptable state-space realization of the H, filter is
given by

Afj=Y'Af;,  Bsj=Y By (3.3)
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Proof. We first establish the condition of robustly stochastic stability for the filtering error
system (2.14)-(2.15). It can be shown that LMI (3.1) implies

*

* ¥ X X ¥ ¥ ¥ ¥

[Sh 0 0 CTKT ATX

-Y 0 0 0

Define a matrix P > 0 by

where X > 0 and Y > 0 satisfy the solvability of (3.1).

* 233 0 A;X
x % =21 0

* * * -X

* * * *

* * * *

* * * *

* * * *

* * * *

P

217 EiTX EiTY 0 0
AIT;]. 0 0 0 0
37 EZ;I.X EgiY 0 0
Blj-:j 0 0 0 0

0 0 0 XMy XMs;; <0.
-Y 0 0 YMU 2m
* =X 0 XMy XMy
* * =Y YM, YMy
* * * —811'1 0

* * * * —epil |
X0

“[o v

Then, it can be shown from (3.3) and (3.5) that LMI (3.4) can be rewritten as

where

211 = —ﬁ + (T2 -T1 + 1)HTQH + 51iﬁfiﬁli/

5. 0 GK' AP EP
« Ip 0 H'AuP H'E,P
—T —
* % =21 BfLP 0
* * * -P 0
* * * * —ﬁ
* * * * *
* * * * *

zzz = —HTQH + 521'HTN;N25H,

which is equivalent to the following inequality:

L

*

2

0 CK' AP EP
“H'QH 0 H"AyP H'E,P
—_T —
* -2I  ByP 0
* * -P 0
* * * -P

NT T, —1NF. AT
+ 52iN2iN2i + &y M2iM2i <0

0
0
0

PMy; P

P M;
—£1iI
*

0

<0,

NT N 137 AT
+ EliNliNli + &y MliMli

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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with

Si=-P+(m-n+D)H'QH,  Mi=[000 M, P MP|

o — o+ 5 .qT
Ni=[Nwoo0o0o|, MaifoooM,P MP| . (3.9)
Ny =[0 NyH 0 0 0]
On the other hand, it is noted that the following equality holds:
- _T _ o T__ . _ T__ -
$S1 0 CKT (A,-]-+AA,-(k)> P (Ei+AE,-(k)> P
— — T— — — T—
« —HTQH 0 HT(Adi,-+AAdi]~(k)> P HT<Edi+AEdi(k)> P
o« 2l B}, P 0
* * X -P 0
P . 7 _
S, o CK' AP ED | (3.10)
« -H'QH 0 H'AuP HE,P|
=1 " o7 E;jﬁ 0 + My;iF1iNy; + N Fi; M,
* * * -P 0
| * * * * ) ]
+ M2l‘F2iN2i + NZ.;FZIM%;
By Lemmas 2.2 and 2.3, from (3.8)—(3.10), we have
Iy I T's
I = * 1"22 F23 < 0, (311)
* * F33

where
P =S+ (A + AZ(K)) P(A + AA®K)) + (Ei+ AE () P(Ei+ AE(K)),
P = (A + A&(0) P(Aay + Aay (k) VH + (i + AEK)) P(Eai + AEa(k) ) H,
Iia=C K™+ (A, + AA(k) PBy,

T—

Iy = HT —Q + <Zdij + Azdi,-(k)> P<Zdij + AZdii(k))

+ (Eai+ Afdi(k)>Tﬁ<fdi T Afdi(k)>] H,
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T/~ — T——
I';=H <Adij + AAdi;‘(k)> P Byj,

Iy = -2I+ By P By;.

(3.12)
Then there exists a small scalar a > 0 such that
-al 00
'<| 0 00]. (3.13)
0 00
Consider the Lyapunov-Krasovskii functional candidate as follows:
V(k) = Vi(k) + Va(k) + V3(k), (3.14)
where
Vi(k) = " (k) Pe(k),
(S .
Va(k) = e ()H QHe(i),
iz,(_z;(k) (3.15)
-7+1 k-1

Va(k)= D, D, e"(WH'QHe(D).

j=—2+2 I=k+j-1

Calculating the difference of V (k) along the filtering error system (2.14) with v(k) = 0 and
taking the mathematical expectation, we have

E{AV(k)} = E{AVi(k)} + E{AV;(k)} + E{AV3(K)},
E{AVi(k)}

= 3 SO0 by OGNE( { (A + AZ(K) )e(k) + By, (Cie(k))

P
+ (Aaij + A (k) ) He(k = (k)
+ [(E + AE,-(k))e(k) + (Edi + Afdi(k)>He(k - T(k))]
< w(k) }Tﬁ < [ (A + AA(K) e (k) + By (Cie(k))
+ <Zdij + AZdij(k))He(k — (k)
+ (B + AE() )e(k) + (Eai + AEai(K))

x He(k - T(k))] x w(k)} - eT(k)ﬁe(k)}.
(3.16)
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Noting (2.2) and (2.12), we have

E{AVi(k)}

< 3 S (ORN I 00N [ (A + AA(00)el) + Byyps (Cre(h)) + (Aug + Ay ()

P
« He(k - T(k))]Tﬁ[(Zij + A (k) )e(k) + Brs (Cre(k)
+ (Aaij + AAgy(k) ) He(k - (k)]
+ [(E + AE(k))e(k) + <Ed1- + Afdi(k)>He(k - T(k))]Tﬁ
x [(E: + AEi(k) )e(k) + (Eas + AEai(k) ) He(k - (k)]

~ e(k)"Pe(k) - 24 (Cie(k) ) [4)5 (Ciet)) - Kae(k)] }

(3.17)
By some calculations, we have
k-1
E(AVa(k)} = D e'(i)H'QHe(i) - e’ (k- 7(k))H' QHe(k - 7(k))
i=k+1-7(k+1)
k-1 k-1
+e'(k)H'"QHe(k)+ >, e'()H'QHe(i)- >, e'(i))H' QHel(i),
i=k+1-79 i=k+1-7(k)
(3.18)
-11+1 k-1 k-1
E{AVa(k)} = > |e"(k)H'QHe(k)+ > " (WH'QHe() - D> e'(HH'QHe(l)
j=—T+2 I=k+j I=k+j-1
k—T1
= (. -m)e' (k)H'QHe(k) - > e’ (i)H'QHe(i).
i=k+1-1,
(3.19)
Since 7; < 7(k) < 1», we have
k-1 k-1
>, e"()H"QHe(i)- >, e'())H QHe(i) <0, (3.20)
i=k+1-7 i=k+1-7(k)
k-1 k-1
> e"()H'QHe(i)- >, e'(i)H'QHe(i) <0. (3.21)

i=k+1-7(k+1) i=k+1-1»
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Combining (3.18)—(3.21), we have

E{AVy(k) + AV3(k)} < (1o — 11 + 1)el (k) HTQHe(k) - €T (k — 7(k))HTQHe(k — T(k)).
(3.22)

Combining (3.17) and (3.22) yields
E{AV(k)}

< 3 S h(ORNI; 00N [ (A + AA0) el + Byype (Cre(h)) + (Aug + Ay ()

o
x He(k - T(k))]TT?[(Zij + AZi(k)>e(k) + B (Eie(k))
+ (Auij + AAgyi(k) ) He(k - (k)]
+ [(E + AE,-(k))e(k) + (E,ﬁ + Afdi(k)>He(k - T(k))]Tﬁ
x [(E + AE(k))e(k) + (Edi + AEdi(k)>He(k - T(k))]
+e7(k)[(r2 = 71 + 1)) HTQH = Pe(k) - 29 (Cie (k) )
x [¢s(Cie(k)) - KCie (k)|

~ & (k— (k) H'QHe(k - 7(K))}

r o r

= hi(0(k)h; (k)" (k)T¢(k),
e

i=1 j=

(3.23)
where
') = [e"(k) e (k-7(k) ¢! (Cie(k))], (3.24)
and T is given in (3.11). Thus, it follows from (3.13) and (3.23) that
E(V(k+1)} - E[V(K)) <—sz{|e(k)|2}. (3.25)

Hence, by summing up both sides of (3.25) from 0 to N for any integer N > 1, we have

E{V(N +1)} - E{V(0)) <—sz{§:|e(k)|2}, (3.26)

k=0
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which yields
N
E{Z|e<k>|2} < %[E{V(on ~E{V(N+1)}] < iE{vm)} < cE{[x(0)F }, (327)
k=0

where ¢ = (1/a) Amax(P). Taking N — oo, it is shown from (2.17) and (3.27) that the filtering
error system (2.14) is robustly stochastic stable for v(k) = 0.
Next, we will show that the filtering error system (2.14)-(2.15) satisfies

120 ez < yllo ()l (3.28)

for all nonzero v(k) € Lep ([0 o0), RP). To this end, define
S 2 2
J(N) = E{Z [200F <yl } (329)
k=1
with any integer N > 0. Then for any nonzero v(k), we have

J(N) =E{ Y Z(k) - y2|v<k>|2}

[E6F -y RoP + AV<k>]} ~E{V(N +1)
(3.30)
= E{

AN
m
Mz M= IM=

200 P = ylo()P + AV (k)| }

=~
I
—_

N r r R
= E{ZZZhiw(k))h,-(e(k))? (K)T;i¢(k) }

k=1i=1 j=1
where

(k) = [eT<k> e’ (k- 7(k)) o (k) ¢s(€ie(k>)T],

T Tip Tiz Tg
* Ty Iz Ty
* ok 1Aﬂ33 1A"34
* % % f44
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Tii=S+ <A1, + AA,; (k)> <A17 + AA; (k))
(E+AE(k)) P(E;+ AE:i(k)) + (Li - L) (Li - Ly),
T = (Zij + AZi(k)> <Adl] + AAy; (k))H + (E + AE; (k)) (Edl + AEd,(k)>
Ty = (A + A4 (k)) P(Byj + AB;(k)) + (Ei + AE(k))Tﬁ(Ei +AG(K)),
Fu=C K"+ (A + AZ(k)) PBy;,
T = HT[ Q+ (Auj+ AAdl](k)> P(Auj + AAyii(K))

<Ed, + AEdl(k)> (Edl + AEdZ(k))]
Tos = H' (Auj + AAkj(Kk) )P(Byj + ABy(k) ) + HT (Eai + AEas(k) ) P(Gi + AGi(K) ),
R _ _ T—
To = H' (Ags + AAu(K)) PByj,
T3 = —Y21 + <§ij + AEij(k)>Tﬁ<§ij + AEi]'(k)> * <6i * Aéi(k)>Tﬁ<Ei * Aéi(k))’
s = (By + AB,(0)) PBy,

f‘44 =-21 +§;]ﬁf]
(3.31)

It can be shown that if there exist real matrices X > 0, Y > 0, Q > 0, any matrices Afj, Br;,
scalars €1; > 0, &; > 0 and €3 > 0 for i,j = 1,2,...,r satisfying LMI (3.1). Since v(k) €
Ler([0 o0), RP) #0 and by Lemma 2.2, it is implied that fi;' < 0, and, thus, J(N) < 0. That is,
[1Z(k)|le2 < yllv(k)||e2- This completes the proof. O

Remark 3.2. When 71 and 7, are given, matrix inequality (3.1) is linear matrix inequalities
in matrix variables X > 0, Y > 0, Q > 0, Afj, Brj, scalars £; > 0, &2 > 0 and &3; > 0 for
i,j = 1,2,...,r, which can be efficiently solved by the developed interior point algorithm
[33]. Meanwhile, it is esay to find the minimal attenuation level y.

Remark 3.3. Theorem 3.1 is suggested to the H, filter design for uncertain discrete-time fuzzy
stochastic systems with sensor nonlinearities and time-varying delay. This approach is called
fuzzy-rule-dependent approach, which is applicable to the case that the information of the
premise variable 6;(k) (i = 1,2,...,r) is available; for example, see [24]. For the special case
that the premise variables are unavailable, the fuzzy-rule-independent approach as in [24, 29]
is adopted, which may result in lager conservativeness due to lack of the information of the
premise variables.
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In the following, we will present the fuzzy-rule-dependent Hy, filter design for uncer-
tain discrete-time fuzzy stochastic system with time-varying delay, which are less conserva-
tive than Theorem 3.1.

Theorem 3.4. Consider the uncertain discrete-time fuzzy stochastic systems in (2.1). A filter of form
(2.13) and constants T and T, the filtering error system (2.14)-(2.15) is robustly stochastic stable
with performance vy, if there exist real matrices X > 0,Y > 0, Q > 0, any matrices Ar;, Bri, scalars
€1i>0,6;>0and e3; >0fori,j=1,2,...,r,1<j,such that the following LMIs are satisfied:

i <0, i=1,2,...,r, (3.32)
Z,‘]’+Z]‘i<0, i,j=1,2,...,1", i<j, (333)
where
[>7 0 0 O Cl.TKT Al.TX 217 EITX EiTY 0 0 0 7
* 2n 0 0 0 0 AITEj 0 0 0 0 0
* x 35 0 0 ALX Xy ELX ELY 0 0 0
*x % % Xy 0 B/X 3y G'X GY 0 0 0
* % ox % =2 0 —B}T:]. 0 0 0 0 0
Zij = * * * * * -X 0 0 0 XMli XM31' XM6i ’ (334)
X ox x % * * -Y 0 0 YMy 2m1 Zmp
x ok k% * * * -X 0 XMy XMy XMy
* ok k% * * * * =Y YM, YMy YMy;
* * * * * * * * * —&1il 0 0
* % % % * * * * * * —&xl 0
[ * * * * * * * * * * * —&3il |

where 211, 202, 233, Zaa, 217, 237, Zay, X711, and Xy are defined in Theorem 3.1. Moreover, if the
previous conditions are satisfied, an acceptable state-space realization of the Hy, filter is given by LMI
(3.3).

Proof. Considering (2.2) and (3.1), it follows from (3.30) that

N r r N

J(N) < E{Zzzhi(e(k))hj(G(k))g(k)fijg(k)}
k=1i=1 j=1

] (3.35)

N r ror N
= E{Z‘?(k) I:Zh?(e(k))fii + D23 hi(0(k))h;(0(k)) <fij + f,‘i)] §(k)}-

k=1 i=1 i=1 i<j

Our elaborate estimation J(IN) is negative definite if and only if f,-i < 0and fii + fﬁ < 0. By
Lemmas 2.2 and 2.3, we can obtain that (3.32) is equivalent to T <0,and (3.33) is equivalent
to fij + fﬁ < 0. Thus, we can conclude that the LMIs (3.32) and (3.33) can guarantee J(IN) < 0.
That is, ||Z(k)||e2 < y||v(k)||e2- This completes the proof. O
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Theorem 3.5. Consider the uncertain discrete-time fuzzy stochastic systems in (2.1). A filter of form
(2.13) and constants T and T, the filtering error system (2.14)-(2.15) is robustly stochastic stable
with performance y, if there exist real matrices X > 0,Y > 0, Q > 0, any matrices Ar;, Br;, scalars
€1 >0, 6 >0and es; >0fori,j=1,2,...,r, i< j,such that the following LMIs are satisfied:

2 < Qii/ i=1,2,...,1, (336)

B+ % <Qy+Q, 1,j=1,2,...,1,i<], (3.37)
Q Qp --+ Ly
* Ly -or L

o= 7 7| < (3.38)
* E3 er

where %ij, 311, X0, X33, 244, 217, 237, Za7, 711, and Xgyp are defined in Theorems 3.4 and 3.1, respec-
tively. Moreover, if the previous conditions are satisfied, an acceptable state-space realization of the H,
filter is given by LMI (3.3).

Proof. This theorem can be proved by employing the same techniques as in the proof of
Theorem 3.4; hence, the detailed procedure is omitted here. O

Remark 3.6. It is noted that the convexifying procedure proposed in this paper is based on
the relaxation inequality (3.36), and extensions of the current derivations based on the more
powerful relaxation techniques presented in [8, 24, 30] are straightforward. In this way, the
design conservatism can be further reduced but the computation complexity will also
increase. By considering the information on the premises [8, 24, 30], Theorems 3.4 and 3.5
relaxed the conservatism of the previous works [29] by representing the interactions among
the fuzzy subsystems in a matrix and solving it in a numerical manner.

For comparison, if there is no time-varying delay exit in (2.1), we consider the fol-
lowing discrete-time stochastic systems [29]:

x(k +1) = (A + AA;(k))x(k) + (B; + AB;(k))v(k)

+[(Ei + AE;i(k))x(k) + (G; + AG;(k))v(k)]w(k),
(3.:39)
y(k) = ¢(Ci(k))x(k) + (D; + AD;i(k))v(k),

z(k) = Lix(k), i=1,2,...,r.

Remark 3.7. This class of uncertain discrete-time fuzzy stochastic systems with sensor non-
linearities has been considered in [29]; a new different Lyapunov functional is then employed
to deal with systems with sensor nonlinearities. Then from Theorems 3.1, 3.4, and 3.5, we can
get the following corollaries, which are less conservative than Theorem 3.1 in [29].

Corollary 3.8. Consider the uncertain discrete-time fuzzy stochastic systems in (3.39). A filter of
form (2.13) and constants T and T, the filtering error system is robustly stochastic stable with
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performance vy, if there exist real matrices X > 0, Y > 0, any matrices Ar;j, Brj, scalars €1; > 0 and
€3 >0fori, j=1,2,...,r such that the following LMI is satisfied:

[11,; 0 0 C?KT AITX TTy6 EITX EITY 0 0
* Ilpn O 0 0 AITD j 0 0 0 0
* o« o« 2 0 =By 0 0 0 0

m=| * * * * -X 0 0 0 XMy XMg; <0, (3.40)

* * * * * =Y 0 0 YMli H610
* * * * * * -X 0 XMy XMy
* * * * * * * -Y YM, YMy
* * * * * * * x  —gql 0

K * * * * * * * * —e3il |

where

I =-X+ 61,’N{1-N1,', Iy, =-Y + (Ll - L]>T(Ll - L]), H33 = —YZI + 531'N_0],;'N3ir

The = A]Y — A, ~C/K{Bp;, Tl =B[Y-D/Bp, Il =YMs —BrjMs;.
(341)

Moreover, if the previous condition is satisfied, an acceptable state-space realization of the H, filter is
given by LMI (3.3).

Corollary 3.9. Consider the uncertain discrete-time fuzzy stochastic systems in (3.39). Give a filter of

form (2.13) and constants T and T, the filtering error system is robustly stochastic stable with
performance vy, if there exist real matrices X > 0, Y > 0, any matrices Ar;j, Brj, scalars €1; > 0 and
€ >0fori,j=1,2,...,r such that the following LMIs are satisfied:

H11<0/ i=1,2,...,T,

Hij+Hji<Ol i,j=1,2,---,r, i<j’

T, 0 0 C/K" ATX ILs EIX ETy 0 0

x IIp 0 0 0 A 0 0 0 0

* % Iy 0 B/'X I GX G'Y 0 0

*# o+ x 21 0 -B[, 0 0 0 0 (3.42)

-X 0 0 0 XMy XMg;
-Y 0 0 YMy Tlgp

* * * *
* * * * *

* * * * * * -X 0 XMy XMy
* * * * * * * =Y YM, YMy;
* * * * * * * * —&1il 0

* * * * * * * * * —&3;i1

where Iy, Iy, Is3, Iig, Ize, g0 are defined in Corollary 3.8. Moreover, if the previous conditions
are satisfied, an acceptable state-space realization of the H, filter is given by LMI (3.3).
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Corollary 3.10. Consider the uncertain discrete-time fuzzy stochastic systems in (3.39). A filter of
form (2.13) and constants T\ and T, the filtering error system is robustly stochastic stable with per-
formance y, if there exist real matrices X > 0,Y > 0, any matrices Arj, Br;j, scalars e1; > 0 and £3; > 0
fori,j=1,2,...,r such that the following LMIs are satisfied:

Hii<Qii/ i=1,2,...,r,

Hij+Hji<Qij+Q;I-;, i,j=1,2,...,7", i<j,

Qi1 Q-+ Qyp (3.43)
* 0 L ooe Ly

Qiji=1| . . .| <0,
* * er

where I1y1, Iy, Is3, Iie, Ize, Le1o are defined in Corollary 3.8. Moreover, if the previous conditions
are satisfied, an acceptable state-space realization of the H, filter is given by LMI (3.3).

In the sequel, special results for the case of linear sensor, that is, $(Cx(k)) = Cx(k),
may be obtained from Theorems 3.1, 3.4, and 3.5.

Corollary 3.11. Consider the uncertain discrete-time fuzzy stochastic systems in (2.1) with
¢(Cx(k)) = Cx(k). A filter of form (2.13) and constants T, and T, the filtering error system is
robustly stochastic stable with performance vy, if there exist real matrices X > 0,Y > 0, Q > 0, any
matrices Afj, Brj, scalars €1; > 0, £2; > 0 and e3; > 0 fori,j = 1,2,...,r such that the following LMI
is satisfied:

(%3 0 0 0 A'X 3, EIX Efy 0 0 0
* 200 0 0 0 Ag 0 0 0 0 0
* * 233 0 A;X 237 E;X E;Y 0 0 0
* % *x Iy BIX 3y G'X GIY 0 0 0
x * *x x -X 0 0 0 XMy XMjz XM
ook ox o ox * =Y 0 0 YMiy Zm1 Zmo <0, (3.44)
* * * * * * -X 0 XM, XMy XMy
* * * * * * * —Y Yle' YM41' YM7i
* % ok ok * * * *  —gyil 0 0
* * * * * * * * * —&ril 0
|+ x % * * * * * * —€3;1 |
where
Sy = ATY - AL, - C[BL,. (3.45)

Moreover, if the previous condition is satisfied, an acceptable state-space realization of the H, filter is
given by LMI (3.3).
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Corollary 3.12. Consider the uncertain discrete-time fuzzy stochastic systems in (2.1) with
¢(Cx(k)) = Cx(k). A filter of form (2.13) and constants T and T, the filtering error system is
robustly stochastic stable with performance y, if there exist real matrices X > 0,Y > 0, Q > 0, any
matrices Ari, Bri, scalars €1; > 0, €5 > 0and e3; > 0 fori, j =1,2,...,r, i < j, such that the following
LMIs are satisfied:

_ (3.46)
Sj+%i<0, ij=12..ri<j,
where

=y 0 0 0 AI'X Xy E'X ElY 0 0 0 ]

¥ Z» 0 0 0 AIT:]. 0 0 0 0 0

* * 233 0 A£1X 237 E;X E;Y 0 0 0

* *x x Iy BIX 3y G'X GI'y 0 0 0

Eij — -X 0 0 0 XMli XMgi XM@,' (347)

-Y 0 0 YMy Zm Zmo |
X 0 XMy XMy XMy

* X ¥ X ¥ ¥ ¥
* X ¥ X ¥ ¥ ¥

*

* *

* * * -Y YMzi YM41' YM7i
* * * * —eyl 0 0

* * * * * —&5il 0

* * * * * * —£3;1 |

where 311,300, Sa3, Sas, a7, Zu7, S11, So1n, and q7 are defined in Theorem 3.1 and Corollary 3.11,
respectively. Moreover, if the previous conditions are satisfied, an acceptable state-space realization of
the H, filter is given by LMI (3.3).

Corollary 3.13. Consider the uncertain discrete-time fuzzy stochastic systems in (2.9) with
¢(Cx(k)) = Cx(k). A filter of form (2.13) and constants T, and T, the filtering error system is
robustly stochastic stable with performance y, if there exist real matrices X > 0,Y > 0, Q > 0, any
matrices Ari, Bri, scalars €1; > 0, &5 > Oand €3, > 0 fori,j =1,2,...,r, i < j, such that the following
LMIs are satisfied:

Q= ,' <0,

(3.48)
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Table 1: Minimum index y for different methods.

Methods Theorem3.1 [29] Corollary 3.8 Corollary 3.9 Corollary 3.10
Ymin 0.2931 0.2030 0.1869 0.1376

where E]-,ZH,ZZQ,Z33,Z44,Z37, Su7, 511, 10, and Zq7 are defined in Corollary 3.12, Theorem 3.1,
and Corollary 3.11, respectively. Moreover, if the previous conditions are satisfied, an acceptable state-
space realization of the H, filter is given by LMI (3.3).

Remark 3.14. In the previous results, there still exists conservativeness; for these, we can also
use the delay-dependent stability results of discrete-time systems in [13-16] to derive the less
conservative theorems and corollaries for filtering problem of uncertain discrete-time fuzzy
stochastic systems with sensor nonlinearities and time-varying delay.

4. Numerical Example

In this section, two simulation examples are given to illustrate the effectiveness and benefits
of the proposed approach.

Example 4.1. Consider the system (3.39) with parameters as follows:

A = [—0.2 0.1 ], B = [0.1], E, = [—0.2 0.3]’ G, = [—0.1]’

01 -03 0.2 01 03 0.3
-02 03 0.2 0.3 0.2
Ci= [0.1 0.4]' D1 = [0.1]' Li= [0.2 0.4]'
0.1 -04 -0.2 -0.2
Mu = [0.1]' Mo = [—0.5]' M1 = [0.1 ] Mz = [0.3 ]
-0.2 .
M81 = [03 ], N11 = [02 01], N31 = 02, K1 = d1ag{04,06},
(4.1)
-0.1 -0.2 0.2 -02 -0.2 -0.2
AZ_[O.Z 0.3]' Bz‘[—o.z]' Ez‘[o.s 0.1]' Gz‘[o.z]'
-0.1 -0.2 0.4 -0.1 0.3
G = lo.3 0.3]’ D= [0.3]’ L= |o.2 0.3]'
-0.2 0.3 03 0.1
Mz = [0.2 ] Mz = [0.1]’ Me2 = [0.1]’ My2 = [0.3]’
0.1 .
Mg, = [—o 2], Nip=[02 03], Nzp=02  K,=diag{0.1,0.8}.

This system has been considered in [29]. For comparison with the Theorem 3.1 in [29], the
computation results of ymin under Corollaries 3.8, 3.9, and 3.10 are listed in Table 1.

This example conclusively shows that our results are less conservative than Theo-
rem 3.1 in [29].
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Example 4.2. Consider the system (2.1) with parameters as follows:

02 0 0
[ 0. 4] Aa = [—0.1 —0.1]' B = [0.3]’
11 0.1 011 0.1 -0.2
- [ 006] Ear = [ 0 0.06]’ G = [0.1 ]
-0.1 0.05 c. - [F011 0.05 D, [01
02 0.05)’ 47106 03] 7o)
-0.03 -0.03 -0.03 -0.03
Mu = |0.02 ] Ma = [—0.02]’ Mz = [—0.02]’ Ma = [—0.02]'
-0.03 0.06 0.01 0.08
Ms: = [—0.02]' o= [0.02]' e [0.05]' M1 = [—0.03]'

Ny = [0.02 0.02], Ny =[0.02 002], N3 =001,

L1 = [01 01], F11 =0.2 sin(t), F21 =0.3 sin(t), F31 =0.3 sin(t),

0.12 0.1
(4.2)
-02 -0.3 01 -0.1 0
A2 = [0.5 0.4]' Aaz = [0.1 0.2]’ B = [—0.3]'
-0.12 -0.11 0.12 -0.11 -0.1
E2= [0.11 0.04]' Ear = [0.11 0.04]' G2 = [0.1]

-02 -0.1 -0.2 -0.1 0.1
C2= [0.5 0.2]’ Car = [0.5 0.2]' Dz = [0.2]'

0.07 0.02 -0.03 -0.03
Mz = |0.01]’ Mz = [0.12]' Mz = [—0.02]' M = [—0.02]'

-0.03 0.08 0.04 0.03
Ms: = [—0.02]' 627 [0.07]' e [0.07]' M2 = [—0.07]'

Nip = [0.01 0.02],  Nyp=[0.01 001], Nz =001,

L, = [8% 06119] , Fi, = 0.2sin(t), Fy =0.3sin(t), F3, = 0.3sin(t)

and v(t) = 10e™", the membership functions are hy (0) = (1-sin(x2))/2, h2(6) = (1-sin(x1))/2,
and the nonlinear vector function is ¢(u) = (K + K1)/2 + (Ky — Ky)/2sin(u), K; =
diag{0.1, 0.3}, K, = diag{0.2, 0.4}.

Note that different 71 and 7, yield different ymin, and assume 7(k) satisfies 1 < 7(k) < 5.
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t(s)

— X
-= X

Figure 1: The state response x (k).

By Theorem 3.1, the minimum achievable noise attenuation level is given by ymin =
0.3474 and we can obtain the corresponding filter parameters as follows:

—-0.3876 —0.6504]

o 1.4538  0.8653
1= 104967 0.8339 ’

By = [—4.9933 ~1.7834

(4.3)
A _ |F0-3600 ~0.6051 B.. | 1:2017 0.7808
27104593 0.7720 | 27 |-4.6656 —1.6742|

By Theorem 3.4, the minimum achievable noise attenuation level is given by ymin =
0.3419 and we can obtain the corresponding filter parameters as follows:

0.5059 0.4421 ] [—0.3795 0.2226 ]
, Bf = p

An= [—0.7283 -0.6452 ~2.1600 —0.9045

(4.4)
A, _ [0:5060 —0.4420 B.._ | 16933 10131
2= 10.7288  0.6429 |’ f2= 1231230 -1.1367|"

By Theorem 3.5, the minimum achievable noise attenuation level is given by ymin =
0.2563 and we can obtain the corresponding filter parameters as follows:

—-0.0002 —0.0011] [—0.1708 0.3000]
, Bp = ,

An= [0.0016 -0.0066 ~2.8286 —1.0410

(4.5)
A [F0:4489 ~0.3942 .. | 32336 16093
27106516 05707 |’ f2= 1252772 -1.9714|
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Figure 2: The estimation of filter X(k).
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Figure 3: The error response X (k).

The relaxation technique is adopted in this paper, so Theorems 3.4 and 3.5 relaxed the
conservatism more than Theorem 3.1. There has been a decrease in the minimum achievable
noise attenuation level ymin.

With the initial conditions x(t) and %(t) are [2 — 1.5]" and [2 - 1.5]7, respectively,
for an appropriate initial interval. For given 71 = 1,7, = 5 with ymin = 0.2563, according
to Theorem 3.5, we apply the filter parameters mentioned previously to the system (2.1)
and obtain the simulation results as in Figures 1-3. Figure 1 shows the state response x (k)
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under the initial condition. Figure 2 shows the estimation of filter x (k). Figure 3 shows error
response X(k). From these simulation results, we can see that the designed H,, filter can
stabilize the system (2.1) with sensor nonlinearities and time-varying delay.

5. Conclusions

In this paper the robust filtering problem for a class of uncertain discrete-time fuzzy stochastic
systems with sensor nonlinearities and time-varying delay has been developed. A new type
of Lyapunov-Krasovskii functional has been constructed to derive some sufficient conditions
for the filters in terms of LMIs, which guarantees a prescribed H,, performance index for the
filtering error system. A numerical example has shown the usefulness and effectiveness of
the proposed filter design method.
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