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Let H be a real Hilbert space. Consider on H a nonexpansive semigroup S = {T(s) : 0 < s < oo}
with a common fixed point, a contraction f with the coefficient 0 < a < 1, and a strongly positive
linear bounded self-adjoint operator A with the coefficient ¥ > 0. Let 0 < y < y/a. It is proved
that the sequence {x,} generated by the iterative method xo € H, xy+1 = a, Y f (xp) + Buxn + ((1 -
)] — a,A)(1/5y) fg" T(s)xnds, n > 0 converges strongly to a common fixed point x* € F(S),
where F(S) denotes the common fixed point of the nonexpansive semigroup. The point x* solves
the variational inequality ((yf — A)x*,x —x*) <0 forall x € F(S).

1. Introduction and Preliminaries

Let H be a real Hilbert space and T be a nonlinear mapping with the domain D(T). A point
x € D(T) is a fixed point of T provided Tx = x. Denote by F(T) the set of fixed points of T;
thatis, F(T) = {x € D(T) : Tx = x}. Recall that T is said to be nonexpansive if

ITx-Ty| < ||lx-y|, VYx,yeD(A). (1.1)

Recall that a family S = {T(s) | s > 0} of mappings from H into itself is called a
one-parameter nonexpansive semigroup if it satisfies the following conditions:

(i
(ii

(iii

(0)x = x, for all x € H;
(s+t)x =T(s)T(t)x, for all s,t >0 and for all x € H;
IT(s)x =T(s)y|l < |lx —yl|, for all s >0and for all x,y € H;

) T
) T
)
)

(iv) for all x € C, s — T(s)x is continuous.
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We denote by F(S) the set of common fixed points of S, thatis, F(S) = Ny<seeo F(T(5)).
It is known that F(S) is closed and convex; see [1]. Let C be a nonempty closed and convex
subset of H. One classical way to study nonexpansive mappings is to use contractions to
approximate a nonexpansive mapping; see [2, 3]. More precisely, take t € (0, 1) and define a
contraction T; : C — C by

Tix=tu+(1-t)Tx, x€C, (1.2)

where u € C is a fixed point. Banach’s contraction mapping principle guarantees that T; has
a unique fixed point x; in C. If T enjoys a nonempty fixed point set, Browder [2] proved the
following well-known strong convergence theorem.

Theorem B. Let C be a bounded closed convex subset of a Hilbert space H and let T be a nonexpansive
mapping on C. Fix u € C and define zy € C as z; = tu+ (1 - )Tz for t € (0,1). Thenast — 0,
{z¢} converges strongly to a element of F(T') nearest to u.

As motivated by Theorem B, Halpern [4] considered the following explicit iteration:

x0 € C, Xps1=ayu+ (1—a,)Tx,, n>0, (1.3)

and proved the following theorem.

Theorem H. Let C be a bounded closed convex subset of a Hilbert space H and let T be a non-
expansive mapping on C. Define a real sequence {a,} in [0,1] by a, = n™%, 0 < 0 < 1. Define a
sequence {x,} by (1.3). Then {x,} converges strongly to the element of F(T) nearest to u.

In 1977, Lions [5] improved the result of Halpern [4], still in Hilbert spaces, by proving
the strong convergence of {x,} to a fixed point of T where the real sequence {a,} satisfies the
following conditions:

(Cl) lim, , ety = 0;
(C2) 302 an = o0;

(C3) limy, oo (i1 — an) /a2 =

0.

It was observed that both Halpern’s and Lions’s conditions on the real sequence {a,}
excluded the canonical choice a, = 1/(n + 1). This was overcome in 1992 by Wittmann [6],
who proved, still in Hilbert spaces, the strong convergence of {x,} to a fixed point of T if {a,}
satisfies the following conditions:

(C1) lim,_ ga, =0;
(C2) X2 an = oo;
(C3) X2y |ans1 — aul < 0.

Recall that amapping f : H — H is an a-contraction if there exists a constanta € (0,1)
such that

If) = fFWl <allx-y|, VYxyeH. (1.4)
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Recall that an operator A is strongly positive on H if there exists a constant y > 0 such
that

(Ax,x) >¥|x|>, VxeH. (1.5)
Y

Iterative methods for nonexpansive mappings have recently been applied to solve
convex minimization problems; see, for example, [7-13] and the references therein. A typical
problem is to minimize a quadratic function over the set of the fixed points of a nonexpansive
mapping T on a real Hilbert space H:

.1
xlel}:l(?)§<Ax,x> - <x/b>/ (16)

where A is a linear bounded operator on H and b is a given point in H. In [11], it is proved
that the sequence {x,} defined by the iterative method below, with the initial guess xo € H
chosen arbitrarily,

Xps1 = (I —ayA)Txy +ayb, n>0, (1.7)

strongly converges to the unique solution of the minimization problem (1.6) provided that
the sequence {a,} satisfies certain conditions.
Recently, Marino and Xu [9] studied the following continuous scheme:

xe=tyf(xy) + (I —tA)Txy, (1.8)

where f is an a-contraction on a real Hilbert space H, A is a bounded linear strongly positive
operator and y > 0 is a constant. They showed that {x;} strongly converges to a fixed
point x of T. Also in [9], they introduced a general explicit iterative scheme by the viscosity
approximation method:

xXn € H, xXpi1=anyf(xn)+ I -a,A)Tx,, n>0 (1.9)

and proved that the sequence {x,} generated by (1.9) converges strongly to a unique solution
of the variational inequality

((A=yf)x*, x=x*)>0, VxeF(T), (1.10)
which is the optimality condition for the minimization problem

1
xrer}:l(rTl)i(Ax, x) = h(x), (1.11)

where h is a potential function for yf (i.e., I'(x) = yf(x) for x € H).
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In this paper, motivated by Li et al. [8], Marino and Xu [9], Plubtieng and Punpaeng
[14], Shioji and Takahashi [15], and Shimizu and Takahashi [16], we consider the mapping T;
defined as follows:

At
Tox =ty f(x) + (I - tA)%t JO T(s)x ds, (1.12)

where y > 0 is a constant, f is an a-contraction, A is a bounded linear strongly positive self-
adjoint operator and {.\;} is a positive real divergent net. If ya <y for each 0 < t < ||A[|"}, one
can see that T; is a (1 — (¥ — ya))-contraction. So, by Banach’s contraction mapping principle,
there exists an unique solution x; of the fixed point equation

At

xp=tyfx) + (I - tA))th fo T(s)x;ds. (1.13)

We show that the sequence {x;} generated by above continuous scheme strongly converges
to a common fixed point x* € F(S), which is the unique point in F(S) solving the variational
inequality ((yf - A)x*,x —x*) <0 for all x € F(S). Furthermore, we also study the following
explicit iterative scheme:

xo € H, X1 = Y f (Xn) + By + (1= Pu)I - chnA)Sl f ' T(s)x,ds, n>0. (1.14)
nJo

We prove that the sequence {x,} generated by (1.14) converges strongly to the same x*.

The results presented in this paper improve and extend the corresponding results
announced by Marino and Xu [9], Plubtieng and Punpaeng [14], Shioji and Takahashi [15],
and Shimizu and Takahashi [16].

In order to prove our main result, we need the following lemmas.

Lemma 1.1 (see [16]). Let D be a nonempty bounded closed convex subset of a Hilbert space H and
let S = {T(t): 0 <t < oo} beanonexpansive semigroup on D. Then, for any 0 < h < oo,

lim sup
t=xeD

% J‘t T(s)xds - T(h)% JZ T(s)xds|| =0. (1.15)

0

Lemma 1.2 (see [17]). Let H be a Hilbert space, C a closed convex subset of H,and T : C — C
a nonexpansive mapping with F(T) #@. Then I — T is demiclosed, that is, if {x,} is a sequence in C
weakly converging to x and if {(I — T)x,} strongly converges to y, then (I - T)x = y.

Lemma 1.3 (see [18]). Let C be a nonempty closed convex subset of a real Hilbert space H and let
Pc be the metric projection from H onto C( i.e., for x € H, Pcx is the only point in C such that
llx = Pex|| = inf{||x - z| : z € C}). Given x € H and z € C. Then z = Pcx if and only if there holds
the relations

(x-z, y-2z)<0, VyeC. (1.16)
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Lemma 1.4. Let H be a Hilbert space, f a a-contraction, and A a strongly positive linear bounded
self-adjoint operator with the coefficient y > 0. Then, for 0 <y <y/a,

(x-y, (A=yf)x=(A=yf)y) > (F-ya)|[x-y|’, xyeH. (1.17)

That is, A -y f is strongly monotone with coefficient y — ay.

Proof. From the definition of strongly positive linear bounded operator, we have

(x-y, A(x-y)) 27|lx -y (1.18)

On the other hand, it is easy to see

(x=y, yfx-yfy) <yalx-y|’ (1.19)
Therefore, we have

(x-y, (A-yf)x=(A-v)y)=(x-y, A(x-y)) - (x-y, yfx-vfy)

_ (1.20)
> (¥ -ya)|x -yl

for all x, y € H. This completes the proof. O
Remark 1.5. Taking y = 1 and A = I, the identity mapping, we have the following inequality:

2
7

(x-y, I=-Hx-I-Hy)>2A-a)||lx-y|", xyeH (1.21)

Furthermore, if f is a nonexpansive mapping in Remark 1.5, we have
-y, U=-f)x=(I-f)y)20, xyeH (122)

Lemma 1.6 (see [9]). Assume A is a strongly positive linear bounded self-adjoint operator on a Hil-
bert space H with coefficient y > 0and 0 < p < A, Then ||I -pA| <1-py.

Lemma 1.7 (see [12]). Let {a,} be a sequence of nonnegative real numbers satisfying the following
condition:

ani1 < (1= yu)an +¥n0n, Yn >0, (1.23)

where {y,} is a sequence in (0,1) and {0,} is a sequence of real numbers such that

(1) limn—>oan =0and ZZO:O Yn = 0,

(ii) either limsup, 0, <001 3720 [y On| < c0.

Then {ay )} converges to zero.
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Lemma 2.1. Let H a real Hilbert space and S = {T(s) : 0 < s < oo} a nonexpansive semigroup on H
such that F(S) #0. Let {A;} o<1 be a continuous net of positive real numbers such that lim; _,gA; = co.
Let f : H — H be an a-contraction, A a strongly positive linear bounded self-adjoint operator of H
into itself with coefficient ¥ > 0. Assume that 0 <y <y /a. Let {x;} be a sequence defined by (1.13).
Then

(i) {x¢} is bounded for all t € (0, || A ™),

(if) limy—o||T(T)xt — x¢|| = 0 for all 0 < T < oo;

(iii) x; defines a continuous curve from (0, | A||™!) into H.
Proof. (i) Taking p € F(S), we have

At
%=l <

ty f(xe) + (1 - tA))th fo

T(s)x;ds —pH
1t
<ty - apll+ (1= )5 [ T - plds @1

<tlyf(x) - Apl| + (1 - £y) [|x - p|
<ty f(x) = F(P)Il +tllyf (p) = Apl| + (1= £7) [|lx: = p|
<[ty —ya)]||x: —pll +t|yf(p) - Apl|-

It follows that

1
Y —ay

[l —pll < lyf(p) - Apl|- (2.2)

This implies that {x} is not only bounded, but also that {x;} is contained in B(p,1/(y —
ya)llyf(p) — Apll) of center p and radius 1/(y — ya)llyf(p) — Ap|l, for all fixed p € F(S).
Moreover for p € F(S) and t € (0, || A||™),

1 (" 1 ("
— J‘ T(s)xids—p| =~ | (T(s)x:—T(s)p)ds
A 0 At 0

< [l =pl 23)

1
=yl ) = Apll

<

(ii) Observe that

IT(T)x: — x| <

At
T(t)x; —T(T) <)th J‘o T(s)xtds>

At At
T(T) <)th fo T(s)xtds> - )th fo T(s)x;ds

+
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+

<2

=2t

7
At
)th J‘o T(s)x;ds — x;
At
xp— %tfo T(s)x;ds
At At
T(T) <)th J‘o T(s)xtds> - %t fo T(s)x:ds
At
yf(xe) - A%t fo T(s)x;ds
1 (" 1t
T(T)<)L_t jo T(s)xtds> W fo T(s)xids]||.
(2.4)

Taking B(p,1/(y — ya)|lyf(p) — Apl|) as D in Lemma 1.1 and passing to lim;_,¢ in (2.4), we

can obtain (ii) immediately.

(iii) Taking t1,t, € (0, |lAI™) and fixing p € F(S), we see that

||xt1 - xtz”
Ay
< (tl - tZ)Yf(xtl) + th(f(xtl) - f(xtz)) - (tl - tZ)A% JO T(S)thds
Aty Aty
+(I—t2A)<%J‘O T(s)xyds % fo T(s)xtzds> ‘

< |t = taly|| f (xi) || + t2yallxe, — xp, || + |11 — t2|||A||‘

+ (1 - tz?)

1 (M
<t = taly[| f (e || + oyl — x|l + |2 — tzIIIAIIHE L T(s)xy,ds
1

- (1-87) <nxh ol +

Thus applying (2.3), we arrive at

”xtl - Xt ||

l .A.t.l 1 )lt.]
— T ds - — T ds -
[ TEmas - - [ s

1 MT d
A—ﬁL (s)xy ds

(2.5)

)Ltz
n J‘t T(s)xy,ds

1

1

At

1
At

2

T(s)x,ds| + —

I, T(s)xy,ds

f ;
A

ol

4[ 5
0

)

1

1
< |t =ty || f ) || + tayallxe, = xu|l + [t~ t2|||A||<m||Yf(P) - Ap|| + ||P||>

_ 2
+(1-67) (nxh =l + e - m(
2

1
@) - apl + 1) )
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<t =l (Yl + 141 (== I ) = vl + el ))
(1= 0= y0) =l + b =l (== £ ) - Al + el ).
(2.6)
It follows that
lct, = xg, || £ Mty = to| + M|k, = Ay, (2.7)
where
wy = LA ZyollF )l + ANl (v) —ZAP” + (T —ra)lAllel 2.8)
(7 - ya)
and
w, = 2y S @) = Apl+ G-y llpl) 2.9)

Ao (7 - ya)®

This inequality, together with the continuity of the net {1}, gives the continuity of the curve
{ Xt } . [

Theorem 2.2. Let H be a real Hilbert space H and S = {T(s) : 0 < s < oo} a nonexpansive
semigroup such that F(S) # 0. Let {\;} <1 be a net of positive real numbers such that lim;_, o\ = oo.
Let f be an a-contraction and let A be a strongly positive linear bounded self-adjoint operator on H
with the coefficient y > 0. Assume that 0 < y <y /a. Then sequence {x;} defined by (1.13) strongly
converges ast — 0 to x* € F(S), which solves the following variational inequality:

((yf-A)x*, p—x*) <0, VpeF(S). (2.10)
Equivalently, one has
Pp(s)(I—A+yf)x* =x". (2.11)

Proof. The uniqueness of the solution of the variational inequality (2.10) is a consequence of
the strong monotonicity of A —yf (Lemma 1.4) and it was proved in [9]. Next, we will use
x* € F(S) to denote the unique solution of (2.10). To prove that x; — x* (t — 0), we write,
fora givenp € F(S),

0

A
xi—p =t(yf(x) - Ap) + (I - tA) <%t f T(s)x;ds — p>. (2.12)
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Using x; — p to make inner product, we obtain that

At
- p|? = <(I - tA)<)th J‘o T(s)xds —p>, Xt —p> +Hyf(x) — Ap, x;—p)

(2.13)
< (=) x = plI* + yf(x) - Ap, x —p).

It follows that

1

lx-pl* < =(r{f(x) = F(p) % =p) + (yf(p) = Ap, 3~ p))
ya . (2.14)
2
< = lxe-pll” + = f(p) - Ap, x-p),

Y Y

which yields that
» 1
(B ]| == aY(Yf(P) — Ap,xi—p). (2.15)

Since H is a Hilbert space and {x;} is bounded ast — 0, we have that if {t,} is a sequence in
(0,1) such thatt, — 0and x;, — x. By (2.15), we see x;, — X. Moreover, by (ii) of Lemma 2.1
we have X € F(S). We next prove that X solves the variational inequality (2.10). From (1.13),
we arrive at

At
(A-yf)xi = —%(I —tA) [xt - )th fo T(s)xtds]. (2.16)

For p € F(S), it follows from (1.22) that

1 1 (M
((A=yf)xexi-p) = -7 ( U-tA) xt—xf T(s)xids |, x - p
tJo

At
- —%<H [(1=T(s)x: ~ (I - T(s))p]ds, xi —p>

0

At
+ <Al (I =T(s))xids, x;— p>
At Jo

At
= [ (@ -T6)x~ A -Tis)p, 3 -p)ds
tJo

At
+ <A)Ll (I =T(s))xids, x;— p>
0

t

A
< <A% (I-T(s))x:ds, xt—p>
0

t
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1 ("

= <A<tyf(xt) - tA)L—t —[0 T(s)xtds>,xt - p>
1 ("

= t<A<yf(xt) - AI IO T(s)xtds>,xt - p>.

(2.17)

Passing to lim;_,¢, since {x;} is a bounded sequence, we obtain
((A-yf)x, x-p) <0, (2.18)

that is, x satisfies the variational inequality (2.10). By the uniqueness it follows x = x*. In
a summary, we have shown that each cluster point of {x;} (as t — 0) equals x*. Therefore,
x; — x*ast — 0. The variational inequality (2.10) can be rewritten as

([I-A+yf)x*] -x*, x* —p), peF(S). (2.19)
This, by Lemma 1.3, is equivalent to
Pp(s) (I -A+ yf)x* = x*. (2.20)

This completes the proof. O

Remark 2.3. Theorem 2.2 which include the corresponding results of Shioji and Takahashi [15]
as a special case is reduced to Theorem 3.1 of Plubtieng and Punpaeng [14] when A = I, the
identity mapping and y = 1.

Theorem 2.4. Let H be a real Hilbert space H and S = {T(s) : 0 < s < oo} a nonexpansive
semigroup such that F(S) #0. Let {s,} be a positive real divergent sequence and let {a,,} and {f,} be
sequences in (0,1) satisfying the following conditions im,, _, s,y = imy ooy = 0 and >0° o ay =
oo. Let f be an a-contraction and let A be a strongly positive linear bounded self-adjoint operator
with the coefficient y > 0. Assume that 0 < y < y/a. Then sequence {x,} defined by (1.14) strongly
converges to x* € F(S), which solves the variational inequality (2.10).

Proof. We divide the proof into three parts.

Step 1. Show the sequence {x,} is bounded.

Noticing that lim,,_, &, = lim,_, -, = 0, we may assume, with no loss of generality,
that a, /(1 - B,) < ||A|™! for all n > 0. From Lemma 1.6, we know that ||(1 - ,)] — a, Al <
(1 - pn — auy). Picking p € F(S), we have

”xn+l —P”
an(yf(xn) = Ap) + Bu(xn = p) + (1= Bu) I - @, A) (i fo T(s)xnds - P) ”
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N
<y o) = Apl| + llx =l + (1= o= )| = [ " Tis10.s -

< any || f(xn) = f(P)|| + anlly f(p) = Ap || + BullXn =PIl + (1= Pu = an¥) | Pl
< [1-an(y —ya)]l|lxa —pll + anllyf (p) - Ap||-

(2.21)
By simple inductions, we see that
(B3 Smax{”xo—p ,W}, (2.22)
which yields that the sequence {x,} is bounded.
Step 2. Show that
limsup((yf - A)x*, y» — x*) <0, (2.23)

n—oo

where x* is obtained in Theorem 2.2 and y,, = (1/s,) g” T(s)x,ds.

Putting zo = Pr(s)xo, from (2.22) we see that the closed ball M of center z; and radius
max{||zo —pll, l|Azo =y f (z0)||/ (¥ — ya) } is T (s)-invariant for each s € [0, o0) and contain {x,}.
Therefore, we assume, without loss of generality, S = {T(s) : 0 < s < oo} is a nonexpansive
semigroup on M. It follows from Lemma 1.1 that

Tim [lyn = T(h)ya| = 0 (2.24)

for all 0 < h < co. Taking a suitable subsequence {y,,} of {y,}, we see that

limsup((yf = A)x", yn = x") = lim ((yf = A)x", yn, - x7). (2.25)

n—oo

Since the sequence {y,} is also bounded, we may assume that y, — X. From the
demiclosedness principle, we have x € F(S). Therefore, we have

limsup((yf - A)x*, vy, —x*) = ((yf - A)x*, x-x*) <0. (2.26)

n— o0
On the other hand, we have

1201 = ynll < anllyf (en) = Axcal + Bl =y (2.27)
From the assumption lim,, _, ., = lim,,_, .3, = 0, we see that

,}i_rﬂo”x"” - ]/n” =0, (228)
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which combines with (2.26) gives that

limsup((yf — A)x*, xu;1 — x*) <0. (2.29)

n—oo

Step 3. Show x, — x*asn — oo.
Note that

2 = x*|
= (an(yf (xn) = Ax") + Pu(xn = x7) + (1= Bu) ] = anA) (Y = x*), Xni1 —X7)
= an(yf(xn) = AX", Xpi1 = X*) + Pu(2xn = X*, Xpa1 — x¥)
+ (1= pu)I = anA) (Yn = x*), Xp1 —x7)
< (y(f (xn) = f(X7), Xpar = x7) + (yf(x") = AX", X1 —X7))
Bl — 2 Mt — 21+ 111 = Bu) T = au Al [ = [ mr - 2]

< agay|lxy — x*|||| a1 = X + an(y f (x*) = AX*, xpi1 — x¥) (2.30)
+ Bullocn = x*[[l2tna1 = x7[| + (1 = B — ) 12w = X7 |[[| 26041 — X7
= [1-an(y —ya)]llxn — x*[[[|xns1 — x*|| + an(y f (x*) = AX*, 2xpi1 — x*)
1-a,(y —ya
< 2OV (P s = ) (£ 67) — AN, 1 =),
1-a,(y—ya 1
S #”xn - X*”z + E”xnﬂ - -x*”2 + an<Yf(X*) - AX*, Xpi1 — x*>'
It follows that
%1 = x> < [1 = an (¥ = ya) 10 — x*[1* + 220 (y f (x*) = AX", X1 — X*). (2.31)
By using Lemma 1.7, we can obtain the desired conclusion easily. O

Remark 2.5. If y = 1and A = I, the identity mapping, then Theorem 2.4 is reduced to Theorem
3.3 of Plubtieng and Punpaeng [14].
If the sequence {f,} = 0, then Theorem 2.4 is reduced to the following.

Corollary 2.6. Let H be a real Hilbert space H and S = {T(s) : 0 < s < oo} a nonexpansive
semigroup such that F(S) # 0. Let {s, } be a positive real divergent sequence and let {a,, } be a sequence
in (0, 1) satisfying the following conditions limy, _, a0, = 0and >,;>; a, = oo. Let f be a a-contraction
and let A be a strongly positive linear bounded self-adjoint operator with the coefficient y > 0. Assume

that 0 <y <y/a. Let {x,} be a sequence generated by the following manner:

S,

xo € H, Xn+1 = Y f(xn) + (I - zan)sl f ' T(s)x,ds, n>0. (2.32)

0

Then the sequence {x,} defined by above iterative algorithm converges strongly to x* € F(S), which
solves the variational inequality (2.10).

Remark 2.7. Corollary 2.6 includes Theorem 2 of Shioji and Takahashi [15] as a special case.
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Remark 2.8. Theorem 2.2 and Corollary 2.6 improve Theorem 3.2 and Theorem 3.4 of Marino
and Xu [9] from a single nonexpansive mapping to a nonexpansive semigroup, respectively.
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