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By using minimax methods in critical point theory, a new existence theorem of infinitely many

periodic solutions is obtained for a class of second-order p-Laplacian systems with impulsive
effects. Our result generalizes many known works in the literature.

1. Introduction

Consider the following p-Laplacian system with impulsive effects:
%<|u(t)|’”’2u(t)> —L()|u(t)P?u(t) + VE(t,u(t)) =0, ae. teR,
u(0) —u(T) = u(0) —u(T) =0,

p_zu(t;) - |u<t;>|"_2u<t;) =VL(u(t), j=12,...,m,

(1.1)

(It atey) = fu(s)

wherep>1,T>0,0=ty<tj <tp < -+ <ty <typ=T,and VI; : RN — RN (j=1,2,...,m)
are continuous and F : RxRN — Ris T-periodic in t for all u € RY, VF(t, u) is the gradient of
F(t,u) with respect to u. L € C(R,RN*N) is a T-periodic positive definite symmetric matrix.
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Throughout this paper, we always assume the following condition holds.

(A) F(t,x) is measurable in t for all x € RN and continuously differentiable in x for a.e.
t € [0,T], and there exist a € C(R*,R*), b € L'([0, T]; R*) such that

[E(t,x)| <a(lx)b(t),  |VF(t x)| < a(|x])b(t) (1.2)

forallx € RN and a.e. t € [0,T].

For the sake of convenience, in the sequel, we define B = {1,2,...,m}.

When p = 2, VI; = 0, j € B, problem (1.1) becomes the following second-order
Hamiltonian system:

it(t) - L(Hu(t) + VF(t,u(t)) =0, ae. teR. (1.3)

There are many papers concerning the existence of periodic solutions or homoclinic
solutions for problem (1.3) by minimax methods. Here for identifying a few, we only mention
[1-8].

For VI; #0, j € B, problem (1.1) involves impulsive effects. Impulsive differential
equations are suitable for the mathematical simulation of evolutionary processes in which
the parameters undergo relatively long periods of smooth variation followed by a short-term
rapid change (that is jumps) in their values. Since these processes are subject to short-term
perturbations whose duration is negligible in comparison with the duration of the processes,
it is natural to suppose that these perturbations act instantaneously, that is, in the form
of impulse. Processes of this type are often investigated in various fields of science and
technology, for example, many biological phenomena involving thresholds, bursting rhythm
models in medicine and biology, optimal control models in economics, pharmacokinetics and
frequency modulated systems, and so on. For more details of impulsive differential equations,
we refer the readers to the books [9, 10].

There are many methods for finding periodic solutions of impulsive differential
equations, such as the monotone-iterative technique, a numerical-analytical method, the
method of upper and lower solutions, and the method of bilateral approximations. For more
information about periodic solutions of impulsive differential equations, one can refer to
the papers [11-18]. However, there are few papers [19-25] concerning periodic solutions
of impulsive differential equations by variational methods. So it is a novel method to
employ variational methods to investigate the existence of periodic solutions for impulsive
differential equations.

Motivated by the above papers, we study the existence of subharmonic solutions for
problem (1.1) by applying minimax methods in critical point theory. Our result is new, which
seems not to be found in the literature.

Throughout this paper, let g € (1,+o0) satisty 1/p+1/g = 1.

2. Preliminaries

In this section, we recall some basic facts which will be used in the proofs of our main results.
In order to apply the critical point theory, we construct a variational structure. With this
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variational structure, we can reduce the problem of finding solutions of problem (1.1) to that
of seeking the critical points of the corresponding functional.

Let k be a positive integer and W;f the Sobolev space defined by

lef’ = {u :R — RN | u is absolutely continuous, u(t) = u(t + kT), @ € L”([O, kT];]RN>}
(2.1)

with the norm

kT kT /p
||u||=<f |u<t>|”dt+j |u(t>|Pdt> . 22)

0 0
Take v € W,if and multiply the two sides of the equality
d . p—z . p—2
= (la® () - L @) *u(t) + VE(tu(t)) = 0 (2.3)

by v and integrate from 0 to kT; we have

kT

fokT<(|u<t>|”Zu(t))',v(t)>dt=f:T(L<t>|u<t>|f’2u<t>,v<t))dt— (VEGu(h), o).
(2.4)

Moreover, by 1(0) = (T), one has

[ (a2 om)a
- kfOT((m(t)|P-2u<t>)',v<t>)dt
o |
k3. f ((uor2ue) o )ar
88 ) )o ) =) a)o(5) - [ or 2w, 000)
k85 (Jut) () ) )] 0)) - [ (o, eco)a

= k[i(T) [ i(T)o(T) ~ kla(0) " *i(0)0(0) — k X VI;(u(t;))v(t))
j=1
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kT
—f (it P2act), (b)) dt
0
m kT
=~k VI (u(t))o(t) - fo (i P2uce), () ) dt.
j=1
(2.5)

Together with (2.4), we get

k m kT
fT(|u<t>|”u<t>,z><t>)dt+k VIj(”(tf))U(tj)"LI (L@ ?u), () )dt
’ = ’ (2.6)

kT
- f (VE(t,u(t), o(t))dt.
0

Definition 2.1. We say that a function u € W;f is a weak solution of problem (1.1) if the
identity

kT m kT
f () P2uce), o () )dt + k VIj(”(ti))v(tj)Jff (L@ ?u), () )dt
’ = ’ 2.7)

kT
=f (VE(,u(®), v(b)dt
0

holds for any v € W;f .

Define the functional ¢, on Wli]’f by

1 kT . ) b2 kT m
¢k<u>=5f0 [l + (L@ P 2uct), u)) |de - fo F(t,u(t)>dt+kj§llf<u<t;)> )
= ) + gr(u), ueW7,
where
kT kT
petu) = o [ 1@ + (LOWOPu),uo)]dt- [ P uta
PJo 0 (2.9)

() = kgmlfj (u(t)-

It follows from assumption (A) that the functional ¢ is continuously differentiable on

1p
W and

kT
(i (w),0) = fo [ (1P, o) + (LW P2ut), o®) = (VEE (b)), 0()|dt
(2.10)



Journal of Applied Mathematics 5

for u,v € W;f . By the continuity of VIj, j € B, one has that ¢ € (Wl'p R). Hence, ¢i(u) €

kT 7
1, 1,
(WkT’f’, R). Forany v € Wk]f’, we have

kT
(1. (w),0) = fo [ (112, 00) + (LOWOPu®), o)) - (VEEu®), b))t

N kgVIj(u(t,-))v(tj).

(2.11)

By Definition 2.1, the weak solutions of problem (1.1) correspond to the critical points
of the functional ¢.

For u € W7, letu = (1/kT) [ u(t)dt and ii(t) = u(t) - % then it follows from

Proposition 1.1 in [26] that

= < _1/P 1/"7 = .
lullp = ma )] < (RT)™7 + (T)'/7) el = el (212)

where dy = (kT)™/ + (kT)"/9, and if (1/kT) [}" u(t)dt = 0, then

ul. = it < (KT)Yu|,»,
ll2] o terfé%]lu()l_( )l (2.13)

I7ll7, < (KT)Pllell7,, (2.14)

where 1/p+1/g = 1. Let Wif ={ue W;f | u = 0}; then W;f = W;f @ RN. We will use the
following lemma to prove our main results.

Lemma 2.2 (see [27]). Let E be a real Banach space with E = X1 & X, where X1 is finite dimensional.
Suppose that ¢ € C'(E, R) satisfies the (PS) condition, and

(a) there exist constants p, a > 0 such that ¢|op,nx, > &, where B, := {u € E | ||u|| < p}, and
OB, denotes the boundary of B,;

(b) there exists an e € 0By (\ Xz and L > p such that if Q = BLNX)e{re|0<r<L}
then ¢lag < 0.

Then ¢ possesses a critical value ¢ > a which can be characterized as ¢ = infpermax,eqp(h(u)),
whereT = {h € C(Q,E) | h =id on 0Q)}.

It is well known that a deformation lemma can be proved with the weaker
condition (C) replacing the usual (PS) condition. So Lemma 2.2 holds true under condition
(©).
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3. Main Result and Proof
Theorem 3.1. Assume that (A) holds and F, I; satisfy the following conditions:

(I1) there exists c; > 0 such that

0<I(x) < %xv’, j€B, VxRN, 3.1)
(I2) forany j € B,
VIj(x)x <plj(x), VxeRN; (3.2)
(H1) [) F(t,x)dt >0, for all x € RN;
(H2) limyy o (F(t,x)/|x|P) = 0 uniformly for a.e. t € [0, T];
(H3) limy o (F(t, x) / |x|P) = +oo uniformly for a.e. t € [0,T];
(H4) there exists a positive constant M such that lim suplxlém(l-"(t, x)/|x|") < M uniformly

forae te€[0,T];

(H5) there exists My > 0 such that im infjy—, o ((VF(t, x), x)—pF (¢, x)) / |x|" > My uniformly
forae te€[0,T],

where r > p and p > r—p. Then problem (1.1) has a sequence of distinct periodic solutions with period
k;T satisfying kj € Nand k; — oo asj — oo.

Remark 3.2. As far as we know, there is no paper considering subharmonic solutions of
impulsive differential equations. Our result is new.

Proof. The proof is divided into three steps. In the following, C; (i = 1,...) denote different
positive constants.

Step 1. The functional ¢, satisfies condition (C). Let {u,} C W;f satisfying (1 +
lunlD @) (un)l| — Oasn — oo and ¢x(u,) is bounded; then, there exists a constant C; such
that

|pr(un)| <Cr, (1 + [[ual))||§y () || < Ci. (3.3)
From (H4), there exists M, > 0 such that
F(t,x) < M|x|" V|x|> M,, ae.te[0,T]. (3.4)

By assumption (A), for |x| < My, there exists C, = maxx<p,a(|x|) > 0 such that

|F(t,x)| < C2b(H), (3.5)
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which together with (3.4) implies that

F(t,x) < M|x|" + Cob(t), VYxeRN, ae. te[0,T]. (3.6)

By (3.3) and (3.6), we have
kT kT
i (uy) +f F(t,u,)dt <Cq + (Mluy ()" + Cob(t))dt
0 0
kT
=Cy + Cok||b|| 2 + Mf [t (8)] dt (3.7)
0

kT
=Cy+ Mf | (1) dt.
0

Since L(t) is continuous T-periodic positive definite symmetric matrix on [0, T], there exist
constants ¢y, ¢, > 0 such that

alxf < (L(t)|x|P-2x, x) <olxl’, VxeRN. (3.8)

It follows from (3.8) and (I1) that

kT 1 kT ) m
¢k<un>+j0 Pt = fo s+ (L@ OO 20,000 [l + K1 1)
<

k
1 LTUun(mP + crlun()P]dt

> min{l, ﬂ}nunn’“
p P

= Cyllun|l”.
(3.9)
By (3.7) and (3.9), we get
kT
Callwl < Cas M [ fun(o) . (310)
0
From (H5), there exists M3 > 0 such that
(VE(t,x),x) —pF(t,x) > My|x|" for |x| > M3, ae. t€[0,T]. (3.11)

By assumption (A), for |x| < M3, there exists Cs = maxixj<p,a(|x]) > 0 such that

|(VE(t x),x) — pF(t,x)| < Cs(p + M3)b(t). (3.12)
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Thus, from (3.11) and (3.12), we have

(VE(t,x),x) —=pF(t,x) > Mi|x|" - MiM} — C5(p + M3)b(t) for x e RN, ae. t€[0,T],
(3.13)

which together with (3.3) and (I2) implies that
(p+1)Cr 2 pc(ian) = (i (14n) un)

kT m
= Io [(VF(t, un), un) — pF(t, u,)] dt + kaIj (un(t}))

=1

- kile (1n () )un (t;) (3.14)

kT kT
> M, J‘ |un(t)|”dt -Cs (p + M3> b(t)dt - MlMng
0 0

kT
- M, f lun(B)}dt — C.
0

Hence, f(l;T |t (t)|#dt is bounded. If y > r, we have

kT kT r/p
f |un(t)|rdt§(kT)(/“r)/”<f |un(t)|"dt> , (3.15)

0 0

which together with (3.10) implies that |ju,]|| is bounded. If y < r, then from (2.12), we get

0 0 0

kT - kT r/p B kT r/p
f |un<t)|fdts||un||;”<f |un<t>|”dt> Sdi"uunnf‘”q |un<t>|”dt> . (316)

Since p > r — p, it follows from (3.10) that ||u,|| is bounded too. Therefore, ||u,|| is bounded in
W;ﬁ . Hence, there exists a subsequence, still denoted by {u,}, such that

u, — uy weaklyin lef’ , (3.17)
u, — up strongly in C([O, kT];RN), (3.18)

u, — up strongly in Lp<[0, kT]; RN>. (3.19)



Journal of Applied Mathematics 9

From (2.11), we have
kT
(i (4wt = o) = fo | (en (OF 2 (1)t (8) = t0(8)) + (Lt (O 10 (8), 100 (8) = wi0(8)) |

kT m
- fo (VE(t, un(t)), un(t) — uo(t))dt + kz (VI (un(t))), un(t;) —uo(t;)).
i=1
] (3.20)

From (3.3) and (3.18), we have
[( @ (tn), un — 10)| < || @ () ||llttn — o]l — 0 as n — oo. (3.21)

By (3.8), we know that ¢; < ||L|| £ ¢, which together with the boundedness of {u,} and (3.19)
implies that

kT
f (L ln ()220 (1), 10 (5) = (D) ) At < IL N2t l17, 14 = vl — O a5 11— oo,
0

(3.22)
From the boundedness of {u,}, the continuity of VI;, and (3.18), we have
Z(VIj(un(tj)),un(tj) —uo(t]')) — 0 asn— oo. (323)
j=1
It follows from (A), (3.18) and the boundedness of {u,} that
kT
(VE(t, un (1)), un(t) —up())dt — 0 as n — oo, (3.24)
0
which together with (3.20), (3.21), (3.22), and (3.23) implies that
kT
f <|u,,(t)|P*2un(t),un(t) - uo(t)>dt —0 asn— oo. (3.25)
0

It is easy to see from the boundedness of {u,} and (3.18) that

kT
f <|un(t)|p’2un(t),un(t) - uo(t)>dt —0 asn— oo. (3.26)
0



10 Journal of Applied Mathematics

Let f(u) = (1/p) (" |u(t)Pdt + [} |i(t)|Pdt). Then, we have

kT
(F (1)t = 110) = fo (litn ()P 11 (8), () =t (1) )t

(3.27)
kT P2 i
n a(t), un(t) —uo(t ,
[ (O 200,10 0) = w0
kT
(F (), 0= 0) = [ (o) 200, 1) = (1))
‘ (3.28)
kT -2 "
b, u,(t) — t .
[ (2,10 - (o)
It follows from (3.25) and (3.26) that
(f'(un), tty —1ug) — 0 as n — oo. (3.29)
From (3.17), we get
(f'(uo), ty —19) — 0 as n — oo. (3.30)

By (3.27), (3.28), and Holder’s inequality, we have

(f'(un) = f'(u0), n = uo)

kT kT
= (e a0, 00 = i)t | (O 20,100 = )

kT

- f : T('”O(t”p_z”o(f)rﬂn(t) ~ tio(£) )t - f (o (BP0 (8), () = o (1) )t

0

kT

kT
=Bl + ol = [ (i O 20,10 )t ~ [ (O 1001, 01
0 0
kT ) kT )
[ (oo 2ot @)t = [ (1o OF 2t .0
0 0
-1 . -1 . -1 . -1, .
> iaall + ol = (sl ol + il ol ) = (ol aall + ol il )
. p-1)/p ) 1/p
>l + utol” = (laaally, + Nl )" (laoll + N7, )

(p-1)/p 1/p
P o 1P P .p
= (Mol + Wzl )™ (latally, + leal?, )
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-1 -1
= llanll” + lutoI” = (leall”™ raoll + 1ol 1)

= (el = s lP™) el = o).
(3.31)

Hence, from (3.29) and (3.30), we obtain

0< (ltallP™ = ol ) Ul = loll) < (' (14) = f' (o), ttn = thg) — 0 as m —> c0. (3.32)

That is, ||u,|| — |luoll as n — oo. Since W;]’f has the Kadec-Klee property, we have u,, — g

in W;]f’ . Therefore, the functional ¢y satisfies condition (C).

Step 2. From (H2), for any small € = (k) > 0, there exists small enough 6 > 0 such that

F(t,u) <eluff for |u| <6, ae. t€[0,kT]. (3.33)

For u € W, and |[ullP = p} = 67/(kT)"'7 , it follows from (2.13) that

lullEs < (KT)P 9}, < (KT)P/4|[ull” = 67, (3.34)

which implies that |u(t)| < 6. Then from (I1), (3.8), and (3.33), we have

kT

_1 1 (1) P 1 . p-2
pet) = [ huopars S (LOMOP u), u)ar

k m
_ J ! F(t,u)dt + kZIj(”(tf))
0 =1

1 (kT 1 (kT kT (3.35)
> — f lu(t)|Pdt + = J‘ clu(t)Pdt - f elu(t)|Pdt
PJo pPJo 0
. [1 a
>ming —, — p||ul|]P - kTeb”
PP
= Cyl|u||P — kTeb?.
Let e = (k) € (0,C4/2(kT)?); then from (3.24), we have
p P Cy P _
¢k (u) > Cap) — kTe6? > S Pe=a> 0 (3.36)

forallu e W%’P and ||u|| = px. This implies that condition (a) of Lemma 2.2 holds.
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Step 3. Let ¢ = max{c;}, j € B. Choose C; > (c2/p) + (mc/T); then from (H3), there exists
My > 0 such that

F(t,x) > Cs|x|P, |x|> My, ae. te[0,T]. (3.37)

By assumption (A), for |x| < My, there exists Cg = maxy<ar,a(|x|) > 0 such that

|F(t,x)| < Csb(t), ae.te[0,T], (3.38)

which together with (3.37) implies that

F(t,x) > C|x]P - Cgb(t), Vx €RN, ae.te[0,T]. (3.39)

Thus, from (H1), (I1), (3.8), and (3.39), we have

kT

1 kT > m
i (u) = E J; (L(t)|u|” u,u)dt - J‘o F(t,u)dt + kZI]-(u)

j=1

k T - T m
= Ef (L(t)|u|”’ 2u, u)dt - kfo F(t,u)dt + kD I;(u) (3.40)

0 ]':1

Czk

T T T
< ra j |u|Pdt — kf CylulPdt + kf Cgb(t)dt + mc|ulP for u e RN,
0 0 0

From (H3), we can choose C7 suitable large such that

$r(u) <0, VueRN. (3.41)

—1, . . —lp . . .
Let Wk;7 = span{ex} + RN, where ex = (k'sin(k~'wt)), w = 2x/T. Since W, is finite
dimensional, there exists a constant d > 0 such that

T 1/p T 1/2 .
<f |x|”dt> zd<f |x|2dt> , YxeW,. (3.42)
0 0
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By (I1), we have

lg(u+rer)| =

kilj (u+rex(t)))

m
< Ncilu+rer(t)|P
Sieiluren(s) .

IN

2Pmelul’ + 2Pmer® |ex (t)) |

P
2PmcelulP + 2Pmcr’ k7P
P

IN

< 2PmclulP +2Pmcr?, ueRN.

From (3.39), (3.42), and (3.43), we obtain

kT

kT
Pr(u+rex) = % I [rex (t)|Pdt - fo F(t,u+rex(t))dt

0

" m
+ % J T(L(t)lu +re(t)P 7 (u+ re(t), u + Tek(t)>dt + kT (u+ rex(ty))

0 =1

kT kT

T
|u+ rex(t)[Pdt + J Csb(t)dt

< 1k’2”r”w” f
p 0

0

|Cos<k*1wt> |pdt + %2 Ik

0

kT
- I Crlu + rex(t)|Pdt + 2Pmc|ulf + 2Pmer?
0
1 T T c
< ’;k‘z””r’”aﬂ” f |cos(wt)|Pdt — kf <C7 - ;2) |u+rei(t)|Pdt
0 0

T
+ J Cgkb(t)dt + 2Pmc|ulP + 2P mcr?
0

T a2\ (( "
0

+ 2Pmclulf + Cok

T c T p/2
< <Ek_2’”+1w” + 2”mc>r” — kd? <C7 - ﬁ) <f (lu)* + 7’2|€1(t)|2)dt>
0

+ 2Pmclulf + Cok

2\ P2
< <Zk_2p+1w” + 2”mc>r” - kd? <C7 - C—2> <T|u|2 + T_r)
p p 2

+ 2?mclul’ + Cok, Vr >0, ueRN.

(3.44)
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From (H3), we can choose C7 suitable such that

p/2
dar <C7 - 2) <Z> - 2%mc >0,
p 2

ar <C7 - %)TWZ — 27 e > 0.

(3.45)

If k > 2(Tp)"/#w'/?/[dP(C7 - c2/p)(T/2)P'* = 2%mc] := Cyp, then we get

P p/2
kK pr(u+rex) < [%k”’r”w” + 2 Z1c - d”(Cy _ %) <§> ]rp +Co

p/2
< [Tkz”’w” + 2Pmc - d”<C7 - %) (g) ]r”’ + Co

1 c T\P/?
<(e-3)(z) e

1
k™ i (u + rex) < —zd” <C7 - %)TP/ZWU +Co.

(3.46)

It follows from (3.46) that

pr(u+rex) <0, either r>r or [u| > n, (3.47)

where 1 = V2(2Co)"? /(C7 = c2/p)V/PdTY2, v, = (2Co)"/? /d(Cy — ¢, /p)"/PTY/2. Notice that
for any u € RN, we have

kT 1/p
llull = [lull, = <I Iulpdf> = (kT)"Plu| > (C1oT)"/Prz =13, (3.48)
0

Hence, (3.47) holds for all ||u|| > 3 whenever u € RN, Set

O = {rek |0<r<mr, ex € W;f} @{uERN [ |l 57’3}; (3.49)

then 0Qk = Q1x U Qak U Qsk, where
Que = {u e RN [ fjull <1},
Qui = {u+rec|lull =15, r € [0,m1], ex e Wit} (3.50)

—
Qak = {u+rek | lul| <rs3, r=r1, ex € Wk{f}.
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By (3.41) and (3.47), we have
@) <0, ue€dQk=Qu|JQu|JQax (3.51)

Furthermore, for all u + rex € Qx, it follows from (H1), (3.8), and (3.43) that

kT

1 kT
Pr(u+rer) = ;—9 J‘ [rex(B)Pdt — Io F(t,u+rex(t))dt

0

kT <
" % f (Ll + rex®F > (u+ rex(t),u+ rex(t) )t + kD1 (u + rex(t)))
0 =

kT kT
< }—ar” f lex(H)|Pdt + % f [+ rex (t)|Pdt + 2Pmcl|ulf + 2Pmcer?
0 0

< lk—zpri’wp j
P

kT 2p—1 c J-kT
0

|cos <k‘1wt> |pdt + <|u|"’ + r’”k"”|sir1<k‘1wt> |p>dt

0

+ 2Pmc|ulf + 2Pmer?

1 opil T 217*102 1 T
< Ek’ pr rpwpf |cos(wt)|Pdt + " lu]|P + rPK7P* J‘ |sin(wt)|Pdt
0 0

2Pmc

+ [u]|? + 2Pmcr?

T op-1 2
< kPl + S ([l + Pk PIT) + 2l + 2P mer?
P P T

T or-1 1
< ;rpr+ @ <r§+rfT> +2pmc<—r§+rf>.

p T
(3.52)
Then by Lemma 2.2, ¢i has at least a critical point u; whose critical value ci satisfies
T or-1 1
0<a<cr=dr(ur) < ;rfw’” + Tcz(rg + rfT) + Zf’mc<fré7 + rf). (3.53)

Similar to the proof of [28], let uy, be a kiT-periodic solution; we can prove that there
exists a positive integer ko > k; such that ui, #uy, for all kk; > k. Otherwise, ¢ (ukr,) =
ke (uk,) — oo as k — oo, which contradicts to (3.53). Repeating this process, we can obtain
a sequence {uy,} of distinct periodic solutions of problem (1.1). From (3.41), we know that
ug; is nonconstant. The proof is complete. O

4. Examples

In this section, we give an example to illustrate our result.
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Example 4.1. Let p = 3,7 = 5, p = 4, and consider the following p-Laplacian system with
impulsive effects

%('““)'“(f)) — LOu(®lu(t) + VE(tu(t) =0, ae teR,
u(0) —u(T) = u(0) —u(T) =0, (4.1)
At la(t) = [a(t) [a(t) - |a(t) |[a(ty) = VE@t), i=12,...,m.
Let

L(t) = diag(l + exp(l - sin<k’1wt>>, o1+ exp(l - sin(k’lwt>>>,
(4.2)
Li(x) = %|x|r’, F(t,x) = 1%(2 +sin(kwt) ) 2P,

where ¢; > 0, i € B. It is easy to check that F satisfies (A), (H1), and (H2). By a direct
computation, we have

F(t, x)
j =

+00, lim sup
x| — o0 |x |x] = o0 |x

(4.3)
liminf VEEX), %) ~3F(tx) | 2(1 +e)

[x] — o0 |x|4 3 !

which show that (H3), (H4), and (H5) hold. On the other hand,
0<L(x) < Tl VE(0x = B xP = plia), (44)

where ¢ = max{c;}, i € B. It is easy to see that I; satisfies (I1) and (I2). Hence, from
Theorem 3.1, problem (4.1) has a sequence of distinct nonconstant periodic solutions with
period k;T satisfying k; € Nand k; — ooasj — oo.
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