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It has been found that the response of acupuncture point on the human meridian line exhibits
nonlinear dynamic behavior when excitation of electroacupuncture is implemented on another
meridian point. This nonlinear phenomenon is in fact a hysteretic phenomenon. In order to explore
the characteristic of human meridian and finally find a way to improve the treatment of diseases
via electro-acupuncture method, it is necessary to identify the model to describe the corresponding
dynamic hysteretic phenomenon of human meridian systems stimulated by electric-acupuncture.
In this paper, an identification method using nonlinear autoregressive and moving average model
with exogenous input (NARMAX) is proposed to model the dynamic hysteresis in human merid-
ian. As the hysteresis is a nonlinear system with multivalued mapping, the traditional NARMAX
model is unavailable to it directly. Thus, an expanded input space is constructed to transform
the multi-valued mapping of the hysteresis to a one-to-one mapping. Then, the identification
method using NARMAX model on the constructed expanded input space is developed. Finally,
the proposed method is applied to hysteresis modeling for human meridian systems.

1. Introduction

It is known that electro-acupuncture is a modern extension of traditional acupuncture
which exists more than three thousand years in Chinese history. Based on the theory of the
traditional Chinese medicine, it has been found that the acupuncture points can be grouped
in lines called meridian system of the human body. Reference [1] reported that the meridian
system has significant effect on human health. References [2, 3] illustrated that the meridian
system had architecture with many channels letting electrical signals pass through easily. On
the other hand, reference [4] has given a review on electrical properties of acupuncture points
and meridians.
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Nowadays, most of the research results on electro-acupuncture are focusing on the
analysis of impedance on acupuncture points [2, 3, 5-8]. Note that the meridian system
is, in fact, a network with several lines or channels. In each channel, there are several
acupuncture points located along a line. It was found that there were some relations among
those points in each channel. Therefore, the analysis just depending on the impedance of a
single acupuncture-point would not reflect the main characteristic of the signal transmission
in human meridian system. One of the alternatives is to stimulate an acupuncture-point in a
channel with electrical signal and measure the corresponding responses of the other acupunc-
ture points in the same channel simultaneously. Thus the corresponding signal transmission
performance of the measured channel can be evaluated. In order to properly evaluate the
properties of the meridian channels, construction of an accurate model to describe the behav-
ior of the meridian channel is necessary. Moreover, the obtained models can also be used for
understanding and improving the acupuncture therapy, acupuncture doctor training, ther-
apy scheme evaluation, and so forth.

Some research results have illustrated that the human meridian system is a dynamic
system [2, 3, 9]. In this case, the identification of the model to describe the dynamic behavior
of the meridian is an efficient way for performance evaluation, simulation, and design of
optimal stimulation for disease treatment. Reference [9] developed an auto-regressive and
moving average model to describe the human meridian system. It fits the response well when
the exciting signal with slow frequency and the input amplitude is rather small. However,
when the frequency of the exciting input is higher or the amplitude of the exciting signal is
larger, it will illustrate some nonlinear behavior especially hysteretic behavior can be found.
Thus, a nonlinear dynamic model should be considered to describe this system.

In this paper, the dynamic hysteretic behavior of human meridian system is described.
As hysteresis is a nonsmooth nonlinearity with multi-valued mapping, the traditional identi-
fication which is used for smooth systems with one-to-one mapping is unavailable directly.
In order to transform the multi-valued mapping of hysteresis to a one-to-one mapping, an
expanded input space is formed. Then, a nonlinear auto-regressive and moving average
model with exogenous input is applied to the identification of the dynamic hysteresis of
human meridian. This paper is organized as follows: in Section 2, the hysteretic phenomenon
in human meridian is discussed. Then, the expanded input space constructed by input and
a modified hysteretic operator is presented in Section 3. Based on the expanded input space,
the NARMAX model to describe the hysteresis behavior of human meridian is developed
in Section 4. The recursive general identification algorithm (RGIA) is used for parameter
estimation of the hysteresis NARMAX model. In Section 5, the convergence of the identifica-
tion algorithm is discussed. After that, in Section 6, the experimental results of the proposed
modeling method is illustrated. Finally, the brief summary is presented in Section 7.

2. Dynamic Hysteresis in Human Meridian

In this section, we will show the corresponding response of the human meridian when the
sinusoidal input with sinusoidal signal with different frequencies is applied to the stimulation
of meridian system. In this experiment, the Tai-Yin-Lung channel of meridian is chosen
for test. The corresponding experimental configuration of meridian signal measurement is
shown in Figure 1. The stimulation point is Chize (LU5) while point Shaoshang (LU11) is
connected to the ground. The measured meridian point is Lieque (LU7). Figure 2 shows that
the hysteretic behavior happened in the response of the measured point Lieque. Note that
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Figure 2: Hysteresis curves at Lieque point.

the corresponding hysteresis behavior varies with different frequencies. It is that the widths
of the closed curves are increased as the frequency of input signal increases. Thus, it can be
seen that the nonlinearity obviously exists in the response due to the phenomenon of asym-
metry and rate-dependence. Moreover, from the experimental results, one can know that the
hysteresis in human meridian has the following characteristic, that is,

(1) performance dependent on the frequency change of input;
(2) multi-valued mapping of the output against its input; and
(3) nonsmoothness at the turning points when the input with lower frequency is imple-

mented.

In this situation, the traditional identification methods are rather difficult to be directly used
to model the hysteresis existing in human meridian. The existence of hysteresis in human
meridian might be explained as tension and spasm caused by external stimulation.
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Up till now, there have been some methods proposed for hysteresis modeling, for
example, Preisach model [10, 11] and Prandtl-Ishlinskii (PI) model [12]. Those methods used
simple backlash operators as the basis functions for modeling. Therefore, lots of operators
should be employed in order to obtain accurate models. Although there have been some
modified Preisach model [10, 13] as well as modified PI model [14] proposed to describe the
hysteresis systems, the structures of those modified schemes are still very complex. In order
to simplify the architecture of the model to describe the behavior of hysteresis, references [15]
as well as [16] developed the so-called expanded input space based hysteretic models. In the
expanded input space, a hysteretic operator which extracted the main movement feature of
the hysteresis was introduced as one of the coordinates in the expanded input space. Thus, the
multi-valued mapping of hysteresis could be transformed to a one-to-one mapping between
the inputs and output. One of the advantages of the expanded input space method is that it
can avoid the gradient computation especially at the nonsmooth points of the hysteresis.

3. Expanded Input Space

In this section, a hysteretic operator is developed to extract the main feature of hysteresis and
to form a coordinate besides the input coordinate in the expanded input space.

It is well known that hysteresis can be described by the Preisach model. Hence, the
hysteresis is continuous and forms a closed loop in the input-output diagram when the input
cycles between two extrema.

Then, based on [16], the hysteresis operator f(x) is defined as:

f(x) = <1 - e‘x_xpl> (x=xp) + f(xp), (3.1)

where x is the current input, f(x) is the current output, x, is the dominant extremum adjacent
[16] to the current input x. f(x,) is the output of the operator when the input is x,.

Therefore, based on the properties of hysteresis operator (referred to [16]), if it is in
discrete-time case, Lemmas 3.1 and 3.2 are composed, respectively, that is,

Lemma 3.1. Let x(t) € C(R), and C(R) are the sets of continuous functions on R. If there exist two
adjacent time instants t; and tp (t1 #t5), such that x(t1) = x(t2), but x(t1) and x(tp) are not the local

extrema, then f(x(t1)) # f(x(t2)).

Lemma 3.2. If there exist two adjacent time instants t and t, (t; #t2), such that f(x(t1)) —
f(x(t2)) — O, then x(t1) — x(t2) — 0.

Remark 3.3. In Lemma 3.1, if x(t1) = x(t2), x(t1) and x(¢,) are not the local extrema, f(x(t1)) =
f(x(t2)), then in this case, the extreme between t; and t, does not get sampled in the sampling
period. In this situation, the hysteretic operator cannot describe the change tendency of
hysteresis. For example, suppose t; and t, (t; < t,) are two adjacent time instants, in this
case, if x(t1) = x(t2) and f(x(t1)) = f(x(t)), but the output of hysteresis corresponding to
one of the input values is in the increase zone while the output of hysteresis corresponding to
another input value is in the decrease zone. In this case, the local extreme between those
two output values of the hysteresis is obviously missed in the sampling period. Hence,
the hysteretic operator cannot describe the change tendency of hysteresis if this situation
happens.
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To handle the extremum-missing problem, a modified scheme of the hysteresis opera-
tor is proposed in the following theorem.

Theorem 3.4. If x(t1) = x(t), and x(t;) and x(t) are not the local dominant extremes and
f(x(t1)) = f(x(t2)), where t1 and t, are the adjacent time instants and t, < t,, then, the local domi-
nant extrema located in the segment between points (x(t1), f(x(t1))) and (x(t2), f (x(t2))) cannot be
sampled within the sampling period [t1,t]. In this case, the missed local dominant extreme (X, (tm),
f(xm(tm))) can be estimated by:

Xm(tm) = x(t) +e(ty, —t1), (1>€>0) (3.2)
and the corresponding modified hysteretic operator at estimated local dominant extreme is

(1 = e7m %) (o, (ty) — Xp) + fm(Xp), x(tm) > x(t1),

3.3
(1 = =) (2 () = xp) + fin(xp),  x(tm) < x(t1), (3.3)

fm(xm(tm)) = {

where At =ty —t1, t,, = 11 + €At for maximum estimate and t,, = t; — e At for minimum estimate.

Proof. As x(t1) = x(t2), x(t1) and x(t2) are not the local extrema, whilst x(t;) and x(t,) are
located in the increase and decrease zones, respectively, based on (3.2) and t,, = t; + €At, it
leads to:

x(t + eAt) = x(t) + e(t; + eAt — 17). (3.4)
Then
X (tm) — x(t1) = x(t; + eAt) — x(t) = € At > 0. (3.5)
Hence, x,,(t,,,) > x(t1). Moreover, x(t1) = x(t2). So, it leads to:
X (b)) > x(£2). (3.6)

Thus, x,,(ty) = x(t1) + €ty —t1), 1 > € > 0, t, = t1 + €At) is the local maximum extreme
between x(t;) and x(¢,). Then, the corresponding output of the hysteretic operator is

F(m(tm)) = (1 - e-xm“m)”v) (X (tm) = %) + £ (). (3.7)
Moreover, we have

Fle(t)) = (1= (x(t) = x,) + £ (), (3.8)
fla(t)) = (1= 0) (x(t) = () + f(om (1), (3.9)
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respectively. It is obvious that f(x(t1)) # f(x(f2)), and it satisfies the condition given in
Lemma 3.1. O

Similarly, if (x,(tm), f (Xm(tn))) is a local dominant minimum point, f(x,) can be
described by

Xm(tn) =x(t) + ety —t1), (1>e>0, t,, =t; — eAt), (3.10)

FGon(tn)) = (1= €007 ) (i (bn) = 2,) + () (3.11)

Hence, by combining (3.7) and (3.11), the estimated local dominant extreme can be rewritten
as

1 _ ’xm(tm)erp m(tm) — m , m
foGom(En)) = {( e ) (m(tm) = xp) + fn(xp),  x(tm) > x(t1) (312)
(1 = &)™) (3 (tm) = ) + fin(xp),  x(tm) < x(t1).

Then, we have the following theorem.

Theorem 3.5. If hysteresis can be described by Preisach model, there exists a continuous one-to-one
mapping I': Ry — R, such that H[x(t)] = T[x(t), fm(x(t))].

Proof. Firstly, it is proved that I is a one-to-one mapping. Let us consider the cases in the fol-
lowing.

Case 1. Assume that x(t) is not the local extremum. In terms of Lemma 3.1, if there exist two
different time instants t; and t,, then

(x(tr), fm(x(t1))) # (x(t2), fin(x(t2))). (3.13)

Therefore, the coordinate (x(t), f,(x(t))) is uniquely corresponding to hysteresis H [x(f)].

Case 2. Suppose that x(t) is the local extremum. In this case, for two different time instants
and t,, there will be

(x(tl)rfm(x(tl))) = (X(tz),fm(x(tz))). (314)

Case 3. Suppose x(t1) = x(t2), fm(x(t1)) # fm(x(t2)), where t; and t, are the adjacent time
instants and t; < t,, the local extrema located in the segment between points (x(t1), fm(x(t1)))
and (x(t2), fm(x(t2))) cannot be obtained within the time period [t;,t,]. In this situation,
based on Theorem 3.4, we can use (X, fm(Xx)) between those two points to approximate
the local dominant extrema.

According to the property of the Preisach-type hysteresis, H[x(t1)] = H[x(f;)]. Then
the coordinate (x(t), f,(x(t))) will be uniquely corresponding to hysteresis H [x(t)].

Combining the above-mentioned three situations, it is obtained that I' is a one-to-one
mapping. Next, it will be verified that I is a continuous mapping.
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According to the property of the Preisach-type hysteresis, if
x(t1) = x(t2) — 0, (3.15)
it yields
Hlx(t)] - H[x(t2)] — 0. (3.16)
Then, considering Lemma 3.2, if
fm(x(81)) = fm(x(t2)) — O, (3.17)
it can be deduced that
x(t1) — x(t2) — 0. (3.18)

Then we have H[x(t1)] - H[x(t2)] — 0.
Therefore, it can be concluded that there exists a continuous one-to-one mapping I
R?> — Rsuch that H[x(#)] = T(x(t), fm(x(1))).

Remark 3.6. The theorem stated above shows that the constructed expanded input space
consisting of two coordinates, that is, x and f,,(x).

Remark 3.7. Based on Theorem 3.5, the modified hysteretic operator is the combination of
(3.2)—(3.4). We can use the modified hysteretic operator to construct an expanded input space.

It has also been proved that the expanded input space is a compact set [16]. Hence, the
mapping between the output and the input of the hysteresis on this expanded input space is
a one-to-one mapping.

4. Nonlinear ARMAX Model for Hysteresis

Based on the above-mentioned expanded input space, the nonlinear auto-regressive and
moving average model with exogenous input (NARMAX) [17] is applied to the identification
of dynamic hysteresis in human meridian. In this model, the output of the hysteretic operator
in the expanded input space is used as the exogenous input. The corresponding hysteretic
model can be described by:

7)) = g(U(t=1), Fu(t=1), Y- 1)), (1)

where U () = [u(t-1),...,u(t-n,)]" is the input vector, F,,(t=1) = [fu(t=1),..., fu(t-n7)]"
is the exogenous input vector which is, in fact, the output vector of the hysteretic operator,
Y(t-1) = lyt-1),...,y(- ny)]T is the auto-regressive vector, and ¥(t) is the output of the
NARMAX model; g(-) is the dynamic mapping between the input space and the output of
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the hysteretic model; n,, ns, and n,, are the lags for sequences {u}, { f.}, and {y}, respectively.
For simplification of the representation, (4.1) can also be wrltten as

y(t) = g(xa), ..., %), (4.2)

where p is the sum of the maximum lag of the model, {x1,...,x,} is the set which consists
of the auto-regressive, moving average, and exogenous input items of the model. Hence, the
corresponding NARMAX model based on the expanded input space can be described by:

y(t) = ZGllxll () +ZZG,112x,1 (£)xi, (£) + - +Z Z B3y, iy () - i, (F), (4.3)

=lir=iy ig=ig1

where 8 = [6,...,0,]" is the coefficient vector comprised by n = (p + ¢)!/(p'q!) -1
coefficients, g is the order of the model. Moreover, in order to simplify the representation of
the model, all the variables of the model in the right hand side of the model can be combined
into a vector h(t) = [hi(t),. ..,hn(t)]T constituted by the product combinations of xi(f) to
xp(t) from degree 1 to g, that is:

hi(t) = x1(t),

hp(t) = xp(t)/
e (8) = ), (44)

hpia(t) = x1(H)x2(t),

ha(t) = x)(t).
Thus, (4.3) can be described as a linear regression expression:
y(t) = h' (). (4.5)

For the determination of the model structure, that is, the estimate of the order and lags
of the model from the input and output data, the Akaike’s information criterion (AIC) [18] is
applied. As the AIC method needs to know the probability distribution of the data which is
usually unknown, we replace the likelihood function to the quadratic model error function.
Thus, we have:

AIC,,(q) = -210gQ(0) +23, (4.6)
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where 6 and § are the estimate of the coefficient vector 6 and the model order, respectively;
Q(0) represents the quadratic model error function under the condition of 6, that is,

where e and N are the model error and the data number, respectively. By finding the maxi-
mum value of AIC,,(g). Then, we should form a proper combination of n,, ns, and n, via trial

and error to the minimize Q(8), and satisfy the constraint n,+n+n, = p. Finally, the obtained

minimized Q(6) is used to derive the maximum value of AIC,,(§). Thus, the appropriate §
and the proper combination of n,, n¢, and n, can be specified.

Then, the corresponding recursive general identification algorithm (RGIA) [19] is
applied to the estimation of the parameters of the proposed model. This algorithm is to
minimize the quadratic criterion, that is,

o~ N —~ —~
6(t) = arg min > y(0)[y(t) - K (h8(t - 1)], (48)
k=1

where the data vector h(k) is replaced by the corresponding h(t), y(t) > 0 is a weighted factor,
and y(k) = /Z\_l (k); N is the number of data. The online RGIA is as follows:

e(t) =y(t) - (H0(t-1), (4.9)
0(t) =0(t-1) + K(He(t), (4.10)
S(t) = KT () P(t - 1)h(t) + p(t)Z(t), (4.11)
K@) = P(t-1)h(H)S™\ (@), (4.12)

P(t) = { (ﬁ) [1 - K(t)sz(t)]P(t ~1) [1 - K(t)ET(t)]T + K(OZ(HKT (1) } (4.13)

S = S +pm[En - Se-1), (4.14)

y(t) =h" (1ot - 1), (4.15)

where p(k) is the convergent factor, which not only satisfies the conditions given by [20] but
also is located within (0, 1), and

_pt-1)
u(t) = o0

PO)=A, 0<A<oco. (4.17)

[1-p)], (4.16)
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5. Convergence of the Identification Algorithm

Definition 5.1 (see [20]). Let iAzT(t) [é(t —1) - 0] = =¢(t)e(t), O is the true value vector of the
model parameters. Moreover, ¢(f) means that the identification is affected by the estimated
errors of the internal variables.

Assumption 5.2. The hysteretic system existing in human meridian is BIBO stable, so y(f) is
bounded for any bounded input u(t).

In the following, the convergence analysis on the recursive identification algorithm in
the case of absence of noise will be discussed.

Lemma 5.3. Assume input signal u(t) that is bounded but can fully excite the system, then it satisfies
a < (1/n) X, T (t)h(t) < B, where both a and p are bounded positive real numbers.

Proof. Suppose that input signal u(t) is bounded. Considering Assumption 5.2 leads to the
hysteresis system of human meridian is BIBO stable. Thus, the elements of the estimated
data vector, that is, E(t) are bounded. That implies that there exist two positive real numbers
a and f, and they lead to

a< lisz(t)fz(t) <p. (5.1)
nia O

Theorem 5.4. For the algorithm described by (4.9)—(4.15), which is applied to the parameter esti-
mation of the hysteretic model represented by (4.1)—(4.5), if it matches the following conditions, that
is,

(1) the condition of Lemma 5.3 is held;
(2) P(k) is a positive definite matrix; moreover,

®3)
Jim Amax[P (k)] — O, (5.2)

: Amax [P (k)]
klglgo sup m < oo, (53)

1=1/A1(k) <é(k) <1+4/A1(k), (5.4)

then the estimated parameter vector 0(k) will converge to the true value of the parameter vector 6, as
k — oo, where Amax[P(k)] and Amin[P (k)] are the maximum and minimum eigenvalues of P(k),
respectively. In (5.4), A1(k) is equal to

_ W (k)P(k - 1)h(k)
WT (k)P (k — 1)h(k) + (k)

(5.5)

The proof of this theorem is given in Appendix.
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Table 1: Model order selection.

Model order Value of loss function
ny=2,n,=2n5;=2 0.00035181
ny=2,n,=1ng=2 9.1954¢e — 006
ny=1mn,=1,ns=2 9.1853e — 006
n,=1,n,=1,np=1 2.5496e — 005
n,=2,n,=1np=1 8.9733e — 006
n,=1,n,=2,n5=1 8.846e — 006
n,=0,n,=1,ns=1 8.6718e — 006
4
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Figure 3: The input-output plot of the hysteretic operator used in expanded input space.

6. Experimental Results

The proposed identification method is applied to modelling of hysteresis inherent in human
meridian systems. In this experiment, the sinusoidal signal with attenuating amplitude
shown in (6.1) is used to stimulate the meridian point Kongzui on the Taiyin-lung channel
but measured the response of another meridian point Chize in the same channel:

u = 3e " sin 60ort + 0.5, (6.1)
while the input signal

u = 37> sin 60zt + 0.5 (6.2)

is implemented to excite the same point and obtain the data for model validation test.

The corresponding input-output plot of the obtained hysteretic operator mentioned in
Section 3 is shown in Figure 3, and the hysteresis operator can be used to extract the tendency
of hysteresis. Then, the corresponding hysteresis NARMAX model is used to describe the
human meridian channel. Moreover, based on the derived input and output data, the model
structure is determined by the AIC criterion represented by (4.6) and (4.7). In the experiment,
the order-selection procedure is demonstrated in Table 1. It shows that the best result is
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Figure 4: Model validation of the NARMAX model for hysteresis in meridian.
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Figure 5: The modeling error of the NARMAX hysteretic model.

achieved when n, = 1, ny = 1, and n, = 0, respectively. By randomly setting the initial
values of the coefficient vector within [0,1] and A = 10° of the covariance matrix for the
RGIA shown in (4.17), the derived NARMAX model validation result for hysteresis in human
meridian is shown in Figure 4 while Figure 5 illustrates the corresponding modelling error of
the NARMAX hysteretic model.

For comparison, the ARMAX model on the expanded input space is also used to
identify the hysteresis inherent in human meridian. The model structure is chosen as n,, = 0,
n, = 2,and ny = 2, respectively. The recursive least squares (RLS) algorithm is implemented
for parameter estimate. Figures 6 and 7 illustrate the model validation result and the
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Figure 6: Model validation of the ARMAX model for hysteresis in meridian.
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Figure 7: The modeling error of the ARMAX hysteretic model.

modeling error of the ARMAX model, respectively. From the comparison, it is seen that the
NARMAX model has achieved better modeling result than that of the ARMAX method.

7. Conclusion

In this paper, a nonlinear auto-regressive and moving average model with exogenous input
is applied to modeling the hysteretic behavior of human meridian systems. As hysteresis is a
nonsmooth nonlinearity with multi-valued mapping, the traditional identification method
which is used for smooth systems with one-to-one mapping is unavailable to this case
directly. In order to transform the multi-valued mapping of hysteresis to a one-to-one
mapping, an expanded input space is formed. Then, a nonlinear auto-regressive and moving
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average model with exogenous input is applied to the identification of the dynamic hysteresis
of human meridian. After that, the RGIA method is used for parameter estimate of the model.
The experimental results show that the proposed method is better than the ARMAX modeling
method. It provides us with a way to identify the model of the meridian channel in human

body so as to construct the potential digital human meridian system for doctor training,
evaluation of disease treatment scheme, and human meridian simulations.

Appendix
Proof. From (4.9)—(4.15), it leads to

P(k)h(k) = =(k)P(k - 1)h(k)S™'(k), (A.1)

h(k)hT (k)

S0 (A.2)

P(k) = p(k)P (k- 1) +

It is known that P~!(k) is a positive definite matrix. Hence, a corresponding quadratic func-
tion can be defined as

V(k) = 67 (k)P (k)6(k), (A.3)

where 6 (k) = 6 (k) — 0, 8 is the true value of the parameter vector of the model. Subtracting 0
into both sides of (4.10) yields

6(k) = 0(k —1) + K(k)e(k). (A4)
Then, substituting (A.4) into (A.3) derives
V(k) = (é(k 1)+ K(k)é(k))TP‘l(k) (é(k 1)+ K(k)é(k)). (A.5)
Equation (A.5) can also be rewritten as

V(k) =07 (k-1)P" (k)O(k — 1) + 267 (k - 1) P (k)K (k)e(k) + K" (k)e(k)P~' (k) K (k)&(k).

(A.6)
Furthermore, substituting (4.12), (A.1), and (A.2) into (A.6) results in
V() = pov(k—1)+ k= 1%(;)(2: (k)B(k - 1)

(A7)

207 (k — 1)h(k)e(k) . hT (k)P (k)h(k)e*(k)
(k) 32(k) '
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Consider forgetting factor u(k) € (0,1] and P~!(k) is a positive definite matrix. Also,
it is assumed that ¢(k) satisfies (5.4). Thus, it leads to

Vk) <pu(k)V(k-1)<V(k-1) <--- <V(0). (A.8)
Hence, it leads to:
kliir;oV(k) =V. (A9)

Based on conditions (5.2) and (5.3) of the theorem, it will yield:

VO Awin [P (R)]67 (K)B(K)

[P T Amax[PH(K)]
A [P(K)107 (K)B(K) A10
=T halPm] (A0
V) A P(R)]OT (K)B(K)
klgriotr[p—l(k)] =02 lim Amin [P (k)] -

Based on (A.9) and (A.10), when k — oo, we obtain ||§(k)||2 — 0, that is,

lim (k) = 6. (A.11)

k— oo
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