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We prove that aH(a,b) + (1 — a)L(a,b) > M_44)/3(a,b) for « € (0,1) and all a,b > 0 with
a#b if and only if @ € [1/4,1) and aH(a,b) + (1 - a)L(a,b) < M_4a)3(a,b) if and only if
a € (0,3/345/80 — 11/16), and the parameter (1 - 4a)/3 is the best possible in either case. Here,
H(a,b) = 2ab/(a+b), L(a,b) = (a-b)/(loga~logb), and My(a,b) = ((a” + bP)/Z)l/”(p7£0) and
Moy(a,b) = +/ab are the harmonic, logarithmic, and pth power means of a and b, respectively.

1. Introduction

The classical logarithmic mean L(a,b) of two positive real numbers a and b with a#b is
defined by

a->b

L(ab) = loga—logh’

(1.1)

In the recent past, the bivariate means have been the subject of intensive research. In
particular, many remarkable inequalities for L(a,b) can be found in the literature [1-21]. It
might be surprising that the logarithmic mean has applications in physics, economics, and
even in meteorology [22-24]. In [22] the authors study a variant of Jensen’s functional equa-
tion involving the logarithmic mean, which appears in a heat conduction problem. A repre-
sentation of L(a,b) as an infinite product and an iterative algorithm for computing it as the
common limit of two sequences of special geometric and arithmetic means are given in [4].



2 Journal of Applied Mathematics

In [25, 26] it is shown that L(a,b) can be expressed in terms of Gauss hypergeometric
function ,F;. And, in [26] the authors prove that the reciprocal of the logarithmic mean
is strictly totally positive; that is, every n x n determinant with elements 1/L(a;, b;), where
O<ai<arx<---<apand 0< by <bp <--- < by, is positive for all n > 1.

Let G(a,b) = Vab, H(a,b) = 2ab/(a +b), I(a,b) = 1/e(a®/b")" P A(a,b) = (a +
b)/2, Mp(a,b) = ((aP+bP)/2)VP (p#0) and My(a,b) = v/ab,and L,(a,b) = (aP*'+bP*) / (aP +
b”) be the geometric, harmonic, identric, arithmetic, pth power, and pth Lehmer means of two
positive numbers a and b, respectively. Then it is well known that both M, (a, b) and L,(a,b)
are continuous and strictly increasing with respect to p € R for fixed a,b > 0 with a#b, and
the inequalities

min{a,b} < H(a,b) = M_1(a,b) = L_1(a,b) < G(a,b) = My(a,b) = L_1,2(a,b)

(1.2)
< L(a,b) <I(a,b) < A(a,b) = My(a,b) = Ly(a,b) < max{a, b}
hold for all a,b > 0 with a#b.
In [4], Carlson proves that the double inequality
\/G(a,b)(A(a,zb) +G@b) ;i % (A(a,b) + G(a,b)) (1.3)

holds for all a,b > 0 with a #b.
In [5], Lin finds the best possible upper and lower power bounds for the logarithmic
mean as follows:

Mo(a,b) < L(a,b) < My ,3(a,b) (1.4)

for all a,b > 0 with a#b.
In [9], Sandor establishes that

\/G(a,b)I(a,b) < L(a,b) < A(a,b) + G(a,b) —1(a,b) (1.5)

for all a,b > 0 with a#b.
In [27], Alzer gives the optimal Lehmer mean bounds for L, (LI )1/ 2 and (L+1)/2 as
follows:

L_1/3(£1, b) < L([l, b) < Lo(a, b),

L-1/4(a,b) <y/L(a,b)I(a,b) < Lo(a,b), (1.6)

L_1/4(a,b) < %(L(a, b) +1(a,b)) < Lo(a,b)

for all a,b > 0 with a#b.



Journal of Applied Mathematics 3

The following sharp bounds for (LI )1/ 2

presented in [28]:

and (L + I)/2 in terms of power mean are

My(a,b) <\/L(a,b)I(a,b) < M1,2(a,b),

17)
1 (
Miog2/(1+10g2) (@, b) < E(L(El, b) +1(a,b)) < Mi,2(a,b)

for all a,b > 0 with a#b.
In [29, 30], the authors obtain the sharp bounds for the products A%(a, b)L'~*(a, b) and
G%(a,b)L'"*(a,b) and the sum aA(a,b) + (1 — a)L(a,b) in terms of power mean as follows:
Mo(a,b) < A*(a,b)L'"*(a,b) < M(1:20)/3(a,b),
Mo(a,b) < G*(a,b)L'"*(a,b) < M(1-a)/3(a,b), (1.8)
MlogZ/(logZ—loga) (a/ b) < dA(a, b) + (1 - a)L(ar b) < M(l+2a)/3 (ar b)
forany a € (0,1) and all a,b > 0 with a#b.
In [31], Zhu presents some bounds for I(a, b) in terms of A(a,b) and L(a,b) and L(a, b)
in terms of G(a,b) and I(a,b).
In [32], Chu et al. prove that the double inequality aA(a, b) + (1 -a)H(a,b) < P(a,b) <
PA(a,b)+ (1-p)H(a,b) holds forall a,b > 0 with a#bif and only if &« <2/sr and > 5/6.

It is the aim of this paper to give the optimal power mean bounds for the convex
combination of harmonic and logarithmic means. Our main result is the following theorem.

Theorem 1.1. For a € (0,1) and all a,b > 0 with a#b, one has

(1) aH(a,b) + (1 —a)L(a,b) > M(1-aa)/3(a,b) ifand only if a € [1/4,1);
(2) aH(a,b) + (1 —a)L(a,b) < M_4a)/3(a,b) if and only if a € (0,3v345/80 — 11/16).

In particular, the parameter (1 — 4a) /3 is the best possible in either case.

2. Lemmas

In order to establish our main result we need to establish four lemmas, which we present in
this section.

Lemma2.1. Leta € (1/4,1),p = (1 -4a)/3 € (-1,0), and g(t) = —4ap(p + 1)2(;9 +2)tr 1 +2(1 -
ap*(1-pHt2 +2(1 - a)p(1 - p)2(2 —p)tP 3 +12(1 — a)(1 — p). Then g(t) > 0 for t € [1,+c0).

Proof. Simple computations lead to
2(1) =20 —cx)2<56a2+23cx+11> >0 (2.1)
81 ’
tlim gt)y=121-a)(1-p) =8(1-a)(1+2a) >0, (2.2)

gt =-2p(1-p)tgi(t), (2.3)
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where

g1(t) = -2a(p+1)’(p+2)2+1-wp(p+1)2-p)t+(1-a)(1-p)(2-p)(3-p),

4 2
gi(l) = 5 (1- a)<148a ~1a+ 25) >0,

(2.4)
Hm g1 (t) = —oo, (2.5)

gh(t) =—da(p+1)’(p+2)t+(1-a)p(p+1)(2-p)
(2.6)

_ _217(1 — @)2[16a(7 - 4a)t + (4 — 1) (4a +5)] <0

fort € [1,+00).

Inequality (2.6) implies that g; () is strictly decreasing in [1,+00). Then (2.4) and (2.5)
lead to the conclusion that there exists Ay > 1 such that g;(t) > 0 for t € [1,1;) and gi(f) <0
for t € (A1, +o0). It follows from (2.3) that g(t) is strictly increasing in [1,11] and strictly
decreasing in [A;, +o0).

Therefore, Lemma 2.1 follows from (2.1) and (2.2) together with the piecewise
monotonicity of g(f). O

Lemma 2.2. Let a € (1/4,1),p = (1 -4a)/3 € (-1,0), and h(t) = -(1-a)(p+1)(p + 2)2(p +
)P + (p + 1) (p° — ap® — 19ap? + 3p? — 3dap +2p — 8a)tP L + (1 —a)p(p® - 8p> —p + HtP 2 + (1 -
a)(1-p)(p® +5p* - 14p + H)tP=3 + 4(1 — a) (7 - 4p) - 4p(1 — a)t™! + 4a(1 + p)t2. Then h(t) > 0
fort € [1,+00).

Proof. Let
hi(t) = £Ph(t). (2.7)
Then simple computations lead to
hi(1) = ;—2(1 —a) <80a2 +110a - 1) >0, (2.8)

By (1) = -3(1-a)(p+1)(p+2)"(p+3)F +2(p +1)
x <p3 —ap® - 19ap® + 3p* - 34ap + 2p - 8a>t +(1- a)p<p3 -8p* —p+ 4)
+4(1-a)(7 - 4p) (3= p)PT —4p(1 - @) 2 - p)F'7 + 4a(1 - p?) 17,

(1) = ;(1 ~ a) <—16a3 +38a2 + 176a — 9) >0,
(2.9)
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H(t) = -6(1-a)(p+1)(p+2)*(p+3)t +2(p +1)
x <p3 — ap® — 19ap* + 3p* — 3dap + 2p - 8a>
+4(1-a)(7-4p)(3-p)2-p)t'" (2.10)
—4p(1-a)2-p)(1-p)t? —4dap (1 - p2>t””’1,
K1) = 8%(1 —a) (—128a4 +896a° + 28802 + 5294a — 437) >0,
(1) =-6(1-a)(p+1)(p+2)"(p+3) +4(1-a) (7 - 4p) B-p) 2 p) (1 - p)t "
+4p (1-a)(2-p) (1 -p)t P +4ap(1+p)*(1-p)t P2,

(1) = 8%(1 —a) (576zx4 +3872a% + 66002 + 6612a — 785) >0,

(2.11)
K () = —4p(1 - p)t 72 ha(t), 2.12)
where
ha(t) = (1-a)(7-4p)3-p)2-p)P+(1-a)p2-p)(p+ Dt +alp+1)’(p+2),
hy(1) = %(1 ~a) <96a3 +232a2 + 388a + 175) >0,
hy(H) =2(1-a)(7-4p) (B3 -p)(2-p)t+ 1 -a)p(2-p)(p +1)
> hy(1) = g(l —a)(5 +4a)<12a2 +3la+ 23) >0
(2.13)

fort € [1,+00).

From inequalities (2.13) we clearly see that hy(t) > 0 for t € [1, +00). Then (2.12) leads
to the conclusion that kY’ (t) is strictly increasing in [1, +0).

Therefore, Lemma 2.2 follows from (2.7)-(2.11) and the monotonicity of k' (t). O

Lemma 2.3. Let a € (0,1),p = (1 —4a)/3, 1y = 3v345/80 — 11/16 = 0.00903..., and f(t) =
2a(1 -t tlog?t + (1 —a) (1 + 1) (1 + £)*tlog t + (1 — a) (1 +£)*(1 = t) (# + 1). Then the following
two statements are true:

1) ifa € (1/4,1), then f(t) > 0 for t € (1, +o0);

(2) ifa € (0, \o], then f(t) <O fort e (1,+c0).
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Proof. Let f1(t) = tPf"(t), folt) = tP2f1(t), fa(t) = tP (), fa(t) = P72 f5'(t) and f5(t) =

t+P £ (t). Then simple computations lead to

f=0,
£/ = 2a[1 = (p+2)1|log’t
+ [(p+2—ap—6a)tp+l +2(1-a)(p+1)#
+(1 - a)pt ! +3(1 - a)f? +4(1 — a)t + 3 + 1] log t
-(1-a) [(p +3)P2 + (p+ D — (p+ 3 — (p+ P + 282 - 2],
fi(1) =0,

fi(t) = =2a(p + 1) (p + 2)log’t
+ sz —ap® +3p—1lap — 1da + 2) +2(1-a)p(p + 1)t

~1-a)p(1-p)t2+6(1-a)t' P +4(1 - a)t P + 4(xpt‘1"’] logt
-1-a)(p+2)(p+3)t+(1 —a)<p2 +5p+2>t‘1
+(1-a) (p2 +p- 1>t’2 (A=)t +4(1 - a)t P + (1 +3a)t 1P

~(l-ap?*-(1-a)p-5a+1,
fl(]-) =O/

f20) = =[ga(p+ 1) (p+ 2" +2(1 - @)p(p + I ~2(1 - A)p(1 - p)t~!
—6(1—a)(1-p)2 +4(1 - a)pt +4a(1+ p)] log t
~(1-a)(p+2)(p+3)tF*? + <p2 —ap® +3p - 1lap — 14a + 2)#’*1
+ (1—a)(p2—3p—2>t’”— (1—a)<p2+3p—2>tp_1 +(1-a)(p+5)P

+41-a)(1-p)t+a-3ap-p-1,
f2(1) =0,

fr(t) = —[411(;9 +1)2(p+2) +2(1 - a)p*(p+ D +2(1 —a)p(1 - p) 172
-12(1-a)(1-p)t+4(1 - a)p]logt— (1 -a)(p + 2)2(;9 +3)
+(p+1) <p2 —ap® —15ap +3p — 22a + 2>t’” +(1- ot)p(p2 -5p - 4>t’”f1
+(1-a)(1-p) (p2 +5p — 2)t”’2 +4(1-a)(4-p)t—4a(1+p)t!
+4(1-a)(1-2p),
(1) =0,

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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() = —[4ap(p + 1)2(p +2)tP7 - 2(1 - a)p? (1 - p2>t""2 -21-a)p(1- p)z
x(2-p)tP? -12(1-a)(1 —p)] logt—-(1-a)(p+1)(p +2)2

x(p+3) + (p+1) (p3 —ap® - 19ap* + 3p* - 34ap + 2p - 8a> !

+(1- a)p<p3 -8p*-p+ 4)1?”’2 +(1-a)(1-p) <p3 +5p% — 14p +4>1f””3

41 -a)pt ' +4a(1+p)t 2 +4(1 - a) (7 - 4p).

(2.19)
(1) If x € (1/4,1), then from (2.19) we note that

5 (1) = g(t) logt + h(t), (2.20)

where g(t) and h(t) are defined as in Lemmas 2.1 and 2.2, respectively.

Lemmas 2.1 and 2.2 together with (2.20) imply that f)(t) is strictly increasing in
[1, +00). Therefore, f(t) > 0 for t € (1,+o0) follows from (2.14)—(2.18) and the monotonicity
of fo(t).

(2) If « € (0, Ao], then from (2.19) we have

" _ 16 2
(1) =20 —a)<80a +110a - 1)

1280 3345 11 @21)
= — — — —_— —_— <
> 1-a)(a /\0)<¢x+ 30 +16> <0,

f5(t) = [4ap(1=p) (p+1)*(p+2)2 - 2(1 - a)p* (1-p*) (2~ p)t
“2(1-a)p(1-p)*(2-p)(3-p)|logt - (1= a)p(p+1) (p+2)*(p + 3)F°
+(p+1)(p* - ap* - 22ap® + 2p° ~ 27ap® — p* ~ 2p + 18ap + 8a)
+ (1= a)p(p - 1207 + 152 + 8p - 8)t+ (1 - @) (1 - p) (p* + 4p° - 35p% + 50p — 12)
+12(1-a)(1=p)2P +4p(1 - a)* P = 8a(1 +p)t' 7,

£5(1) = %(1 —a)(1 - 4a) <80¢x2 +110a — 1)

10240 1 3v345 11
= — _ _— — - <
31 ¢! a)<4 a>((x A0)<a+ ) +16>_0,

(2.22)
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f5(6) = [8ap(1=p) (p+1)*(p +2)t - 2(1 - a)p? (1~ p*) (2~ p) | log
=3(1-@p(p+1)(p+2)° (p+3)t-2(p+1)
x (3ap* - p* + 26ap® — 2p* + 25ap® + p* — 22ap + 2p - 8a )t
- -ap(p'+8p* - 17p* —4p +8) —2(1 - a)p(1-p)*(2-p) B-p)t”!
+12(1- @) (1-p) 3= p)£7 +4(1 - a)p(2 - p)t' 7 = 8a (1= p? )£,

fi(1) = 3 1w (3328cx4 +128a° — 724802 + 7118a — 167)

243
< %(1 - ) (332814 + 12813 + 71181 — 167 )
< %(1 —a) [3328 x (0.01)* + 128 x (0.01)% + 7118 x 0.01 — 167] <0,
(2.23)
§(t) = 8ap(1-p)(p+1)°(p+2) logt - 6(1 - a)p(p+1) (p+2)* (p +3)t
~201-ap*(1-p*) (2-p)t " +2(1-a)p(1-p)* (2= p) (3 - p)t2
+12(1-a)(1-p)(2-p)B-p)t' P +4(1L - a)p(L-p) (2-p)t*
+ 8ap<l - p2>t‘1_” -2(p+1)
X <7ap4 —p* +34ap® - 2p® + 21ap® + p* - 30ap + 2p - 8a>,
2(1) = % (1-a)(7 - 4a) <256a4 — 64a° — 1152a% + 20660 — 53)
8
<s55(1-0)(7—40) (256A3 + 206610 — 53)
< % (1-a)[7 - 4a) <256 x (0.01)* + 2066 x 0.01 - 53] <0,
(2.24)
falt) = =6(1=a)p(p+1) (p+2)" (p +3)t"*2 + 8ap(1 - p) (p + 1) (p + 2)#'""
+20-ap*(1-p*) (2-p)t" - 40 - @p(1-p)*(2-p) B-p)t"!
+12(1-a)(1-p)’(2-p)(3-p)f —4(1-@)p*(1-p) (2-p)t
2

£4(1) = % 1-a) (—1024a4 +21952a° — 1096802 + 13474a — 835>

8 3
<3E- (2195213 + 134741 - 835)

8

<213

1-a) [21952 x (0.01)% + 13474 x 0.01 - 835] <0,
fitt) ==6(1—a)p(p+1) (p+2) (p + 3)#*" +8ap(1-p) (p+ 1) (p +2)#
220 -a)p’(1-p2) @2~ p)#" + 401 - 0)p(1-p)’ (2~ p) (3~ p)t

+24(1-a)(1-p)*(2-p)B-p)t-4(1 - a)p*(1-p)(2-p),
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fi) =

<

L () =

4(1) =

<

f5(t) =

f5(1) =

<

fi(t) =

f5(1) =

729(1 a)(7 - 4a)< ~1024a* +21952a° — 109684 + 134740t — 835)

3 _
@(1 a)(7 - 4a)<21952)t +134741, 835)

729 —(1-a)(7 - 4a) [21952 x (0.01)° + 13474 x 0.01 — 835] <0,

(2.26)
-6(1-a)p(p+1)*(p+2)"(p+3)¥ +8ap>(1-p) (p+ 1)’ (p +2)1"!
—21-a)p*(1+p) (1-p)’(2-p)t"2 - 401 - a)p(1-p)’2-p)* B -p)F
+24(1-a)(1-p)*(2-p)(3-p),

51 87(1 a)( —4096a° + 136320a° — 241440a* + 383672a°

~209850a2 + 100113z — 7255)

W(l a) (136320)5’ + 3836723 + 1001131 — 7255)

<3 87(1 a) [136320 x (0.01) + 383672 x (0.01)> + 100113 x 0.01 — 7255]

0/
(2.27)

~6(1-ap*(p+1)°(p+2)°(p+3)F - 8ap*(1-p)’(p + 1)’ (p + 2) 2
+ 2(1 —a)p*(1+p)(1-p)*(2-p)*t+40 - a)p(1-p)*(2-p)* (B -p)°,

@(1 a)(1- 4a)<—4096a6+173568a5—190368a4+439136a3

~191370a2 + 96723 — 8665)

—— (1 - a)(1 - 4a) (17356813 + 43913615 + 967231, — 8665
6561

_6:;21 1-a)(1-4a) [173568 x (0.01)° + 439136 x (0.01)® + 96723 x 0.01 — 8665]

0,

(2.28)
~18(1-a)p?(p+ 1) (p+2)°(p +3)2 = 16ap> (1 - p)*(p + 1)° (p + 2)t
+ 2(1 —a)p*(1+p)(1-p)*(2-p)%,

65 6 : ——(1-a)*(1-4a) ( 17408zx4+69920a3—119136a2+95282a—30845>

32 3 _
65 6 2 (1= a)(1 - 4a) (6992010+95282AO 30845)

3
@(1 2)(1 - 4a) (69920 x (0.01) + 95282 x 0.01 — 30845>

<0,

(2.29)
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(1) = -36(1-a)p*(p+1)*(p +2)° (p + 3)t - 16ap* (1 - p) (p + 1)’ (p + 2),
128

" _ s o 3 27 5 R )
1(1) = 2= (1= @)’ (1 - 42)°(7 — 4) (160a° - 18560 + 3370a - 2205)
128 ; , .
<aa -0 (1 -4a)7(7 - 4a) (16010 +33700 — 2205)
< 225 (1-2)°(1 - 40(7 - 4a1) (160 x (0.01)* + 3370 x 0.01 - 2205) (2.30)
6561
<0,
2t = =36(1 =@’ (p+1) (p+2)(p +3)
- 729 G -2a)(1-4a)"(1-a) (7—4a)” <0.

Inequalities (2.30) imply that fi(t) is strictly decreasing in [1,+c0). Then (2.29) leads
to the conclusion that f5(t) is strictly decreasing in [1, +o0).

It follows from (2.28) and the monotonicity of f5(t) that f, (t) is strictly decreasing in
[1, +00). Then inequalities (2.25)-(2.27) lead to the conclusion that f4(t) < 0 for t € [1,+o0).
Thus, f}(t) is strictly decreasing in [1, +c0).

From inequalities (2.22)—(2.24) and the monotonicity of f; (t) we clearly see that f3(t) <
0 for t € (1, +o0). Thus, f)(t) is strictly decreasing in [1, +0).

It follows from (2.17) and (2.18) and inequality (2.21) together with the monotonicity
of f}(t) that f,(t) <0 for t € (1, +00), which implies that f;(f) is strictly decreasing in [1, +o0).

Therefore, f(t) <0 fort € (1,+o0) follows from (2.14)—(2.16) and the monotonicity of
fi(®). O

Lemma 2.4. 3t* —4t(2t? -t + 2)logt -3 > 0 for t > 1.

Proof. Let
J(t) =3¢ - 4¢(22 ~ £ +2) log t - 3. (2.31)

Then simple computations lead to
J(1) =0,
T'(6) =4(w3-2ﬂ+t—2)-8(&2—t+1)bgu
J'(1) =0,
1) = S,

(2.32)

where J;(t) = 92 — 10> + 3t — 2 — 2(6t — 1)tlog t,
Ji(1) =0, (2.33)
Ji(t) = 2782 - 32t + 5 - 2(12¢ - 1) log t,
J1(1) =0,

1) = 210, (235)

(2.34)
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where J»(t) = 27> - 12tlogt - 28t + 1,

]2 (1) =0,
(2.36)
Jo(t) =54t —121logt - 40> 0
fort > 1. O
Therefore, Lemma 2.4 follows from (2.31)—(2.36).
3. Proof of Theorem 1.1
Proof of Theorem 1.1. For all a, b > 0 with a #b, we first prove that
aH(a,b) + (1 -a)L(a,b) > M(-4a)/3(a, b) (3.1)
fora € [1/4,1),
dH(a, b) + (1 - a)L(a, b) < M(l—4a)/3(ar b) (32)

for a € (0,3v/345/80 — 11/16).
Without loss of generality, we assume that a > b,t = a/b > 1and p = (1 —4a)/3. We
divide the proof into two cases.

Case 1 (a =1/4). Let x = v/t = \/a/b > 1. Then we clearly see that

aH(a,b) + (1 -a)L(a,b) — M-4a)/3(a,b) = 1[H(a, b) +3L(a,b)] - \/@

b[3x —4x(2x* - x +2)logx - 3]
8(x2 +1)log x

(3.3)
Therefore, inequality (3.1) follows from (3.3) and Lemma 2.4.
Case 2 (x € (0,3+/345/80 - 11/16) U (1/4,1)). Then we have
aH(a,b) + (1-a)L(a,b) - M(1-4a)/3(a,b) = aH(a,b) + (1 - a)L(a,b) - Mp(a,b)
_pl2at  Q-aoe-1) <tp+1>1/P
T t+1 log t 2 '
(3.4)
Let
3 2at (1 a)(t—l)]__ <tp+1>
F(t) =log 1t Tog! . (3.5)
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Then simple computations lead to
}erll F(t) =0,

~ ft) (3.6)
CH(E+ 1) (P + 1) [2atlogt + (1 - a) (2 - 1)] logt

F'(t)

where f(t) is defined as in Lemma 2.3.

If a € (1/4,1), then inequality (3.1) follows from (3.4)—(3.6) and Lemma 2.3(1). If & €
(0,3+/345/80 — 11/16), then inequality (3.2) follows from (3.4)—(3.6) and Lemma 2.3(2).

Next, we prove that the parameter (1 —4a)/3 in inequalities (3.1) and (3.2) is the best
possible.

For any a € (0,3/345/80 - 11/16) U (1/4,1), p#0, and x > 0, one has

Q(x)

aH(1,1+x)+(1-a)L(1,1+x) - Mp(1,1+x) = 7P (1% x/2) log(1 + oY

(3.7)

where Q(x) = 2V/Pa(1+x) log(1+x) +2/P(1-a)x(1+x/2) - (1+x/2) log(1+x) [1+ (1+x)P]"/7.
Letting x — 0 and making use of Taylor expansion, we get

Qx) = %;p(l —3411 - p>x3 + o<x3>. (3.8)

If a € [1/4,1) and p > (1 — 4a)/3, then (3.7) and (3.8) imply that there exists 6; =
61(a,p) > 0 such that aH(1,1 + x) + (1 —a)L(1,1 + x) < Mp(1,1 + x) for x € (0,061). If
a € (0,3v/345/80 — 11/16) and p < (1 - 4a)/3, then (3.7) and (3.8) imply that there exists
02 = 02(a,p) >0such thataH(1,1+x) + (1 -a)L(1,1+x) > M,(1,1+x) for x € (0, 57).

Finally, we prove that there exist aj, bi,a,,b, > 0 with a;#b; and a,#b, such
that aH(al,bl) + (1 - a)L(al,bl) < M(1_4a)/3(a1,b1) and aH(az,bz) + (1 - a)L(az,bz) >
M 1-4a/3(az, by) for any 3+/345/80 - 11/16 < a < 1/4.

If 3/345/80 - 11/16 < a < 1/4, then from the expression of £, (1) in (2.21) we clearly
see that f7(1) > 0, which leads to the conclusion that there exists A > 1 such that

5 (t) >0 (3.9)

fort e [1,4).
From (2.14)—(2.18) and inequality (3.9) we know that

() >0 (3.10)

fort € (1,1). Equations (3.4)—(3.6) and inequality (3.10) lead to the conclusion that a H (a, b) +
(I1-a)L(a,b) > M(-4x)3(a,b) forall a/b e (1,1).



Journal of Applied Mathematics 13
On the other hand, simple computations lead to
M1-40)/3(1, %)

i
e H (1, %) + (1 - a)L(1, x)
(1 + x(4u_1)/3)3/(1—4u)

(3.11)

223/(417(—1) 1 = .
e2a/(x+1) +A-a)(1-1/x)/logx  ©

Equation (3.11) implies that there exists X = X(a) > 1 such that aH(a,b) + (1 -
a)L(a,b) < M(1-4q)/3(a,b) forall a/b € (X, +o0). O
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